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Whendictionariesare persistentit is naturalto introducea transcriptoperationwhich reportsthe statuschangedgor
agivenkey over time. We discussvhenandhow a time andspaceefficientimplementatiorof this operationcanbe
provided.
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1 Introduction

Whenbalancedvinary searchreesaremadepartially persistentisingthe node-copyingnethod[5], the
possibility of searchingefficiently for informationin the pastis addedto the system. The operations
of updatingthe presentversionandsearchingn the presentaswell asin the pastareasymptoticallyas
efficientasin the correspondingiormal(non-persistenthinarysearchree.

In databasepplications,t is sometimeslesirableto producetranscriptsof informationchangeover
time. If we wishto obtainatranscriptof informationrelatedto somekey k from versionnumberv; to vo,
this canbe obtainedby independensearctoperationsn all versionsn thatintervalin time O(ph), where
his themaximumheightof the searctreein thatinterval, andp = vo — v1 + 1 is thenumberof versions
betweeny; andvs. We discusswhenandhow this canbereducedo O(h+ p) by maintainingoneextra
pointerwith a versionnumberin eachnode,without changingthe asymptoticcomplexity of ary of the
existing operations.

In databasepplications,searchtreesare usually leaf-oriented which meansthat all keys residein
theleaves,andinternalnodescontainroutersguiding the searchto the correctleaf. Leases are often of
anothetypethantheinternalnodesandcontainextra pointersor spaceconsuming/aluesassociatewith
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their keys. We remainfaithful to this model,andthe extra pointerwhich is introducedonly appearsn
internalnodes.Leaveswill containno extrainformationcomparedo thesingleversionscenario.

Thecompleity of thetranscriptoperationturnsoutto dependn how oftenleavescangetnew parents
during rebalancing We introducethe conceptof searchireeswith limited leaf actionasa necessarand
sufficientconditionfor abalancedearchtreeschemeo beequippedvith anefficienttranscriptoperation
usingthemethodoutlinedin this paper

Themostinterestingcaseto consideris thecasewhereO(ph) is large,i.e., therearealarge numberof
versions.For the casewherewe changeto a new versionwheneer a fixed constanihumberof updates
hasbeencarriedout (or earlier),we shav thatthetranscriptoperationcanbe computedn time O(h + p),
whereh is the heightof the treein versionv;. If updatesn the giventreetaketime O(h), they remain
O(h). Asin [5], spaceconsumptions linearin thenumberof changesnadeto the structure.

Among the balancedsearchtree schemeswhich turn out to have limited leaf action are red-black
trees[7] andtreaps[3], for instance. So, hereupdatingbecomesO(logn) (for treaps,expectedtime)
andtranscriptgO(logn-+ p) (for treapsthelogn partis expectedtime).

In the next section,we first defineleaf-orientedsearchrees thenwe extendthemto becomepartially
persistentandfinally, we includethe transcriptadditions.In thefollowing sectionswe discusscorrect-
nesscompleity, andfuturework.

2 Transcript Trees

Whensearchreesareusedin databasapplicationsthetreesareusuallyleaf-oriented This meanghat
only the leavescontainkeys. The internalnodescontainrouters which are of the sametype asthe keys
andwhichdirectthe searcheso the correctlocationasusualin a searctiree. However, routersneednot
bepresenaskeysin thetree. This meanghatwe do not have to updaterouterswheneer a deletiontakes
place.For aninternalnode the keysin its left subtreearesmallerthanor equalto its router andthekeys
in its right subtreearelarger A leaf-orientedreeis alwaysa full tree,i.e., every internalnodehastwo
children.This simplifiesthe deletionoperation.

Searching and Updating

Toinsertakey k in thetree,searchor k asusual.An unsuccessfidearctendsupin aleaf,sayl. A new
internalnodeu is createdn placeof |, andl andanew leafl’ containingthe key k aremadethe children
nodesof u. The onecontainingthe smallerkey will betheleft child. Therouterof u is a copy of the
key containedn its left child. Thus,therearenew pointersin the new node,but only onepointerin the
existing structures changed SeeFigurel onthefollowing page.

To deletea key k from thetree,first searclfor k asusualin asearchree.If thekey is foundin theleaf
[, its parentis replacedoy the sibling nodeof |. Again, a nodeandits pointersaredeleted but only one
pointeris changedSeeFigure2 onthenext page.

Theinsertionanddeletionoperationgrecalledupdateoperationslt is easyto prove thatwhile arouter
r is presentn thetree,no new nodewith thesameroutercanbecreated Thisis importantsinceotherwise
rotationscouldviolatethe searchreeinvariant.

We assuméhatsomeschemdor maintainingbalancedearchreeswill beused.Thus,thenodescon-
tain additionalfields for registeringheights,colors,or otherbalanceinformation. The updateoperations
may manipulatethesefields, andtherewill be a collectionof rebalancingoperationswhich after each
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Fig. 1: Insertionof 33 into aleaf-orientedree.
K
A

Fig. 2: Deletionof 42in aleaf-orientedree.

update by manipulatingthe fields andapplyingrotations,will makesurethatthe balanceconstraintsif
violatedby theupdate areagainfulfilled. We discusghisin greatermetaillater.

However, we requirethat ary rebalancingpperationcanbe expressedasa constaninumberof single
rotationscarriedoutasdescribedchow (seeFigure3 onthefollowing page).

Thesinglerotationcanbeeitherright (in the directionof thearrow) or left (in the oppositedirectionof
thearrown). We give therequirementdor aright rotation;the otheris similar. Assumethatthe parentof
vis anodew, andassumavithout lossof generalitythatit pointsto v via its left pointer Thencarry out
vleft=u.right; u.right:=v; w.left:=u.

This could be donedifferently. However, the whole point is thatnodesmustkeeptheir identity since
we introducenew pointerswhich shouldaim at the correctnodes gvenwhenthesearemaoved aroundby

rebalancingoperations.Balanceinformation canbe updatedby the rebalancingoperationsn ary way
desired.

Note thatthis requirements no (real) restriction. This is exactly the way singlerotationsare always
performedanddoublerotationsarealwaysexpresseduchthatthe resultof oneequalsthe resultof two
consecutie singlerotations. In fact, ary binary searchtree canbe constructedrom ary otherbinary
searchreewith the samekeys by applyinga sequencef singlerotations.We do notknow of ary scheme
which doesnot conformto this requirementexceptthe oneswhich applysomeform of globalrekuilding
asin [2, 6].
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Fig. 3: Singlerotation(to theright).

Partial Persistence

Wenow makethesearchreepartially persistentisingthenode-copyingnethod5]. A partially persistent
structureis a structurewhich supportanultiple versions suchthatall versionscanbe accessedyut only
the nawestversioncanbe modified. We assumehat versionsare numberedising consecutie integers.
All nodeshave afield statingunderwhich versionthey werecreated The structurehasa numberof entry
pointers(pointersto rootsof differentversionswhich alsohave versionnumbers.

For balancedsearchrees,the node-copyingnethodcanbe usedin a simplified form [5]. We usean
extendedversionof thatsimplifiedform. We retainwhatis referredto asthe copypointer, equipit with
aversionnumber andupdateit asin the original method. For completenessand becauseve build on
top of this basicmethodwe describdt here but emphasizéhatavery similar descriptionhasbeengiven
in [5].

Therearethreetypesof informationin abalancedsearchtree: keys, pointersandbalancenformation.
As information consideredwe are only interestedn the keys. Sincewe canonly updatethe newest
version,balanceinformationis not neededor older versions.We alwaysrebalancefter an update,so
whenwe switch to a new version,the older versionswill remainbalancedorever. So, only keys and
pointersfrom old versionsmustbe kept,andit is safeto overwrite old balancanformation.

Whenwe inserta new key, we createanentirelynew nodeto putit in. So,nokey informationis being
changedlnsteadit is onepointerin onenodethatis beingchangedo includethe newv node. Similarly,
whenwe deletea key, this is doneby changingonepointerto cut outthe node,in which thekey resides.
So,we only needto discusgointerupdatesnot key updates.

To avoid copyingtoo mary nodesevery time a pointermustbe changednodeshave one extra field
for a pointerupdate.So, nodesin thetreehave fields: key, left, right, vn, extra, andcopy, where“vn” is
shortfor “versionnumber”. The field extra is composite and hasthe following fields: ptr, dir, andvn
for recordingthe new pointer, which pointerit replacegdir is Leftor Righ{), andin which versionit was
done(“ptr” is shortfor “pointer” and“dir” is shortfor “direction”). Thefield copyis alsocompositewith
fieldsptr andvn.

An updatein the newestversioni is handledasdescribechow. We explain the actionwhich mustbe
takenfor onepointerchange.lf anupdate(or a rebalancingpperation)involvesseveral pointerchanges,
theprocedurés repeated.

If the nodeu in which the updateis madehasversionnumberi, the updateoverwritesthe existing
pointer Otherwisejf theextrafield hasversionnumber andits directionfield indicateghepointerto be
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updatedthe pointerin the extrafield is overwritten.

If neithercaseappliestherearetwo possibilitiesdependinggnwhetheror nottheextrafield hasalready
beenused.If it hasnot, the updateis madethere,alsosettingthe directionfield andsettingthe version
numbertoi.

Otherwise a nav nodev mustbe made.This is the only case wherethe proceduredoesnot terminate
immediately The key andthe newestleft andright pointersfrom u arecopiedinto v, i.e., the pointerin
the extra field of u andthe pointerfrom u which wasnot overwrittenin the extra field. Thenv'sversion
numberis setto i andits extra andcopyfieldsto nil. Finally, the copyfield in u is setto pointto v, and
its versionnumberis setto i. Thus,copy pointerslink togethersequencesf nodeswhich arebasically
the “same” nodeat differenttimes. Now, the parentof u mustbe updatedo pointto v instead. This is
donerecursivelyusingthe methodjustoutlined,i.e., the effectsof anupdatecontinueupin thetreealong
the updatepathfor aslong asthereare nodeswherethe extra field hasalreadybeenusedby an earlier
version,or hasbeenusedin the oppositedirectionof the updatepathby the currentversion. If theroot
is copied,thenanew entrypointerto the new root with versionnumberi is created For anexample,see
Figure4. Nodes extra pointers(in the middle),andcopy pointers(dashedhave versionnumbersThick
linesindicatepartsof thetreewhich werepresenbeforethe operation.The currentversionnumberis 3.

Fig. 4: Inserting21.

Searchingoecomesslightly more complicatedafter thesechanges.Searchingstartsby following an
entry pointer. Therewill not necessarilyoe an entry pointerfor eachversion. Instead whenaccessing
versionj, theentrypointerwith thelargestversionnumberi, i < j, shouldbeused.

At eachnode,a decisionto continuethe searchto the left or the right mustbe made. As usual,this
decisionis madeby comparinghe key to befoundwith the router(key) in the node.However, whenthe
decisionhasbeenmadeto proceedo the left, for instancethenthe newestleft pointerno newer than |
mustbefollowed,i.e.,if theleft pointerhasbeenupdatedn the extrafield andthe versionnumberof the
extrafield is atmost j, thenthe pointerin the extra field shouldbe followed. Otherwisethe original left
pointeris taken.

Thefollowing result,or moregenerabnes,areprovenin [5].

Theorem 1 Whenthe node-copyingnethodis appliedto a pointerstructurefor which thereis anupper
boundp onthe numberof pointersthatcanpointto ary onenode,thenif nodesin the persistentersion
areequippedvith atleastp extra pointers thefollowing holds.
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e The asymptoticcompleity of searchingn ary versionin the persistenistructureis equalto the
asymptoticcompleity of searchingn the standardstructurecorrespondingo thatversion.

¢ The persistenceactionscarriedout after one pointerchangeare performedin amortizedconstant
time.

¢ Whensearchindn the nevestversion,only thelastnodein a copysequenceanbeaccessed.

Notethatin connectiorwith thetreeswe usehere,only the parentof anodecanpointto thatnode,so
oneextrafield suffices.Also, sincewe useonly a constanamountof new spacedn eachstep,spacaisage
perpointerupdates alsoamortizedconstant.

With thedefinitionsin this section the structureis nolongeratree,but a directedagyclic graph.How-
ever, we will keepreferringto it asatree.

Transcript Facilitating Additions

In this sectionwe extendtheupdatingandrebalancingroceduresvenfurther. Wefirst describeourgoal
informally andthenwe give the exactdescriptionof the proceduresthe propertiesof whichwill beused
in thecorrectnesgroof later.

The generalideais thatif we wantto keeptrack of somekey k, thenwe position oursehes at the
internalnodeunderwhich k is found (or would be inserted).Whenchangingversion,from vy to v, say
theinternalnodewith thatpropertymaybe deletedor aninsertionor rotationmay have the effect thatit
is now anothemodewhich hasthegivenproperty

Therefore wheneer we makean updateor a rotation, we alsobuild a pathfrom the nodewith the
givenpropertyin versionv; to the onewith thatpropertyin versionvs, suchthatlater, duringatranscript
operationjt will befastto getto thatnewv node.We makesurethe pathis protectedn the sensehatno
laterpointerupdatesanalterit.

Theresultis atreeasin [5] with extra pointersandcopiesof nodescreatingprotectecbathswhich run
throughthetree(overtime) atthelevelsjust above theleaves.

We now turn to the concreteadditions. Note first that whenan internalnodeis deleted,no pointer
updatesanever beappliedto it again.Thismeanghatits copypointerwill neverbeused.In otherwords,
we arefreeto useit for otherpurposegthis is safesincethe copy pointeris never usedin searching).
Additionally, whenan insertionor a rotationis carriedout, we maytrigger a copyingof a nodewhich
would not have beenmadeat thattime in the original method. This meanghatin contrasto [5], we can
have several copiesof a nodewith the sameversionnumber Thesearetheonly changesve aremaking.
Wheneer the copy pointeris set,its versionnumberis alsoset,andit is setto the newest(thatis, the
current)version. Fromnow on, we will not mentionthe versionnumberwhendiscussinghe settingof
the copypointer

For deletion,therearetwo cases.First assumehat both of the childrenof the internalnodeu to be
deletedareleaves. Thedeletionis performedandthe copypointerof u is setto point to the nevestcopy
of the parentof u.

Now assumehattheinternalnodeto be deletedhasonly oneleaf amongits two children. After the
deletionhasbeenperformedthecopypointerof uis setasfollows. If theleafisits left child, thenits copy
pointeris setto pointto its in-order internal successofthe left-mostinternalnodein its right subtree).
Thiscasésillustratedin Figure5 onthefollowing page.Notethatpersistencactionswill continueabore
thenodewith key 7, but thisis notshavn. Similarly, if theleafis its right child, thenits copypointeris set
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Fig. 5: Deletingthe key 8 from atranscripttree.

to pointto its in-orderinternal predecessoftheright-mostinternalnodein its left subtree) Thesuccessor
(or predecessotiy foundby a searchin the nevestversionof the structurestartingat theinternalnodeto
bedeleted.

For insertion,we do the following. As describedcearlier we first searchfor the correctleaf, andthe
only pointerin theexisting structurewhichis changeds the onein theinternalnodev which pointsto the
leafin question We maketheinsertionasusualfor leaf-orientedrees applyingthenecessarpersistence
actions,i.e.,v maybe copied.Whenthis is completedye triggera new copyof v, or of the copyof v, if
v hasalreadybeencopiedduringtheinsertion.This lastcaseis illustratedin Figure6. Notethatsincethe
nodewith key 27 is copied,otheractionswill takeplacefurtherupin thetree,but thisis not shavn.

Fig. 6: Insertionof key 33 into atranscriptiree.

Theactionstakenfor arotationaresimilar to thosefor insertions.First, therotationis carriedout, and
all the necessaryersistencactionsaretaken. Thenif theright child of u (referto Figure3 on page98)
beforetherotationwasa leaf, we triggeranew copyof the navestversionof nodeu. In generalfo make
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adescriptionwhich coversleft aswell asright rotations,if the middle subtreeis aleaf, we triggera new
copy An exampleof thisis givenin Figure7. In thatexample,no extra pointerswerein usebeforethe
rotation. Note thatpersistencactionsdueto the copyingwill continueup in the partof thetreeabove u
(notshawn).

Fig. 7: Rightrotationin atranscriptree.

The Transcript Operation

Thetranscriptoperationcan now be defined. It takesa key k andtwo versionnumbersy; andv, (with
vi < Vo) asparametersind printsthe history of k betweerthesetwo versions.More precisely aline is
printedfor every version,statingwhetheror notk is in thetree. In a practicalapplication,therewould
mostlikely bevaluesassociateavith eachkey, andthosecould beprintedaswell (thesemightnotbethe
sameevery time k appearsn thetree).

Theimplementations givenin Figure8 onpagel07. We explain theingredientdelow.

We have mostly usedstandarchotationin the algorithms,but we commenton a few points. We have
usedanenumeratiortypewith thetwo valuesLeft andRight. BooleanexpressionareevaluatedC-style,
i.e., they areevaluatedfrom left to right andas soonasthe final value of the whole expressioncanbe
deducedgvaluationis aborted. Whenwe usethe expression(b ? e; : &), the booleanexpressionb is
evaluatedirst. If it evaluatego true,thentheresultof thewhole expressioris theresultof evaluatinge;.
Otherwisejt is theresultof evaluatingey. In orderto avoid too mary details,we assumeéhatthetreeis
alwaysnon-empty

We assumehatwe have a function Leafwhich decidesf a nodeis aleaf, andafunction Entry which
givenaversionnumber returnsthe entry pointerto be used.

ThefunctionFind findstheparentof agivenkey in agivenversion.Thisis simply asearchexceptthat
we returnthe parentof thekey. Theleafin the directionwe would searchto find k (or rather to check
whetheror notk is in the treeat thetime) is referredto asthe leaf possiblycontainingk. Find calls Go
whichtakesonestepdown in thetreeby goingleft or right asappropriate Assumingthatwe arelocated
at the parentof the leaf possiblycontainingk, Statusreturnsthe informationasto whetheror notk is
present.

Transcriptworks by repeatediycalling Advance Thefunction Advances calledwith a key k, anode
u, andaversionnumberi. Exceptfor thefirst call, theassumptiornis thattheinformationreturnedoy the
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previouscall to Advancewasfrom u in versioni — 1, i.e.,u wastheinternalnodewhich could have a leaf
child containingk. Advancdindsthenext similar nodein versioni, andreturnsinformationon the status
of k atthattime, aswell asthenode.

3 Correctness

Theonly non-trivial operationis the function Advance We mustarguethatit alwaysadwancegsotermi-
nationis guaranteeddndnot too much(suchthatinformationis overlooked).

Whensearchinghroughversioni by startingat the entry pointer onewill seeversioni asit appeared
whenwe switchedto the next version. However, the currentversioncankeepchangingright until we
switch. Thiscomplicateshesearctby Advanceavenafterwe have switchedto anew versionbecauseve
do notentervia theentry pointer Thus,we may seepartsof versioni which weretemporaryandwhich
wouldneverbefoundwhenentering‘correctly”. Thisis thereasorfor thewhile loopin functionAdvance
Whene&er we useFind, we aresearchingn versioni asit appearet somepoint; not necessarilyn its
final appearance-or instanceseveraldeletionscouldbemadein thesameversionsoit maybenecessary
to follow the copy pointerseveraltimes.

Thereasorfor triggeringa nodecopyingin connectiorwith insertionsandrotationsis thatthe parent
of the leaf possiblycontainingk changes.By triggeringa copying of the nodewhich usedto be the
parentwe ensurghatnolateroperationcanpreventusfrom accessinghe new parent.Thus,we build a
protectedpathfrom the parentof theleafpossiblycontainingk in oneversionto the (possiblynew) parent
in thenext.

Theorem 2 If we areat the nodeu equalto Find(Entry(i — 1), k,i — 1), i > 1, thenAdvancek, u, i) will
bringusto v equalto Find(Entry(i), k, i).

Proof Assumingthat Advancebringsusfrom uto v, it follows a pathin thetree;this is not necessarily
a direct pathfrom onenodeto a descendansincecopy pointerscanalsobe followed. We call this the
advancepath Theproofis by induction.However, we strengthertheinductionhypothesidy addingthat
no pointerchangesanbe madeto nodeson theadwancepathexceptthelast.

We prove by inductionin the numberof modificationsin the treeby versioni or greaterthat Advance
will find thenodev. Actually, sincenodesarenever physicallydeleted andpointersareonly overwritten
if createdby the versionperformingthe update updatesn versionsgreaterthani cannotaffect the path,
soit is sufiicientto consideupdatesy versioni.

The basecaseis whenno modificationshave takenplace. In that case the startnodeu andendnode
v areidentical, so Advancewill certainlyfind v (immediatelyafter switchingto versioni, searchingn
versioni is identicalto searchingn versioni — 1). Additionally, the advancepath consistsof a single
node(whichis thenlast),sothesecondgartof the hypothesidollowstrivially.

Assumethat someoperationchangeghe advancepath. By induction,the changes madeby altering
or addinga pointerin thelastnodeonthe path.We considetthe operationsn turn.

Assumethataninsertionchangedhe advancepath,andassumavithoutlossof generalitythatthe leaf
possiblycontainingk (beforethe insertion)is to the left. If the insertionis also madeto the left, the
adwancepathwill continuefirst by eitherfollowing theleft pointer(if thenodein questionis from version
i), the extra pointer, or, if thatwasalreadyused,by following the copy pointerandthentheleft pointer
This bringsusto the new internalnodewhich, by the insertion,hasbecomethe new parentof the leaf
possiblycontainingk.
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Sinceanew copyis triggeredasthe lastactiontakenduringaninsertion,andsinceupdatesarealways
performedn thenewestnodesnoneof the pointersdescribedn theabove canever bealtered.Thus,it is
still the casethatno pointerchangesanbe madeto nodeson theadwancepathexceptthelast.

If theinsertionis madeto theright, thenonly the copypointerwill befollowed(possiblytwice) andwe
areagainatthecorrectlocation.

Now, weassuméhatadeletionmakesachangeao thelastnodeu ontheadvancepath.If uistheinternal
nodewhich is deleted the copy pointeris setto pointto the correctnext location(sincethe locationis
actuallyfound by a searchin the navestversion),andsincea deletednodecannever be accessedy an
updatingoperatioragain,no changesanbe madeto nodeson theadvancepathexceptthelast. If uisthe
parentof the internalnodeto be deleted the advancepathis eithernot changedif the extra pointerwas
usedfor the update) or the copy pointerfrom u to the newestversionof u becomegpartof the adwance
path.

Finally, we must considerrebalancingoperations. As required,they consistof a numberof single
rotation. Thus,we only needto considerone singlerotation. Assumethat a singlerotation (Figures3
on page98 and7 on pagel02) makesa changeto the lastnodeon the advancepath. If vin Figure3 on
paged8is thelastnode,sinceit keepst leaf (C), the pathis eithernot changedr it is extendedwith one
copy pointer For the nodeu, the situationis similar if A is the leaf possiblycontainingk. So,assume
thatB is the leafin question.This is exactly the casewherea copyof u is triggeredaftertherotationas
shavn in Figure7 on pagel02. Thus,thenew pointerin u leadingto the new parentof theleaf possibly
containingk cannotbe alteredagain. Thus,exceptfor the new lastnode(v), nodeson the advancepath
cannotbechanged. O

4 Complexity

Themostinterestingcaseto considetis theonewheretherearemary versionssincethatis whensearch-
ing from an entry pointerthrougheachversionwould be very time consuming.We assumehataftera

fixed constaninumberof updateqor earlier)andthe rebalancingoperationscausedy the updateswe

changédo anew version.We considerthe behaior of Advanceunderthatrestriction.

Complexity of Transcript

Sincea copy pointerwhich is setup duringa deletionpointsto a nodewhich wasin the treeat thetime
(thoughit maybefrom anolderversion),ary additionalcopypointersfrom theremustbe atleastasnew.
This is alsothe casefor copy pointerscreatedoy insertions. Sincethereareonly a constantnumberof
updatesthe function Advancecanfollow suchpointersat mosta constanhumberof timesto getfrom
oneversionto the next.

Rebalancingloesnot necessarilyoehae thatwell. In the following, we considerrestrictionson the
behaior of rebalancingvhich leadto the bestpossiblecompleities.

A rotationasdescribeckarlierwhich triggersa copyingof a node,becausehe middle subtreds aleaf
[, is referredto asanexpensiveaotation,andtherotationis saidto be expensie dueto theleafl.

Definition 1 A balancedinary searchtree schemes saidto have limited leaf actionif thereexists a
constant suchthatfor ary leafl andary update the numberof expensve rotationsdueto I, which are
carriedoutin responseo theupdatejs boundedy c. O
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If a balancedsearchtree schemehaslimited leaf action, then Advancewill find the correctnodein
constantime, since referringto theproof of Theorem? onthe pagebefore the advancepathis extended
with only a constannumberof edgedor eachinsertion,deletion,andexpensve rotation,andwe change
versionafteraboundechumberof updates Thus,thecompleity of thetranscriptoperationis O(logn+
p), wheren is thenumberof elementsn the startversionfor thereporting.

It is now interestingo determinavhichschemegave limited leafaction.Red-blackreeg 7] do,since,
asit is pointedoutin [5], rebalancingfteranupdateconsistof at mostthreerotationg(singleor double).
Theremainingrebalancingperationsarerecolorings.

Also treaps[3] have limited leaf action. Only singlerotationsare usedin treaps,andin a sequence
of rotationsfollowing aninsertion,it is alwaysthe samenodewhich is the bottom-moshodeof thetwo
internalnodesdn therotation. It is easyto show thatafterit haslost at mosttwo leaf children,its children
aregoingto beinternalnodesrom thatpointon. Deletionscanbeviewed asreverseinsertions.

AVL-trees[1] andBBJ[a]-trees|[9, 4, 8] alsohave limited leaf action. As soonasonegetsjust some
fixed constantdistanceup towardsthe root from the placeof an update thenthe relationshipbetween
heightsandsizes respectrely, of subtreesmpliesthatnoneof theinvolvedsubtreeganbeleaves.

Other Complexity Considerations

Searchingn atranscripttreeis clearly of the sameasymptoticcompleity asin [5].

For updatesthe additionsonly increasethe compleity by a constantfactor, sincethe work carried
outin connectiorwith pointerupdatingandtriggeringof copies by Theoreml on page99, is amortized
constantper pointerchange. Thoughsettingthe copy pointerin connectionwith a deletionrequiresa
search this actionis takenin connectionwith an update,so the total compleity of updatesremains
boundedy the heightof thetree.

If the transcriptoperationis implementedusingbinary searchtreeswithout balanceconstraintsthe
compleity of thetranscriptoperationbecomesO(h+ p), whereh is the heightof thefirst versionfrom
whichwe report,andupdatesrecomeO(h), whereh is the heightof thetreeatthetime of theupdate.

From the discussiorabove, it alsofollows that searchtreeswherethe numberof pointerchangesn
responseo an updateis amortizedconstantwill usespaceonly linearin the numberof updates.This
appliesto red-blacktreesandBBJ[a]-trees,for instance . The expectednumberof rotationscarriedout in
respons¢o anupdatein atreapis two, sospaceconsumptiorfor treapss expectedinear.

5 Concluding Remarks

The statusof a key is not necessaril}changedn every version. Thus,whenfollowing a copy pointer,
we may skip over a large numberof versions. This can be exploited to give a runningtime which can
sometimede significantlybetter The algorithmwould thenonly print a line wheneer the statusof the
key hadchangedIt would beinterestingto investigatethis behaior moreclosely;boththeoretically but
alsoempiricallyundersomeaverageuseof searcttrees.

A chronologicatranscriptinvolving morethanonekey could be producedoy meging separateran-
scripts.However, Transcripthasbeenexpressedria Advancewhich reportsonechangeat atime. Thus,
thetotal chronologicalranscriptcanbe producedlirectly by maintaininga priority queuewith anentry
for eachkey andtheversionnumberasthe priority. Thisis more“on-line”, i.e., it would startprinting out
thetranscriptearlier
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If the numberof pointersis not a concern,thenthereis an easiersolution: decidethat the standard
searchtree shouldhave all the parentsof leaves connectedn a doubly linked list. By [5], we obtain
the optimal asymptoticamortizedcompleities. However, morepointersareneeded.The doublylinked
list usesadditionalpointers,but sincenodescannow have morethanonepredecessdiherearenow 3),
nodesmustbe equippedwith predecessopointers(see[5]) suchthatall nodesreferringto an updated
nodecanthemseles be updated. Additionally, there mustbe more extra fields correspondingo the
numberof predecessor@he amortizedconstantesultsfrom [5] dependon this). Thoughthe amortized
time compleity would be the same the worst casecompleity of anupdatewould be Q(n) insteadof
O(logn) obtainedby a balancedranscripttree. This happensvhenall the extra fieldsin all thenodesin
thedoublylinked list have beenused.In thatcase gvery nodein thelist mustbe copied.
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func Go(u: Node,dir: Dir, i: Version):Node
if u.extra# nil and u.extra.dir= dir and u.extra.vn< i then
return u.extra.ptr
else
return (dir = Left ? u.left: u.right)

func Find(u: Node,k: Key, i: Version):Node
V= (k < u.key ? Go(u,Left, i) : Go(u,Right,i))
return (Leaf(v)? u: Find(v, k, i))

func Status(uNode,k: Key, i: Version):Bool
dir := (k < u.key ? Left : Right)
if u.extra# nil and u.etra.dir= dir and u.extra.vn< i then
return u.extra.ptrkey = k
else
return (dir = Left ? u.left.key : u.right.key) = k

func Advance(k:Key, u: Node,i: Version):(Bool, Node
u:= Find(u,k, i)
while u.copy+# nil and u.copyvn < i do
u := Find(u.copyptr, k, i)
return (Status(uk, i), u)

proc Transcript(k:Node,v1, v2: Version)
u:= Entry(vl)
fori:=viltov2do
(s,u) := Advance(k,u, i)
print i, k, s

Fig. 8: Thetranscriptoperation.



