Discrete Mathematics and Theoretical Computer Science DMTCS vol. 14:2, 2012, 57–74

On paths, trails and closed trails in edge-colored graphs

Laurent Gourvès^{1†} Adria Lyra^{2‡} Carlos A. Martinhon^{3§} Jérôme Monnot^{1¶}

1CNRS, FRE 3234, Université de Paris-Dauphine, LAMSADE, F-75775, France 2 Universidade Federal Rural do Rio de Janeiro - UFRRJ, Instituto Multidisciplinar, Brazil 3 Institute of Computation - Fluminense Federal University, 24210-240, Brazil,

received 5^{th} January 2012, accepted 19^{th} July 2012.

In this paper we deal from an algorithmic perspective with different questions regarding properly edge-colored (or PEC) paths, trails and closed trails. Given a c-edge-colored graph G^c, we show how to polynomially determine, if any, a PEC closed trail subgraph whose number of visits at each vertex is specified before hand. As a consequence, we solve a number of interesting related problems. For instance, given subset S of vertices in G^c, we show how to maximize in polynomial time the number of S-restricted vertex (resp., edge) disjoint PEC paths (resp., trails) in G^c with endpoints in S. Further, if G^c contains no PEC closed trails, we show that the problem of finding a PEC s-t trail visiting a given subset of vertices can be solved in polynomial time and prove that it becomes NP-complete if we are restricted to graphs with no PEC cycles.

We also deal with graphs G^c containing no (almost) PEC cycles or closed trails through s or t. We prove that finding 2 PEC s-t paths (resp., trails) with length at most L > 0 is NP-complete in the strong sense even for graphs with maximum degree equal to 3 and present an approximation algorithm for computing k vertex (resp., edge) disjoint PEC s-t paths (resp., trails) so that the maximum path (resp., trail) length is no more than k times the PEC path (resp., trail) length in an optimal solution. Further, we prove that finding 2 vertex disjoint s-t paths with exactly one PEC s-t path is NP-complete. This result is interesting since as proved in Abouelaoualim et. al.(2008), the determination of two or more vertex disjoint PEC s-t paths can be done in polynomial time. Finally, if G^c is an arbitrary c-edge-colored graph with maximum vertex degree equal to four, we prove that finding two monochromatic vertex disjoint s-t paths with different colors is NP-complete. We also propose some related problems.

Keywords: Edge-colored graphs, properly edge-colored closed trails and cycles, properly edge-colored paths and trails, monochromatic paths.

1 Introduction

In the last few years a great number of applications have been modelled as problems in edge-colored graphs. To solve them, we can explore some interesting connections between edge-colored graphs and the theory of cycles and paths in directed and undirected graphs, matching theory, and other branches of graph theory [2, 4]. Among the applications are problems in molecular biology [17, 18], transportation and connectivity problems [11, 12, 22] (where connection costs are associated to pair of colors at adjacent edges), social sciences [7] and graph models for conflict resolution [23, 24].

Given a graph G = (V, E), a walk ρ from s to t in G (called s-t walk) is a sequence ρ = (v_0, e_0, v_1, e_1, . . . , e_k, v_{k+1}) where v_0 = s, v_{k+1} = t and e_i = v_iv_{i+1} ∈ E for i = 0, . . . , k. A trail from s to t in G (called s-t trail) is a walk ρ from s to t where e_i ≠ e_j for i ≠ j. Analogously, a path from s to t is a trail where v_i ≠ v_j for 0 ≤ i < j ≤ k and 1 ≤ i < j ≤ k + 1. If ρ is a path (resp., trail) with v_0 = v_{k+1} then ρ defines a cycle (resp., closed trail). We define V (ρ) = (v_0, v_1, . . . , v_{k+1}) and E(ρ) = (e_0, e_1, . . . , e_k). The length of a path, trail or walk is the number of its edges. We say that a path (resp., cycle) ρ defines a Hamiltonian path (resp., Hamiltonian cycle) if all vertices of V are visited exactly once.

Let I_c = {1, 2, . . . , c} be a set of given colors, with c ≥ 2. In this work, G^c denotes a simple graph whose edges are colored by colors of I_c and with no parallel edges linking the same pair of vertices. The vertex and edge sets of G^c are denoted by V (G^c) and E(G^c), respectively, where | V (G^c) |= n and | E(G^c) |= m. For a given color i, E^i(G^c) denotes the set of edges of G^c colored by i. If H^c is a subgraph of G^c then N^i_Hc (x) denotes the set of

†Email: laurent.gourves@lamsade.dauphine.fr ‡Email: adrialyra@ufrrj.br §Email: mart@dcc.ic.uff.br. Partially supported by CNPq\Brazil and FAPERJ\Brazil ¶Email: monnot@lamsade.dauphine.fr

1365–8050 © 2012 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

58 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

vertices of H^c, linked to x with edges colored by i. The degree of x in G^c is d_Gc (x) = � i∈I_c |N i G^c (x)| or just

d(x) when no confusion arises. An edge between two vertices x and y is denoted by xy, its color by c(xy) and its weight by w(xy), if any.

Also, given an induced subgraph Q of a graph G, a contraction of Q in G consists of replacing Q by a new vertex z_Q, so that each vertex x in G − Q is connected to z_Q by an edge, if and only if, there exists an edge xy of G for some vertex y of Q.

From now on, we denote properly edge-colored by just PEC, for short. A subgraph of G^c containing at least two edges is said to be a PEC subgraph if any two adjacent edges differ in color. A PEC path (resp., PEC trail) is a path (resp., trail) such that any two successive edges have different colors. Given two vertices s, t ∈ V (G^c), we call PEC s-t path (resp., PEC s-t trail) a path (resp., trail) that begins at s and finishes at t. The vertices s and t will be denoted endpoints of the path or trail. In addition, observe that the edges in a PEC trail need not to form a PEC subgraph since we can have adjacent but not successive edges with the same color.

A PEC path or trail in G^c is said to be closed if its endpoints coincide and its first and last edges differ in color. They are also refereed, respectively, as PEC cycle and PEC closed trail. We say that a cycle (resp., closed trail) ϑ_x with vertices V (ϑ_x) = (x, v_1, . . . , v_k, x) with x ≠ v_i for i = 1, . . . , k is an almost PEC cycle (resp., closed trail) through x in G^c if c(xv_1) = c(xv_k ) and both paths (resp., trails) with at least two edges from x to v_1 and from x to v_k are properly edge-colored. Note that, if c(xv_1) ≠ c(xv_k) then we have a PEC cycle (resp., closed trail) through x. Further, to simplify our notation, if G^c contains no PEC and almost PEC cycles (resp., closed trails) through vertex x, we say that G^c contains no (almost) PEC cycles (resp., closed trails) through x in G^c. A monochromatic path in G^c contains all its edges colored with the same color.

We also deal with the concept of k-(PEC path)-(PEC cycle) subgraph F_k of G^c (see [2, 4]). The subgraph F_k denotes an union of k PEC paths and an arbitrarily number of PEC cycles in G^c, all vertex disjoint. If k = 0, the subset F_0 will be called PEC cycle subgraph. A k-(PEC path)-(PEC cycle) subgraph F_k of G^c is maximum if F_k has maximum number of vertices among all k-(PEC path)-(PEC cycle) subgraphs F_k of G^c. Here, we extend this concept and introduce the definition of k-(PEC trail)-(PEC closed trail) subgraph. We say that ~F_k defines a k-(PEC trail)-(PEC closed trail) subgraph of G^c if it is composed by an union of k PEC trails with non-coincident endpoints (i.e., if some PEC trail of ~F_k begins or finishes at some vertex x of G^c then the remaining PEC trails in ~F_k cannot begin or finish at x, if any) and an arbitrarily number number of maximal PEC closed-trails, all edge disjoint. We say that ~F_k is maximum if ~F_k has maximum number of edges among all k-(PEC trail)-(PEC closed trail) subgraphs of G^c. Moreover, we say that a vertex x is visited or covered by a PEC trail or closed trail ρ ∈ ~F_k if x ∈ V (ρ). We denote by α(x) = ⌈d_{~Fk} (x)/2⌉, the total number of visits at x ∈ V ( ~F_k). If k = 0, the subset ~F_0 will be called PEC closed trail subgraph (note that d_{~F0} (x) is always even for every x). Further, notice that F̃_0 with α(x) = 1 for every x of ~F_0 defines a PEC cycle subgraph.

Finally, we introduce the concept of S-restricted PEC path (resp., trail). Given G^c and a subset S ⊆ V (G^c) with |S| ≥ 2, we say that a PEC x-y path (resp., trail) ρ with x ≠ y and x, y ∈ S is S-restricted, if there are no vertices of S belonging to V (ρ) \ {x, y}.

1.1 Some related work

Given an arbitrary c-edge-colored graph G^c, the determination of one PEC cycle or closed trail through a subset Ψ of vertices is NP-complete even for |Ψ| = 2 and c = Ω(n^2) (see [1, 5]). When restricted to c-edge-colored complete graphs K^c_n with c ≥ 2, Benkouart et. al. [5] present efficient algorithms for finding PEC cycles through a given subset of vertices. In the work of Das and Rao [8], they characterize those 2-edge-colored complete graphs which contain a PEC closed trail visiting each vertex x of K^c_n (for c = 2) exactly α(x) > 0 times. Generalizing this last problem Bang-Jensen and Gutin [3] solved the problem of determining the length of a longest PEC closed trail visiting each vertex x in 2-edge-colored complete multigraphs at most α(x) > 0 times.

The determination of PEC s-t paths (for Ψ = ∅) over arbitrary c-edge-colored graphs was first solved by Edmonds for two colors (see Lemma 1.1 in [16]) and then extended by Szeider[20] to include any number of colors. In Abouelaoualim et al.[1], the authors also deal with PEC trails and present polynomial time procedures for several versions of the s-t path/trail problem: as the shortest PEC s-t path/trail on general c-edge-colored graphs and the longest PEC path (resp., trail) for graphs with no PEC cycles (resp., closed trails). Recently, Feng et. al. [9], showed how to determine in polynomial time a Hamiltonian PEC path in K^c_n (for c ≥ 2), provided that one exists. If G^c is an arbitrary 2-edge-colored graph and Ψ a non-empty subset of V (G^c) \ {s, t}, Chou et. al. [7] show that the determination of one PEC s-t path passing by all vertices of Ψ is NP-complete even for |Ψ| = 1 (actually, this result can be easily extended to include any number of colors). They also present an efficient algorithm for this problem over 2-edge-colored complete graphs.

A polynomial characterization of c-edge-colored graphs with no PEC cycles was first presented by Yeo [25] and generalized in [1] for PEC closed trails. In addition, the authors in [1] prove that deciding whether there exist k

On paths, trails and closed trails in edge-colored graphs 59

pairwise vertex (resp., edge) disjoint PEC s-t paths (resp., trails) over arbitrary c-edge-colored graphs G^c is NPcomplete even for k = 2 and c = Ω(n^2). Moreover, they prove that these problems remain NP-complete for c-edge-colored graphs containing no PEC cycles (resp., closed trails) and c = Ω(n). They conclude their paper with some approximation results for the associated maximization problems together with polynomial results for c-edge-colored graphs with no (almost) PEC cycles or closed trails through s or t.

Some interesting questions regarding monochromatic paths can be found in the literature [13, 15, 19]. For instance, the authors in [15], show that it is NP-hard to find the minimum number of vertex disjoint monochromatic paths which cover the vertices of the graph G^c. They also show that there is no constant factor approximation algorithm for this problem unless P = NP.

In Gourvès et al. [12], the authors consider s-t paths, trails and walks with reload costs between colors. In this case, given a c-edge-colored graph, whenever a vertex is crossed by a walk, there is an associated non-negative reload costs r_{i,j} , with i and j denoting, respectively, successive edge colors in this walk. In the minimum reload s-t path/trail/walk problem the objective is to find an s-t path/trail/walk with minimum reload cost. As discussed in [12], reload s-t paths in edge-colored graphs may be converted into PEC or monochromatic s-t paths by conveniently choosing reload costs between each pair of colors. Other results regarding reload costs can be found in [11, 22].

1.2 Contributions

In Section 2 in the Fundamental Lemma we deal with the construction of PEC closed trails subgraphs F̃_0 and show how to find in polynomial time, if any, a subset of PEC closed trails visiting all vertices of G^c a prescribed number of times defined by an interval associated to each vertex. This result generalizes both works of Benkouar et. al. [5] and Das and Rao [8] only restricted to K^c_n. As one of its consequences, given a subset S of vertices in G^c, we show how maximize in polynomial time the total number of S-restricted PEC paths/trails with non-coincident endpoints in S. In Section 3, we deal with the determination of one s-t trail visiting a non-empty subset Ψ of V (G^c) \ {s, t}. We show how to polynomially solve this problem over graphs containing no PEC closed trails and prove that it becomes NP-complete over graphs containing no PEC cycles (note that PEC closed trails are allowed in this case). Graphs with no PEC cycles or closed trails are interesting since they constitute, in a certain sense, the edge-colored counterpart of non-colored acyclic digraphs. We also show how to determine in polynomial time, if any, an s-t trail visiting a subset E^′ ⊆ E(G^c).

In Section 4 we deal with graphs containing no PEC cycles or closed trails through s or t. We prove that to check whether G^c contains two PEC s-t paths/trails with length at most L > 0 is NP-complete in the strong sense even for graphs with maximum vertex degree equal to 3. Further, also based on the Fundamental Lemma, we present an approximation algorithm for computing k vertex/edge disjoint PEC s-t paths/trails so that the maximum path/trail length is no more than k times the PEC path/trail length in an optimal solution. Moreover, if L denotes the length of a shortest PEC s-t path/trail in G^c, we consider the problem of computing k vertex/edge disjoint PEC s-t paths/trails of sizes at most L, L + 1 and L + 2, respectively. We also prove that finding two vertex disjoint s-t paths with exactly one PEC s-t path is NP-complete. This result is interesting since as proved in [1], the problem of finding two PEC s-t paths (resp., trails) in graphs with no PEC cycles (resp., closed trails) through s or t can be solved in polynomial time.

In Section 5, we deal with arbitrary c-edge-colored graphs and prove that finding 2 vertex disjoint monochromatic s-t paths with different colors is NP-complete even for graphs with maximum degree 4. Finally, we conclude in Section 6 by presenting some final remarks and future directions. Some related problems are also proposed at the end of each section.

60 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

2 Determination of a PEC closed trail subgraph visiting vertices a prescribed number of times

In this section we extend some of the results and concepts presented in [1] and present our Fundamental Lemma which will be useful in the proof of other important polynomial time procedures in this paper. Initially, recall that for arbitrary c-edge-colored graphs (see Subsection 1.1), the determination of one PEC cycle or closed trail through a subset with two or more vertices is NP-complete. Here, we want to determine a subset of PEC closed trails (or a PEC closed trail subgraph ~F_0) satisfying a non-negative function α over V (G^c) denoting the total number of visits at each vertex in G^c. Formally, given two mappings α_{min} and α_{max} from V (G^c) to N such that 0 ≤ α_{min}(x) ≤ α_{max}(x) ≤ ⌊d_Gc (x)/2⌋ for every x ∈ V (G^c), we show how to find in polynomial time, if any, a subset of PEC closed trails whose the total number of visits at x is equal to α(x) for some α(x) ∈ I_α(x) = {α_{min}(x), . . . , α_{max}(x)}. Here, we show that this can be accomplished by using the concept of Edmonds-Szeider graph and trail-path graph [1, 20] in a modified manner.

For completeness, we recall the definition of Edmonds-Szeider graph as discussed in [1]. Given G^c and vertices x ∈ V (G^c), we first construct subgraphs or gadgets G_x with:

V (G_x) = � i∈I_c

{x_i, x^′_i | N^i_Gc (x) ≠ ∅} ∪ {x^{′′}_a, x^{′′}_b }

E(G_x) = {x^{′′}_a x^{′′}_b } ∪ ( � {i∈I_c |x^′_i∈V (G_x)}

({x_ix^′_i} ∪ ( � j=a,b

{x^′_ix^{′′}_j }))).

See the gadgets G_a, G_b, G_c and G_d in the example of Figure 1. The former graph G will be called Edmonds- Szeider graph and is constructed as follows:

V (G) = ( � x∈V (G^c)

V (G_x)) E(G) = � i∈I^c

{x_iy_i | xy ∈ E^i(G^c)}} ∪ { � x∈V (G^c) E(G_x)}.

To illustrate this concept, we can use the Edmonds-Szeider graph G associated with G^c to obtain a subset of vertex disjoint PEC cycles (or PEC cycle subgraph F_0). To do that, given a perfect matching M in G (which always exists in this case) a possibly empty subset of PEC cycles in G^c can be easily obtained after coloring all edges x_iy_i ∈ (E(G) ∩ M) with color i and then contracting all subgraphs G_x of G into a single vertex x. In addition, we can easily determine if all vertices of G^c can be covered or not by a disjoint subset of PEC cycles. To do that, we assign unitary costs w(x_iy_i) = 1 for every x_iy_i ∈ E(G) and cost zero for the remaining edges of E(G). In this way, the non-colored graph G contains a maximum perfect weighted matching M^∗ with total edge cost cost(M^∗) = |V (G^c)|, if and only if, each vertex of G^c is visited exactly once by some PEC cycle in F_0. See the example of Figure 1.

Fig. 1: Graph G^c (a) and its associated Edmonds-Szeider graph G (b). Note that the perfect matching M in G (bold lines) is associated with a PEC cycle, say ρ, with vertices V (ρ) = (a, b, d, c) in G^c.

On paths, trails and closed trails in edge-colored graphs 61

Now, given intervals I(α_x) associated to each x of G^c and conveniently adapting the concepts of Edmonds- Szeider graph and trail-path graph as described in [1], we can establish the following result for the determination of a PEC closed trail subgraph satisfying α.

Lemma 1 : (Fundamental Lemma) Consider an arbitrary G^c and I_α(x) = {α_{min}(x), . . . , α_{max}(x)} for each x ∈ V (G^c). Then, we can find within polynomial time, if any, a subset of PEC closed trails visiting all vertices of G^c exactly α(x) times for α(x) ∈ I_α(x).

Proof: Initially, given G^c and I_α(x) for every x ∈ V (G^c), we show how to construct a c-edge-colored graph H^c(I_α), denoted here by α-trail-path graph. The construction of H^c(I_α) can be done into three steps and extends the definition of a trail-path graph presented in [1]:

(a) Replace each vertex x of G^c by a subset S_x = {x_1, . . . , x_{αx} } of vertices with α_x = α_{max}(x). (b) For each edge xy of G^c, say colored k, add two new vertices v_{xy} and u_{xy} and add edges x_iv_{xy}, u_{xy}y_j , for i = 1, . . . , α_x and j = 1, . . . , α_y, all of them colored by k.

(c) Add edge v_{xy}u_{xy} with a new unused color k^′ ∈ {1, . . . , c} with k^′ ≠ k.

Denote by V̄ = {v_{xy}, u_{xy}|xy ∈ E(G^c)}, the subset of all vertices of H^c(I_α) associated to edges xy in G^c. Now, given H^c(I_α) as above, select at random a subset S^′_x = {x_{i1} , . . . , x_{iβx} } of S_x with β_x = α_{min}(x) for each x in G^c.

In the sequel, construct the (non-colored) Edmonds-Szeider graph associated to H^c(I_α) and contract all gadgets associated to vertices of V̄ . Let us denote by H this new non-colored graph. Note that, we have an associated noncolored gadget H_z of H for every z ∈ S_x (see Figures 2(a) and 2(b)). In the Figure 2(a) we are assuming z ≡ x_i for some i ∈ {1, . . . , α_x}. Now, for every z ∈ S^′_x and their associated H_z, delete edges z^{′′}_a z^{′′}_b (see Figure 2(c)) and relabel all these gadgets by H^′_z . We call modified Edmonds-Szeider graph, denoted by H̄, the resulting non-colored graph obtained in this way.

Fig. 2: (a) Vertex z of Sx in H^c(Iα); (b) Gadget Hz associated to z ∈ Sx \ S^′_x (c) Gadget H^′_z associated to z ∈ S^′_x.

The idea, provided that a subset of PEC closed trails satisfying function α in G^c exists, is to find an associated subset of PEC cycles in H^c(I_α) by forcing the visit exactly once of all vertices z ∈ S^′_x, the remaining vertices z ∈ S_x \ S^′_x may be visited or not by these cycles. Since |S^′_x| = α_{min}(x) and |S_x| = α_{max}(x), after contracting all subgraphs induced by S_x, vertex x will be visited by PEC closed trails exactly α(x) times in G^c for some α(x) ∈ I_α(x). Note that PEC cycles in the α-trail-path graph H^c(I_α) will correspond to PEC closed trails satisfying α in G^c and vice-versa. This may be accomplished by just finding a perfect matching M^∗ in H̄, if any.

Thus, in the case M^∗ exists, we can determine the associated PEC closed trail subgraph F̃_0 satisfying α as in the sequel. Initially, for all pairs of edges z_kv_{xy}, u_{xy}w_k of M^∗ ⊆ E(H̄) for some z ∈ S_x and w ∈ S_y in H^c(I_α), we pick edge xy of G^c, colored k. Further, note that if z ∈ S^′_x, we have two edges of M^∗ not belonging to E(H_z ) and incident with exactly two different vertices of H_z. Thus, vertex z must be visited exactly once in H^c(I_α). Since |S^′_x| = α_{min}(x) and |S_x| = α_{max}(x), we have at least α_{min}(x) and at most α_{max}(x) visits at vertex x in G^c. Therefore, the set of picked edges in G^c defines a PEC closed trail subgraph satisfying α. Reciprocally, given a set of PEC closed trail subgraphs satisfying α, we can easily determine an associated set of PEC cycles in H^c(I_α) and a corresponding perfect matching M^∗ in H̄. �

62 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

Therefore, as one of the consequences of the Fundamental Lemma we have the following result.

Theorem 2 Let G^c be an arbitrary c-edge-colored graph and S a subset of V (G^c). Then, the problem of maximizing the number of S-restricted vertex disjoint PEC paths (resp., edge disjoint PEC trails) with non-coincident endpoints in S can be solved in polynomial time.

Proof: Initially, to avoid paths of unitary length between pairs of S (since PEC paths/trails contains at least two edges), we delete all edges xy ∈ E(G^c) with x, y ∈ S. Note that these edges do not eliminate any S-restricted PEC path (or trail) between two vertices of S. Thus, w.l.o.g., consider G^c with no edges between pairs of S. Here, we only deal with the problem of maximizing the number of edge disjoint S-restricted PEC trails with endpoints of S, the PEC path case is analogous and is omitted here.

To accomplish our goal, given G^c and S ⊂ V (G^c) we first construct an edge-colored graph G^{c′}_v with a new vertex v and c^′ colors with I_c′ = I_c ∪ {(c + 1), . . . , (c + |S|)}. We define V (G^{c′}_v ) = V (G^c) ∪ {v}, E(G^{c′}_v ) = E(G^c) ∪ {vx : x ∈ S} and color all |S| edges vx with a new different color of I_c′ \ I_c. Basically, for a given set of intervals I_α(x) with x ∈ V (G^{c′}_v ) (to be defined later), we construct the α-trail-path graph H^{c′}_v (I_α) and the associated modified Edmonds-Szeider graph H̄_v as detailed in the Fundamental Lemma. In addition, for all edges p_kv_{xy}, u_{xy}q_k of H̄_v , associated to edges xy of E(G^{c′}_v ) colored k (with p ∈ S_x and q ∈ S_y in H^{c′}_v (I_α)), we assign weights w(p_k v_{xy}) = w(u_{xy}q_k) = 1/2, and weight zero for the remaining edges of H̄_v . In this way, note that if edge xy belongs to some PEC closed trail in G^{c′}_v , we have exactly two edges (each of them with cost 1/2) in the associated perfect matching M in H̄_v and vice versa. However, if xy does not belong to any PEC closed trail then edge v_{xy}u_{xy} (with cost zero) will be selected to M.

Essentially, the idea is to construct an interval of integer values I_α(x) associated to each x of V (G^{c′}_v ) and determine, if any, a subset of PEC closed trails F̃_0 with the maximum number of visits at v and minimum number of edges. It is important to note that, even if we have no edges xy between pairs of S, we can have non S-restricted PEC trails between two endpoints of S (see the PEC path ρ_3 in the example of Figure 3). Thus, to avoid that, each PEC closed trail of F̃_0 passing by v must correspond to a shortest S-restricted PEC trail in G^c with endpoints in S. Therefore, to maximize the number of S-restricted s-t trails among vertices of S we construct the following polynomial time algorithm:

(1) Initially, define α_{min}(x) = 0 and α_{max}(x) = ⌊d_Gc′_v (x)/2⌋, for every x ∈ V (G^{c′}_v ) \ (S ∪ {v}).

(2) Define α_{min}(x) = 0 and α_{max}(x) = 1, for every x ∈ S and set α_{min}(v) = α_{max}(v) = ᾱ_v = ⌊|S|/2⌋. (3) Now, as described in the Fundamental Lemma determine, if possible, a subset of ᾱ_v PEC closed trails visiting v with the minimum number of edges. To accomplish that, solve the minimum perfect matching problem over the weighted (non-colored) H̄_v.

(4) If such a minimum perfect matching M^∗ exists we are done. Use M^∗ to determine F̃_0 in G^{c′}_v . Otherwise, set ᾱ_v ← ᾱ_v − 1.

(5) If ᾱ_v = 0 (there are no PEC trails among vertices of S) then we stop. Else, set α_{min}(v) = α_{max}(v) = ᾱ_v, update the weighted H̄_v , and return to step 3.

Fig. 3: Graph G^{c′}_v with endpoints S = {s1, s2, s3}. The PEC paths ρ1 and ρ2, respectively, with V (ρ1) = (s1, a, s2) and V (ρ2) = (s2, b, s3) are S-restricted while the PEC path ρ3 with V (ρ3) = (s1, a, s2, b, s3) is non S-restricted.

Note in the Step 3 above that the total number of edges in the PEC closed trail subgraph of G^{c′}_v is equal to the cost of the minimum perfect matching M^∗ computed over H̄_v . This will ensure the presence of ᾱ_v S-restricted shortest PEC trails among vertices of S in G^c and avoiding non S-restricted PEC trails. To see that, suppose we have a non

On paths, trails and closed trails in edge-colored graphs 63

S-restricted PEC x-y trail with x, y ∈ S and an associated minimum perfect matching M^∗ in H̄_v. Since ρ is non S-restricted, there is at least one vertex z of S belonging to V (ρ) \ {x, y}. Now, we can take a shorter S-restricted PEC trail ρ^′ with endpoints x and z, which always exists in this case. Therefore, we can easily construct a perfect matching M^′ (associated to ρ^′) with cost(M^′) < cost(M^∗), leading to a contradiction. �

We conclude the section with the following related problem:

Problem 1 Consider G^c and a subset S of V (G^c). Can the problem of maximizing the number of (non necessarily S-restricted) vertex disjoint PEC paths (resp., edge disjoint PEC trails) with endpoints in S be solved in polynomial time?

In the Problem 1 above we can include another constraint. For instance, whether or not the endpoints of two different PEC trails can coincide. In both cases, the problem seems harder when compared to the S-restricted case discussed here.

3 Determination of a PEC s-t path/trail visiting a subset Ψ of vertices

Let G^c be an arbitrary c-edge-colored graph and Ψ a non-empty subset of V (G^c) \ {s, t}. As discussed in Subsection 1.1, the determination of one PEC s-t path visiting all vertices of Ψ is NP-complete even for |Ψ| = 1 (see [7]). Here, we show how to find in polynomial time, if any, a PEC s-t trail visiting all vertices of Ψ restricted to c-edge-colored graphs with no PEC closed trails. We also consider a slightly more general class of graphs and prove that the same problem over c-edge-colored graphs with no PEC cycles is NP-complete. Note that PEC closed trails are allowed in this case.

3.1 Graphs with no PEC closed trails

We begin with the following auxiliary lemma:

Lemma 3 Consider G^c with no PEC closed trails and vertices s, t ∈ V (G^c). Further, assume that there exists a PEC trail ρ between s and t in G^c. Then, there are no vertices of ρ which are visited three times or more.

Proof: Suppose a vertex x of ρ with at least 3 visits (i.e., α(x) ≥ 3). Without loss of generality, assume α(x) = 3 and c = 2. In this case we have two possibilities as illustrated in the Figure 4. In the first case (resp., second case), the first and last edges of ρ incident to x_1 have different colors (resp., the same color). In the s-t trail ρ of Figure 4(a), one can easily observes that subsequence ρ^′ of ρ with V (ρ^′) = (x_1, x_4, x_5, x_1, x_2, x_3, x_1) defines a PEC closed trail in G^c, leading to a contradiction. Analogously, in the s-t trail ρ of Figure (4(b)), the subsequence ρ^′ with V (ρ^′) = (x_1, x_6, x_5, x_4, x_1) defines a PEC cycle, which is also a PEC closed-trail in G^c. �

Fig. 4: PEC closed trails visiting vertex x1 exactly 3 times: (a) The first and last edges of ρ incident to x1 have different colors and (b) The first and last edges of ρ incident to x1 have the same color

64 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

Now, as a consequence of the Fundamental Lemma and Lemma 3 above we have the following result:

Theorem 4 Let G^c be a c-edge-colored graph with no PEC closed trails, s, t ∈ V (G^c) and a non-empty subset Ψ of V (G^c) \ {s, t}. Then, we can find within polynomial time, if any, a PEC s-t trail visiting all vertices of Ψ.

Proof: Given G^c, introduce an additional vertex v and construct a new c^′-edge-colored G^{c′}_v as discussed in the Theorem 2 above. Now consider W = {s, t, v} and define intervals I_α(x) associated to vertices x ∈ V (G^{c′}_v ) as in the sequel. Initially, set α_{min}(x) = α_{max}(x) = 1, for every x of W . Since G^c contains no PEC closed trails, we conclude from Lemma 3 that arbitrary s-t trails in G^c, if any, contain vertices visited at most 2 times. Therefore, we set α_{max}(x) = 2 for every x of V (G^{c′}_v ) \ W .

Now, since all vertices of Ψ must be visited at least once, we define α_{min}(x) = 1 for every x of Ψ and α_{min}(x) = 0 for every x of V (G^{c′}_v ) \ (W ∪ Ψ). In the sequel, construct the associated modified Edmonds-Szeider graph H̄_v as detailed in the Fundamental Lemma. After finding a perfect matching over H̄_v , provided that one exists, we can easily determine a PEC closed trail in G^{c′}_v visiting all vertices of W ∪ Ψ and such that function α is satisfied. This will correspond to a PEC s-t trail visiting all vertices of Ψ in G^c. �

In the sequel, we show how to extend the Fundamental Lemma in order to force the visit of a given subset E^′ of edges. Formally:

Theorem 5 Let G^c = (V, E) be a c-edge-colored graph with no PEC closed trails and E^′ ⊆ E. Then, we can find within polynomial time, if any, a PEC s-t trail visiting all edges of E^′.

Proof:

Initially, construct G^{c′}_v and function α exactly in the same way as described in the first paragraph of Theorem 4 and define α_{min}(x) = 0 for every x ∈ V (G^c_v ) \ W . In the sequel, construct the α-trail-path graph H^{c′}_v (I_α) associated to G^{c′}_v and its modified Edmonds-Szeider graph H̄_v as described in the Fundamental Lemma.

Note that, by construction of H^{c′}_v (I_α) and H̄_v, we have two vertices v_{xy}, u_{xy} associated to edges xy of G^{c′}_v . Now, for every pair v_{xy}, u_{xy} of H̄_v associated to edges xy of E^′ ⊆ E, we add two new vertices a_{xy}, b_{xy} and change edge v_{xy}u_{xy} by edges: v_{xy}a_{xy}, a_{xy}b_{xy} and a_{xy}u_{xy} respectively (as illustrated in the Figure 5(c)). Let H̄^′_v be this new non-colored graph.

Fig. 5: (a) Edge xy ∈ E^′ in G^c; (b) Subgraph Hxy of H^{c′}_v (Iα) associated to xy; (c) Non-colored subgraph of H̄^′_v (associated to Hxy).

Therefore, if we find a perfect matching over H̄^′_v , provided that one exists, we can easily determine a PEC closed trail in G^{c′}_v visiting all vertices of W and all edges of E^′. Note that, since G^c contains no PEC closed trails, the PEC closed trail subgraph in G^{c′}_v is composed by exactly one PEC closed trail containing W and E^′ ⊆ E, respectively. Thus, after deleting vertex v, this will correspond to a PEC s-t trail visiting all vertices of E^′ in G^c. �

3.2 Graphs with no PEC cycles

Here, we consider PEC s-t paths and trails over c-edge-colored graphs with no PEC cycles. Note that PEC closed trails are allowed in this case. We begin with the following result:

Theorem 6 Let G^c = (V, E) be a c-edge-colored graph with no PEC cycles, s, t ∈ V and a non-empty subset Ψ of V \ {s, t}. Then, the problem of finding a PEC s-t path visiting all vertices of Ψ can be solved in polynomial time.

The proof of Theorem 6 is analogous to Theorem 4 above and is omitted here. As an immediate consequence we have the following result:

On paths, trails and closed trails in edge-colored graphs 65

Corollary 7 The problem of finding a Hamiltonian PEC s-t path in G^c with no PEC cycles can be solved in polynomial time.

Proof: It suffices to set Ψ = V (G^c) \ {s, t}. �

Now, we are interested in to find a PEC s-t trail visiting a given vertex w of V (G^c) \ {s, t}. Surprisingly, if no s-t paths visiting w exist, we prove that the determination of one PEC s-t trail passing by w in G^c is NP-complete.

Theorem 8 Consider G^c with no PEC cycles, c ≥ 2 and s, t, w ∈ V (G^c). Then, the problem of finding a PEC s-t trail visiting w is NP-complete.

Proof: Clearly, our problem belongs to NP. To prove that it is NP-complete, we construct a polynomial time reduction from the Local Path Problem (LPP): given a non-colored digraph D = (V, A) and three vertices p, q, v ∈ V , the objective in the LPP is to find, if any, a directed p-q path through vertex v in D (i.e., each vertex in the path, other than p and q, has exactly one incoming and one outgoing arc). The LPP is known to be NP-complete (see Fortune et. al. [10]). Without loss of generality, let D be a digraph with no incoming arcs at p and with no outgoing arcs from q. In the sequel, we show how to polynomially construct a 2-edge-colored graph G^c with no PEC cycles and vertices s, t and w in V (G^c), such that we have a directed p-q path visiting v in D, if and only if, we have an s-t trail visiting w in G^c.

For each vertex x ∈ V (D)\{p, q}, create the following gadget G_x, with vertices V (G_x) = {x_a, x_b, x_c, x_d, x_e, x̄} and edges x_ex_b, x_bx̄, x_cx_d all colored j and edges x_bx_c, x_bx_d, x̄x_a all colored i, with i ≠ j. In the sequel, change p, q ∈ V , respectively, by s = p_a and t = q_e in V (G^c). Now, for each arc ⃗e = ⃗xu of A (with x, u ∈ V (D)) add vertex z_{xu} and edges x_az_{xu} and z_{xu}u_e (gadget G_{⃗e}) with colors j and i, respectively. This construction is obviously polynomial. See the example of Figure 6. Observe that G^c contains no PEC cycles since all circuits (or directed cycles) of D, if any, are mapped to PEC closed trails in G^c. Actually, any PEC closed trail ρ in G^c visiting gadget G_x for some x must visit twice vertex x_b. Thus, ρ never defines a PEC cycle. Further, notice that in all gadgets G_x (associated to x ∈ V (D) \ {p, q}), vertex x̄ can be visited at most once (otherwise, both edges incident at x̄ would be visited twice). Thus, if we have a p-q path in D passing by v, we have a PEC s-t trail passing by w = v̄ in G^c and vice-versa. �

Fig. 6: (a) Arc ⃗e = ⃗xu of A, (b) Gadgets Gx and G_{⃗e} associated with vertex x and arc ⃗e, respectively.

Now, we conclude the section with the following related problem:

Problem 2 Consider G^c with no PEC closed trails (resp., PEC cycles), two vertices s, t ∈ V (G_c) and a sequence p = (v_1, . . . , v_k) of k vertices in V (G_c) \ {s, t}. Is it possible to find in polynomial time a PEC s-t trail (resp., path) in G^c visiting all vertices of p in this order?

66 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

4 Finding k ≥ 2 PEC s-t paths/trails in graphs with no (almost) PEC closed trails through s or t

In this section we deal with a number of results regarding the determination of two or more PEC s-t paths/trails over c-edge-colored graphs with no (almost) PEC closed trails through s or t. In the general case, it is proved in Abouelaoualim et. al. [1] that deciding whether an arbitrary c-edge-colored graph G^c on n vertices contains two vertex/edge disjoint PEC s-t paths/trails is NP-complete even for graphs with Ω(n^2) colors. In addition, they show that if G^c contains no (almost) PEC cycles (resp., closed trails) through s or t then the problem of maximizing the number of vertex (resp., edge) disjoint PEC s-t paths (resp., s-t trails) can be solved in polynomial time.

Here, given G^c with no (almost) PEC closed trails through s or t, we define the MIN-MAX k-PEC s-t path (resp., trail) problem whose objective is to find k vertex/edge disjoint PEC s-t paths (resp., trails) such that size of the maximum PEC s-t path (resp., trail) is minimized. We show that these problems are NP-hard even for k = 2 and present a k-approximation algorithm based on the Fundamental Lemma. Further, we prove that the problem of maximizing the number of shortest PEC s-t paths/trails, say of size L, can be solved in polynomial time, and it becomes NP-complete for PEC s-t paths/trails of size at most L + 2 for c = 2 and L + 1 for c ≥ 3. These results generalize the work of Tragoudas and Varol[21] only restricted to non-colored graphs. In addition, as a consequence of the NP-hardness of the MIN-MAX 2-PEC s-t path (see Theorem 9 below) we can prove that deciding whether there exists 2-vertex disjoint s-t paths ρ_1 and ρ_2 such that ρ_1 is a PEC s-t path is NP-complete. This result is interesting since the determination of two PEC s-t paths/trails can be done in polynomial time as detailed in [1].

Therefore, we first consider the following decision version associated to the MIN-MAX 2-PEC s-t path problem. The proof can be easily extended to handle trails instead of paths.

Theorem 9 Let G^c be a c-edge-colored graph with no (almost) PEC closed trails through s or t, and a constant L > 0. Then, the problem of finding 2 vertex/edge disjoint PEC s-t paths, each having at most L edges in G^c is NP-complete in the strong sense, even for graphs with maximum vertex degree equal to 3.

Proof: The vertex-disjoint case follows immediately from the edge-disjoint case and its proof is omitted. Initially, we consider I_c = {1, 2}. Here, we prove that the (3, B2)-SAT problem can be polynomially reduced to the problem of finding two edge disjoint PEC s-t paths, each having at most L edges. An instance I of (3, B2)-SAT consists of n variables X = {x_1, . . . , x_n} and m clauses C = {c_1, . . . , c_m}. Each clause has exactly three literals. Each variable appears four times, twice negated and twice unnegated. Deciding whether I is satisfiable is NP-complete [6].

We say that c_j is the h-th clause of x_i, if and only if, x_i appears in c_j and x_i appears in exactly h − 1 other clauses c_j′ with j^′ < j. We say that x_i is the ℓ-th variable of c_j , if and only if, x_i and exactly ℓ − 1 other variables x_i′ with i^′ < i appear in c_j .

Let us show how to build a 2-edge-colored graph G^c upon I with no (almost) PEC closed trails through s or t and maximum vertex degree equal to 3.

Fig. 7: Gadgets for a variable xi (a) and a clause cj (b).

For each x_i ∈ X (resp., c_j ∈ C) we build a gadget G_{xi} (resp., G_{cj} ) as depicted on the left (resp. right) of Figure 7. The gadget of a variable x_i has 18 vertices. It consists of a right part (vertices t^k_{ia} , t^k_{ib} for k = 0, . . . , 3 and edges t^0_{ib} t^1_{ia} , t^1_{ib} t^2_{ia} , t^2_{ib} t^3_{ia} ) a left part (vertices f^k_{ia} , f^k_{ib} for k = 0, . . . , 3 and edges f^0_{ib} f^1_{ia} , f^1_{ib} f^2_{ia} , f^2_{ib} f^3_{ia} ), an entrance a_i, an exit b_i and edges a_it^0_{ia} , a_if^0_{ia} , t^3_{ib} b_i, f^3_{ib} b_i. The left (resp., right) part of this gadget corresponds to the case where x_i is set to false (resp., true). Note that each edge of G_{xi} has color 2 (see Figure 7(a)). As discussed

On paths, trails and closed trails in edge-colored graphs 67

later, some other edges with color 1 will be also included in G_{xi} . The gadget of a clause c_j (containing 12 vertices) consists of an entrance q_j , an exit w_j with three edges u^1_j v^1_j , u^2_j v^2_j , and u^3_j v^3_j (all with color 2) corresponding to the first, second and third variables of c_j , respectively. We also have 4 edges q_j u^′, q_j u^{′′}, v^′q_j and v^{′′}q_j with color 2 and 6 edges u^′u^1_j , u^′u^2_j , u^{′′}u^3_j , v^1_j v^′, v^2_j v^′ and v^3_j v^{′′} all with color 1 (see Figure 7(b)).

We add 2 vertices s and t and we link the gadgets as follows (see Figure 8(a)):

• sa_1, b_1a_2, b_2a_3, . . . , b_{n−1}a_n and b_nt, all of them with color 1 (thin);

• sq_1, w_1q_2, w_2q_3, . . . , w_{m−1}q_m, w_mt, all of them with color 1 (thin).

PSfrag replacements

Fig. 8: (a) Linking gadgets Gx_i and Gc_j , respectively. (b) x2 appears in the clauses c1 = (x2 ∨ x̄3 ∨ x5), c2 = (x̄2 ∨ x3 ∨ x6), c3 = (x̄1 ∨ x2 ∨ x4) and c4 = (x1 ∨ x̄2 ∨ x5).

For each pair x_i, c_j such that x_i is the ℓ-th variable of c_j and c_j is the h-th clause of x_i we proceed as follows. If x_i appears negated in c_j then add edges t^{h−1}_{ia} u^ℓ_j , t^{h−1}_{ib} v^ℓ_j and f^{h−1}_{ia} f^{h−1}_{ib} , all colored 1 (thin). If x_i appears unnegated in c_j then add f^{h−1}_{ia} u^ℓ_j , f^{h−1}_{ib} v^ℓ_j and t^{h−1}_{ia} t^{h−1}_{ib} , all colored 1 (thin). See the example of Figure 8. Each vertex’s degree is at most 3 and every edge incident to vertices a_i and b_i (resp., q_j and w_j ), inside G_{xi} (resp., G_{cj} ) has color 2 and every edge incident to s or t has color 1. Thus, it is easy to see that G^c contains no (almost) PEC closed trails through s and t.

In order to simplify the proof, we deal with the version where the edges have an odd and polynomially bounded length. Then, we can replace each edge e of integer length ℓ(e) by a PEC path ρ_e made of ℓ(e) edges (initial and terminal edges of ρ_e have color c(e)). We complete the construction of G^c by assigning a length L_c = 18n − 5 to the edges w_1q_2, w_2q_3, . . . , w_{m−1}q_m, w_mt, and a length L_v = 18n(m − 1) + 1 to sa_1. The remaining edges of G^c have length 1 (see Figure 8(a)).

The graph contains 18n+12m+2 vertices: 18 per variable gadget, 12 per clause gadget, s and t. Its construction is clearly done within polynomial time. An instance I^′ of our problem consists of an weighted 2-edge-colored G^c as above and L = 18nm + 1. We claim that a truth assignment for I, instance of (3, B2)-SAT, corresponds to 2 edge disjoint PEC s-t paths in I^′, each with total length at most L = 18mn + 1 and vice-versa.

An s-t path with first edge sa_1 and last edge b_nt is called a variable path and it is denoted by ρ_v . An s-t path with first edge sq_1 and last edge w_mt is called a clause path and it is denoted by ρ_c.

Suppose that we have 2 paths ρ_v and ρ_c, associated to I^′. If ρ_v uses an edge of length L_c then its total length (of size at least L_c + L_v + 6) exceeds L. Therefore it never passes through a vertex q_j or w_j (1 ≤ j ≤ m). Since ρ_v is an s-t path, it must visit each variable gadget G_{xi} . Thus, each vertex a_i is visited by ρ_v. Since ρ_v and ρ_c are edge-disjoint, ρ_c cannot go through a_i, i = 1, . . . , n. Then, ρ_c must visit each clause gadget G_{cj} to reach t. Further, both ρ_v and ρ_c have length L.

Thus, if we have 2 PEC s-t paths, each of weight L in G^c (resp., variable and clause paths) then we have a truth assignment for I. For instance, if an edge u^k_j v^k_j of the gadget G_{cj} is used by a clause path and variable x_i (appearing in the k-th position of c_j ) is in the negated form (resp., unnegated form) then variable x_i must be false (resp., true) and clause c_j will be true in the assignment. Therefore, using the clause and the variable s-t paths (of weight L) we can uniquely determine a truth assignment for I.

Conversely, suppose we have a truth assignment, solution to I. To build a variable path ρ_v , we take the right (resp., left) part if and only if x_i is true (resp., false) (see Figure 8(b)). Then the total length of ρ_v is L_v +14n < L. Each clause c_j is satisfied so there is an edge u^k_j v^k_j of G_{cj} not used by ρ_v . The clause path can use it to reach t. In this case ρ_c has total length m(L_c + 5) + 1 = L.

68 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

Finally, we show how to extend our result for graphs with c = Ω(n^2) colors. To do that, it suffices to define a complete graph K^{c′}_n with I_c ⊆ I_c′ and edge xy with x ∈ V (K^{c′}_n ), y ∈ V (G^c) and some color c(xy) ∈ I_c′ . Thus, the resulting c^′-edge-colored graph G^{c′}_α with V (G^{c′}_α ) = V (G^c) ∪ V (K^{c′}_n ) and edges E(G^{c′}_α ) = E(G^c) ∪ E(K^{c′}_n ) ∪ {xy} will contains, resp., 2n vertices and at most^{n(n−1)}_2 different edge colors, completing our proof. �

Corollary 10 Let s and t be two vertices in a c-edge-colored graph G^c with maximum vertex degree equal to 3 and with no (almost) PEC closed trails through s or t. Then, it is NP-complete to decide whether there exist 2 vertex/edge disjoint s-t paths such that exactly one of them is a PEC s-t path.

Proof: Again, the vertex disjoint case follows immediately from the edge-disjoint case. Analogously, given an instance I of the (3, B2)-SAT problem, we show how to construct a c-edge-colored graph G^c with no (almost) PEC closed trails through s or t and maximum vertex degree equal to 3. In this case G^c is non-weighted and the variable and clause gadgets are constructed exactly as in the proof of Theorem 9 except for the color of clause gadgets. Now, all edges of c_j for j = 1, ..., m are colored blue (color 2). Using the same arguments as above, we can easily see that there will exist two s-t paths in G^c with exactly one PEC s-t path, if and only if, instance I is true at some truth assignment. �

Note that Corollary 10 above can be easily extended to handle trails instead of paths. Now, using the Fundamental Lemma we can establish the following approximation result for the MIN-MAX k-PEC s-t path/trail problem:

Theorem 11 Consider a fixed constant k ≥ 2 and a c-edge-colored graph G^c with no (almost) PEC cycles (resp., closed trails) through s or t. Then, the problem of finding k vertex (resp., edge) disjoint PEC s-t paths (resp., trails) so that the maximum path (resp., trail) length is minimized has performance ratio equal to k.

Proof: Here, we only deal with the edge disjoint case, the vertex disjoint case is analogous. Therefore, given G^c as above, assign weights w(xy) = 1 for every edge xy of E(G^c). In the sequel, add a new vertex v and 2k vertices S^′ = {s_1, . . . , s_k} and T^′ = {t_1, . . . , t_k}, respectively. Further, define Φ = {s, t, v} ∪ S^′ ∪ T^′. Now, color edges {s_1s, . . . , s_ks} and {t_1t, . . . , t_kt} with a new color c + 1, all edges {vs_1, . . . , vs_k} with a new color c + 2 and all edges {vt_1, . . . , vt_k} with a new color c + 3 (see the Figure 9). Finally, assign weight w(xy) = 0 to all edges xy of E(Φ). Let us denote by G^{c′}_Φ this new weighted c^′-edge-colored graph. Note that G^{c′}_Φ contains n + 2k + 1 vertices and c^′ = c + 3 colors. In the sequel, define intervals α_{min}(x) = α_{max}(x) = k for every x ∈ {s, t, v}, α_{min}(x) = α_{max}(x) = 1 for every x ∈ S^′ ∪ T^′ and α_{min}(x) = 0 and α_{max}(x) = k for every x ∈ V (G^{c′}_Φ ) \ Φ (note that x can be visited at most k times in the edge disjoint case). Finally, construct a weighted modified Edmonds-Szeider graph H̄_Φ (associated to H^{c′}_Φ (I_α)) as discussed in the Fundamental Lemma, i.e., for all edges p_ℓv_{xy}, u_{xy}q_ℓ of H̄_Φ associated to edges xy with color ℓ in E(G^{c′}_Φ ) (with p ∈ S_x and q ∈ S_y in H^{c′}_Φ (I_α)) assign weights w(p_ℓv_{xy})=w(u_{xy} q_ℓ)=w(xy)/2, resp., and assign weight zero for the remaining edges of H̄_Φ.

Fig. 9: Construction of a minimum PEC closed trail subgraph with α(v) = k.

Our algorithm proceed as follows. Initially, find a minimum perfect matching M^∗ with total edge weight equal to cost(M^∗) in H̄_Φ, if any. Then, determine the associated PEC closed trail subgraph satisfying α in G^{c′}_Φ . Since we have no (almost) PEC closed trails through s or t, each of the k PEC closed trails passing by v in G^{c′}_Φ will be associated to a PEC s-t trail in G^c. Let Ξ be the set of k PEC s-t trails in G^c obtained in this way. Note that cost(M^∗) = � ξ∈Ξ length(ξ). Now, denote by z_H (ξ_k) the length of the maximum PEC s-t trail ξ_k of Ξ. Then, we claim that z_H (ξ_k ) ≤ k.Opt(G^c), with Opt(G^c) denoting the k-th longest trail of minimum length in G^c. Initially,

On paths, trails and closed trails in edge-colored graphs 69

note that z_H (ξ_k ) ≤ cost(M^∗). Since M^∗ is a minimum perfect matching, it follows that cost(M^∗)/k ≤ Opt(G^c) and z_H (ξ_k) ≤ k.Opt(G^c), which proves our result. �

Theorem 12 Consider G^c with no (almost) PEC closed trails through s or t in V (G^c). Then, the problem of maximizing the number of vertex/edge disjoint PEC s-t paths (resp., trails) with shortest path (resp., trail) length can be solved in polynomial time.

Proof: Similarly to Theorem 11, we will only consider the edge-disjoint case. Further, we only deal with trails instead of paths. Therefore, initially construct a shortest PEC s-t trail in G^c (see [1] for details) and denote its length by L > 0 (w.l.o.g., we assume the existence of at least one PEC s-t trail in G^c of size L). Construct the weighted c^′-edge-colored graph G^{c′}_Φ as in the previous theorem and define intervals α_{min}(x) = α_{max}(x) = k with x ∈ {s, t, v} and some integer k > 0 (to be defined later), α_{min}(x) = α_{max}(x) = 1 for every x ∈ S^′ ∪ T^′, α_{min}(x) = 0 and α_{max}(x) = k for every x ∈ V (G^{c′}_Φ ) \ Φ. Finally, construct the weighted modified Edmonds- Szeider graph, denoted here by H̄_Φ(k) and associated to H^{c′}_Φ (I_α) and k, respectively. Now, we proceed as follows:

(a) Set k = ⌊|E(G^c)|/L⌋ (maximum number of PEC s-t trails with length L) and compute H̄_Φ(k) as above; (b) Find a minimum perfect matching M^∗ over H̄_Φ(k), if one exists;

(c) If M^∗ exists and cost(M^∗) = kL we are done (return k). Otherwise, set k ← k − 1, update H̄_Φ(k) and return to step (b).

Since G^c contains no (almost) PEC closed trails through s or t, the determination of a minimum perfect matching M^∗ in H̄_Φ(k), if any, will be associated with k PEC closed trails in G^{c′}_Φ passing by s, t and v, resp., each of them associated to a PEC s-t trail in G^c. Further, if cost(M^∗) = kL we have exactly k PEC s-t trails with minimum length L in G^c. �

The following results regard PEC s-t paths in c-edge-colored graphs with no (almost) PEC cycles through s or t. They can be easily extended to handle PEC s-t trails in graphs with no (almost) PEC closed trails through s or t (the details are omitted and left to the reader). Initially, consider the following auxiliary result restricted to 2-edge colored graphs:

Lemma 13 Consider G^c with c = 2 and with no (almost) PEC cycles through s or t. If a shortest PEC s-t path has size L then G^c contains no other vertex disjoint PEC path between s and t of size L + 1.

Proof: Suppose α and β two vertex disjoint PEC s-t paths of size L and L + 1, respectively. Without loss of generality, consider the first and last edges of α colored red, incident respectively to s and t. Further, since β has size L + 1 its first and last edges must have different colors, for instance, a red edge incident to s and a blue edge incident to t. In this case, we would have an almost PEC cycle passing by s and containing vertex t, resulting in a contradiction. �

Theorem 14 Consider G^c with c = 2 and with no (almost) PEC cycles through s or t in V (G^c). If L > 0 denotes the length of a shortest PEC s-t path, the problem of finding k vertex disjoint PEC s-t paths in G^c with length at most L + 2 is NP-complete.

Proof: This problem is obviously in NP. The reduction is based on the Theorem 3 of [21] (restricted to non-colored graphs). Here, we deal with a different version of the 3-SAT problem. We prove that the (3,B2)-SAT problem can be reduced to the problem of finding k = m + 2n vertex disjoint PEC s-t paths with length at most L + 2 in G^c, where G^c has no (almost) PEC cycles through s or t.

Let I be an instance of (3, B2)-SAT with X ={x_1, x_2, ..., x_n} and C={c_1, c_2..., c_m} denoting the variable and clause sets, respectively. We will construct a 2-edge-colored graph G^c, as follows:

• For each x_i ∈ X , we build a combined gadget G_{xi} (see Figures 10(a) and 10(b)). Vertices u_{ik} (resp. ū_{ik}) of α G_{xi} correspond to the k^{th} occurrence of x_i (resp., x̄_i) in I for k = 1, 2.

• Graph G_{xi} has three components: one α G_{xi} and two β_k G_{xi} , 1 ≤ k ≤ 2.

• Any two β_k G_{xi} gadgets share vertex s. Gadgets β_k G_{xi} and α G_{xi} share vertices s, u_{ik} and ū_{ik} for k = 1, 2.

• In gadget α G_{xi} there will be vertices: s, t, w_{i1}, w_{i2}, W_{i1}, W_{i2}, u_{i1}, ū_{i1}, u_{i2}, ū_{i2}, U_{i1}, Ū_{i1}, U_{i2}, Ū_{i2}, y_{i1}, y_{i2}, z_{i1}, z_{i2}, Z_{i1} and Z_{i2} (1 ≤ i ≤ n).

• In gadget β_k G_{xi} there will be vertices: s, a^′_{ik}, a_{ik} , b^′_{ik}, b_{ik}, u_{ik} and ū_{ik} (1 ≤ i ≤ n and 1 ≤ k ≤ 2)

70 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

Fig. 10: Gadgets α Gx_i (a) and β_k Gx_i (b).

• G^c will have the following edges: sw_{i1}, sw_{i2}, W_{i1}u_{i1}, W_{i1}ū_{i2}, W_{i2}ū_{i1}, W_{i2}u_{i2}, U_{i1}y_{i1}, Ū_{i1}y_{i1}, U_{i2}y_{i2}, Ū_{i2}y_{i2}, z_{i1}Z_{i1}, z_{i2}Z_{i2} and sa′_{ik}, b_{ik}u_{ik}, b_{ik}ū_{ik}, b′_{ik}a_{ik} for k = 1, 2 (all colored blue) and w_{i1}W_{i1}, w_{i2}W_{i2}, u_{i1}U_{i1}, ū_{i1}Ū_{i1}, u_{i2}U_{i2}, ū_{i2}Ū_{i2}, y_{i1}z_{i1}, y_{i2}z_{i2}, Z_{i1}t, Z_{i2}t and a^′_{ik}b^′_{ik}, a_{ik}b_{ik} for k = 1, 2 (all colored red).

• Finally, G^c will contain additional vertices c^′_j for j = 1, .., m and edges c^′_j t, 1 ≤ j ≤ m, colored red, as well as U_{ik}c^′_j (resp., Ū_{ik}c^′_j ), colored blue, if the k^{th} occurrence of x_i (resp. x̄_i) is in the j^{th} clause. See Figure 11 for a graph G^c associated with an instance of the (3, B2)-SAT problem.

Fig. 11: The graph G^c associated with the instance (x1 ∨ x2 ∨ x3) ∧ (x1 ∨ x̄2 ∨ x̄3) ∧ (x̄1 ∨ x̄2 ∨ x3) ∧ (x̄1 ∨ x2 ∨ x̄3) of the (3,B2)-SAT problem

Note that G^c contains no (almost) PEC cycles through s and t and a minimum shortest PEC path from s to t has size L = 6. Further, observe that the degree of t is m + 2n, so every edge incident to t must participate in a path of size at most L + 2 (in the case instance I is true at some assignment). In addition, every s-t path that contains edges of a β_k G_{xi} gadget must also contain some vertex c^′_j , otherwise its length would be greater than L + 2.

Initially, consider G^c as above with 2n + m PEC s-t paths of size at most L + 2. Clearly, 2n paths must contain a PEC sub-path from w_{ik} to Z_{ik} in α G_{xi} and every α G_{xi} contributes with exactly 2 paths. Then all paths of α G_{xi} contain only vertices u_{ik} or ū_{ik}, 1 ≤ k ≤ 2. The other m paths contain a vertices c^′_j , 1 ≤ j ≤ m, and a vertex u_{ik}

On paths, trails and closed trails in edge-colored graphs 71

(or ū_{ik}) that is not in any of the first 2n paths. If u_{ik} (resp., ū_{ik}) is on the same path as the vertex c^′_j , the j^{th} clause c_j is satisfied by assigning x_i to true (resp., x_i to false). In this way, we can easily obtain a truth assignment for I satisfying all clauses. See the example of Figure 11.

Reciprocally, if x_i (resp., x̄_i) of c_j is true at some truth assignment of I, there will be m PEC s-t paths of size L + 2 in G^c passing by gadgets β_k G_{xi} , vertices u_{ik} (resp., ū_{ik}), U_{ik} (resp., Ū_{ik}) and c^′_j (where k denotes the k^{th} occurrence of x_i (resp., x̄_i)). The remaining 2n PEC paths of size L + 2 will pass by gadgets α G_{xi} , two paths per gadget, and use vertices u_{ik} or ū_{ik} not used by the previous m PEC paths. �

Corollary 15 Consider a c-edge-colored graph G^c with c ≥ 3 and with no (almost) PEC cycles through s or t in V (G^c). If L > 0 denotes the length of a shortest PEC s-t path, the problem of finding k vertex disjoint PEC s-t paths (resp., trails) in G^c with length at most L + 1 is NP-complete.

Proof: In this case, it suffices to change the combined gadget of Figures 10.(a) and 10.(b), respectively, by a new combined gadget α^′ G_{xi} , β^′_k G_{xi} for 1 ≤ k ≤ 2, as described in the Figure 12. In this case, we can easily see that 2n + m PEC s-t paths of size at most L + 1 in G^c will be associated to satisfiable truth assignments for I and vice-versa. �

Fig. 12: Gadgets α Gx_i (a) and β_k Gx_i (b).

Now, we conclude this section with the following related problem:

Problem 3 Consider a c-edge-colored graph G^c with no (almost) PEC cycles through s and t and a fixed constant k > 0. If c = 2 (resp., c ≥ 3) and L > 0 denotes the length of a shortest PEC s-t path, does the problem of finding k vertex disjoint PEC s-t paths in G^c with length at most L + 2 (resp., L + 1) NP-complete?

5 Monochromatic s-t paths in edge-colored graphs

Here, we deal with monochromatic s-t paths in c-edge-colored graphs. We show that finding k vertex disjoint monochromatic s-t paths with different colors is NP-complete even for k = 2. As an immediate consequence, the same problem over c-edge-colored digraphs is also NP-complete. Notice that finding one monochromatic s-t path in G^c or 2 monochromatic edge disjoint s-t paths in G^c (with the same color) can be easily solved in polynomial time (by using for each i ∈ I_c, a polynomial algorithm for finding one s-t path in (V, E^i(G^c))). However if the color of both paths are different, we have the following result:

Theorem 16 Let G^c be a c-edge-colored graph with s, t ∈ V (G^c) with c ≥ 2 and maximum vertex degree equal to 4. The problem of finding two vertex disjoint monochromatic s-t paths with different colors in G^c is NP-complete.

Proof: This proof is similar to the one of Theorem 9, i.e., we reduce an instance I of the (3, B2)-SAT to the existence of two monochromatic s-t paths with different colors in G^c for c = 2. Then we use the same notations and only describe how G^c is built upon I.

The graph G^c will be composed by clause components G_{cj} (for j = 1, . . . , m) and variable components G_{xi} (for i = 1, . . . , n). For each x_i ∈ X we build an identical gadget as depicted on the left of Figure 7 (also colored 2 - bold). Similarly to Theorem 9, the right (resp., left) part of this gadget corresponds to the case where x_i is set to true (resp., false). The gadget of a clause c_j consists of an entrance q_j , an exit w_j and 3 vertices u^1_j , u^2_j , and u^3_j

72 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot

corresponding to the first, second and third variables of c_j , respectively. We conclude the construction of G_{cj} by adding 6 edges q_j u^k_j for k = 1, 2, 3 and u^k_j w_j for k = 1, 2, 3, all of them with color 1 (thin).

Now, we add vertices s, t and link all gadgets G_{xi} (resp., G(c_j )) by adding the following edges as described in the Figure 13(a):

• sa_1, b_1a_2, b_2a_3, . . . , b_{n−1}a_n and b_nt, all of them with color 2 (bold);

• sq_1, w_1q_2, w_2q_3, . . . , w_{m−1}q_m, w_mt, all of them with color 1 (thin).

Fig. 13: (a) Linking components Gx_i and Gc_j , respectively. (b) Variable x2 appears in the clauses c1 = (x2 ∨ x̄3 ∨ x5), c2 = (x̄1 ∨ x̄2 ∨ x6), c3 = (x̄1 ∨ x2 ∨ x4) and c4 = (x̄2 ∨ x3 ∨ x6).

For each pair x_i, c_j such that x_i is the ℓ-th variable of c_j and c_j is the h-th clause of x_i we proceed as follows. If x_i appears negated in c_j then add edges t^{h−1}_{ia} u^ℓ_j , t^{h−1}_{ib} u^ℓ_j and f^{h−1}_{ia} f^{h−1}_{ib} , all colored 2 (bold). If x_i appears unnegated in c_j then add f^{h−1}_{ia} u^ℓ_j , f^{h−1}_{ib} u^ℓ_j and t^{h−1}_{ia} t^{h−1}_{ib} , all colored 2 (bold).

Clearly, the construction of G^c can be done in polynomial time in the size of X and C. Further, observe that truth assignments for an instance I of the (3, B2)-SAT problem are associated to 2 vertex disjoint monochromatic s-t paths of colors 1 and 2, respectively. To construct the path with color 2 (bold), whenever a variable x_i is true (resp., false), we take the sub-path between vertices a_i and b_i by using the right (resp., left) side of G_{xi} (see Figure 13(b)). The unvisited vertices u^ℓ_j of c_j can be used at random, to construct the path colored 1 (thin) between s and t. Reciprocally, if we have 2 vertex disjoint monochromatic s-t paths of colors 1 and 2 then we have a truth assignment for I. For instance, if a vertex u^ℓ_j of the component G_{cj} is visited by some path colored 1 and variable x_i (appearing in the ℓ-th position of c_j ) is in the negated form (resp., unnegated form) then variable x_i must be false (resp., true) and clause c_j will be true in the assignment. Therefore, by using both monochromatic s-t paths with colors 1 and 2 we can uniquely determine a truth assignment for I, which completes the proof for c = 2.

The generalization of our proof for graphs containing c ≥ 3 colors is identical to Theorem 9 above and will be omitted here. �

Note that if G^c has maximum degree equal to 3, the determination of two vertex disjoint monochromatic s-t paths with different colors can be easily solved in polynomial time. To do that, it suffices to delete all edges xy of E(G^c), say colored i, with x, y ∈ V (G^c) \ {s, t} and such that xy is the unique edge with color i incident to x or y (since we cannot have monochromatic s-t paths through these edges). Finally, we delete all edges sx (resp., yt), say colored i, if sx (resp., yt) is the unique edge with color i incident to vertex x (resp., y).

We conclude with the following related problem:

Problem 4 Consider a planar c-edge-colored graph G^c and 2 vertices s, t ∈ V (G^c). Does the problem of finding 2 monochromatic s-t paths with different colors NP-complete?

On paths, trails and closed trails in edge-colored graphs 73

6 Conclusions and final remarks

A number of problems defined over arbitrary c-edge-colored graphs and regarding one or more PEC s-t paths, trails and closed trails are hard to solve (see Subsection 1.1). As a consequence, we have restricted ourselves to problems defined over some particular classes of graphs such as graphs containing no PEC cycles or closed trails or just graphs with no (almost) PEC cycles or closed trails through s or t. These classes are interesting since they constitute, in a certain sense, the edge-colored counterpart of non-colored acyclic digraphs. Moreover, through the use of different graph techniques, we have extended some of the paths and trails problems defined over non-colored graphs and digraphs [21].

As a future direction a possible question is to study PEC paths and trails restricted to other classes of c-edge-colored graphs, such as regular, planar and serial parallel graphs. Another possibility is to investigate the Fundamental Lemma (Lemma 1) and its consequences through the adoption of different gadgets (such as the XP and

BJGP-gadgets) as discussed in [4, 14]. In this case, one should analyze their impact in the proofs and complexity of

the proposed algorithms. Finally, an interesting subject is to consider the MAX-MIN k-PEC s-t path/trail problem whose objective is to determine k vertex/edge disjoint PEC s-t paths/trails so that the minimum path/trail length is maximized.

Acknowledgements

We are very grateful to Prof. Fábio Protti and the anonymous referees for their insightful comments and to Prof. Rachid Saad for providing us with reference [5]. We are also grateful to CNPq\Brazil and FAPERJ\Brazil for their partial financial support.

References

[1] A. Abouelaoualim, K. C. Das, L. Faria, Y. Manoussakis, C. A. Martinhon and R. Saad. Paths and trails in edge-colored graphs, Theor. Comp. Science, 409(3), 497-510, 2008.

[2] J. Bang-Jensen and G. Gutin. Alternating cycles and paths in edge-coloured multigraphs: a survey, Discrete Mathematics, 165/166, 39-60, 1997.

[3] J. Bang-Jensen and G. Gutin. Alternating cycles and trails in 2-edge-coloured complete multigraphs, Discrete Mathematics, 188, 61-72, 1998.

[4] J. Bang-Jensen and G. Gutin. Digraphs: Theory, Algorithms and Applications, 2nd Edition, Springer-Verlag, London Springer Monographs in Mathematics, 2008.

[5] A. Benkouar, Y. Manoussakis and R. Saad. Alternating cycles through given vertices in edge-colored graphs, J. Combin. Math. Combin. Comput., 16, 199-207, 1994.

[6] P. Berman, M. Karpinski and A. D. Scott. Hardness of Short Symmetric Instances of MAX-3SAT, Elect.

Colloquium on Comput. Complexity, (49) 1433-8092, 2003.

[7] W. S. Chou, Y. Manoussakis, O. Megalakaki, M. Spyratos and Z. Tuza. Paths through fixed vertices in edgecolored graphs, Mathématiques et Sciences Humaines, 127, 49-58, 1994.

[8] P. Das and S. B. Rao. Alternating eulerian trails with prescribed degrees in two edge-colored complete graphs, Discrete Mathematics, 43(1), 9-20, 1983.

[9] J. Feng, H.-E. Giesen, Y. Guo, G. Gutin, T. Jensen and A. Rafiey. Characterization of edge-colored complete graphs with properly colored Hamilton paths, Journal of Graph Theory, 333-346, 2006.

[10] S. Fortune, J. Hopcroft, and J. Wyllie. The directed subgraph homeomorphism problem, Theoretical Computer Science, 10:111–121, 1980.

[11] I. Gamvros. Satellite network design, optimization and management, PhD thesis, University of Maryland, 2006.

[12] L. Gourvès, A. Lyra, C. Martinhon and J. Monnot. The minimum reload s-t path/trail/walk problems, Discrete Applied Mathematics, V. 158, n. 13, pp. 1404-1417, 2010.

[13] A. Gyárfás. Vertex coverings by monochromatic paths and cycles, Journal of Graph Theory, 7, 131-135, 1983.

74 Laurent Gourvès, Adria Lyra, Carlos A. Martinhon, Jérôme Monnot [14] G. Gutin, E. J. Kim. Properly coloured cycles and paths: results and open problems, Lect. Notes in Comp.

Science, 5420, 200-208, 2009.

[15] Z. Jin, X. Li, The complexity for partitiong graphs by monochromatic trees, cycles and paths, Int. Journal of Comp. Math., 1-6, 2004.

[16] Y. Manoussakis, Properly edge-colored paths in edge-colored complete graphs, Discrete Applied Mathematics 56, 297-309, 1995.

[17] P. A. Pevzner, DNA physical mapping and alternating eurelian cycles in colored graphs, Algorithmica, 13, v.1–2, pp. 77–105, 1995.

[18] P. Pevzner. Computational Molecular Biology: An Algorithmic Approach, The MIT Press, 2000. [19] B. Sands, N. Sauer, and R. E.Woodrow, On monochromatic paths in edge-coloured digraphs, J. Combinatorial Theory (B), 33, 271–275,1982.

[20] S. Szeider. Finding paths in graphs avoiding forbidden transitions, Discrete Appl. Math., 126, n.2-3, 261-273, 2003.

[21] S. Tragoudas and Y. L. Varol. Computing Disjoint Path with Length Constraints, In Proc. WG ’96, LNCS 1197, 375-389, 1996.

[22] H. C. Wirth and J. Steffan. Reload cost problems: minimum diameter spanning tree, In Discrete Applied Mathematics, vol. 113, pp. 73-85, 2001.

[23] H. Xu, K. Li, M. Kilgour, K. Hipel. A matrix-based approach to searching colored paths in a weighted colored multidigraph, Applied Mathematics and Computation 215, 353–366, 2009.

[24] H. Xu, M. Kilgour, K. Hipel, G. Kemkes. Using matrices to link conflict evolution and resolution in a graph model, European Journal of Operational Research, n. 207. vol 1, pp. 318-329, 2010.

[25] A. Yeo. A note on Alternating Cycles in Edge-coloured Graphs, Journal of Combinatorial Theory, Series B- 69, (2):222-225, 1997.