Discrete Mathematics and Theoretical Computer Science DMTCS vol. 17:1, 2015, 89–96

Classification of skew translation generalized quadrangles, I

Koen Thas^∗

Department of Mathematics, Ghent University, Belgium

received 27^{th} Aug. 2014, revised 2^{nd} Dec. 2014, accepted 19^{th} Jan. 2015.

We describe new classification results in the theory of generalized quadrangles (= Tits-buildings of rank 2 and type B2), more precisely in the (large) subtheory of skew translation generalized quadrangles (“STGQs”). Some of these involve, and solve, long-standing open problems.

Keywords: Generalized quadrangle; Moufang condition; skew translation quadrangle; alternating form; special group; p-group; classification; automorphism group

1 Introduction

Generalized n-gons were introduced by Tits in a famous work on triality [20] of 1959, in order to propose an axiomatic and combinatorial treatment for semisimple algebraic groups (including Chevalley groups and groups of Lie type) of relative rank 2. They are the central rank 2 incidence geometries, and the atoms of the more general “Tits-buildings.” If the number of elements of a generalized n-gon is finite, a celebrated result of Feit and Higman [1] guarantees that n is restricted to the set {3, 4, 6, 8}.

Note that projective planes are nothing else but generalized 3-gons. Generalized 4-gons are also called generalized quadrangles, and, certainly in the finite case, they are considered as being the main players in the class of generalized n-gons, and one of the most studied types of incidence geometries.

The most fruitful way to construct finite generalized quadrangles is through a now standard group coset geometry construction, in which a group E provided with certain sets of subgroups E = {E_i | i ∈ I} and E^∗ = {E^∗_i | i ∈ I}, I an index set, and satisfying some strong intersection properties, is used to represent a generalized quadrangle. Such a system of groups (E, E^∗) is called a Kantor family for E, and the defining properties are as follows.

• For some s, t ∈ N \ {0, 1}, |I| = t + 1, |E| = s^2t, each E_i has order s and each E^∗_j has order st.

• For each i (in I), we have E_i ≤ E^∗_i .

• For distinct i, j and k (in I), we have E_iE_j ∩ E_k = {id}.

∗Email: koen.thas@gmail.com

1365–8050 © 2015 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

• For distinct i and j (in I), we have E^∗_i ∩ E_j = {id}.

Generic points of the quadrangle are elements of the group, generic lines are left (or right — the choice does not change the isomorphism class of the geometry) cosets of the subgroups of type E_i, and some other special points and lines exist. A fundamental feature of this construction is that E naturally acts as an automorphism group of the geometry, sharply transitively on the generic points. See [16] for the details. Call generalized quadrangles with such a group coset representation “elation generalized quadrangles” (“EGQs”); the group E is the elation group, and there is a special point (∞) through which all the lines are fixed by E (the “elation point”).

In the long literature of generalized quadrangles, it has appeared that one special type of EGQ plays a central role. Such EGQs are called skew translation generalized quadrangles (“STGQs”), and they are specializations of EGQs in the sense that (∞) satisfies an additional combinatorial property called “regularity.” Except for the quadrangles associated to Hermitian varieties in 4-dimensional projective space, all known classes of generalized quadrangles are STGQs, up to a combination of duality and Payne-integration. This observation strongly motivates the necessity to understand STGQs, and perhaps aiming for classification results every which way. Only very partially, mostly in an influential paper by Payne [5], such results have been obtained for particular types of STGQs up till recently — see also §2.3.

This classifcation program is the main purpose of this note, which is the first part in a series of papers on this subject.

In fact, more precisely, we want to understand the category S, where objects are triples (Γ, x, E), with Γ an STGQ, and x a regular elation point with respect to an elation group E. Morphisms are natural: If A = (Γ, x, E) and A^′ = (Γ^′, x^′, E^′), then Hom(A, A^′) consists of morhisms γ : Γ −→ Γ^′ which map x to x^′ and E to E^′ (the latter meaning that for e ∈ E, γ ∘ e ∈ E^′). For now, we imagine the STGQs being finite (although the infinite case should eventually be handled as well). Several subtleties arise:

(a) one fixed STGQ Γ could have several (collinear) elation points x and x^′ (if the points would be non-collinear, a classification of such STGQs is known [19]) - it can be easily shown however that there always exist automorphisms ν of Γ mapping x to x^′;

(b) even if one fixes the couple (Γ, x), by recent work of Rostermundt and independently the author of this paper, see [8, 11], it is known that examples exist which have different, even non-isomorphic elation groups E and E^′. As E ≁= E^′, (Γ, x, E) and (Γ, x, E^′) cannot be elements of the same isomorphism class in S.

So classifying isomorphism classes in S is a strictly finer job than “just” classifying isomorphism classes of STGQs.

The examples of STGQs in (b) arise as the rational points and lines on a Hermitian variety in PG(3, q^2) (q a power of 2) (the point x is arbitrary due to the transitivity of its automorphism group). This quadrangle is denoted by H(3, q^2). Payne asked in 2004 (cf. [6]) whether these examples are the only (finite) STGQs with different elation groups for the same point. We will come back to this question in the last section of this paper.

The paper is structured as follows: in §2, we introduce a number of definitions, in §3–4–5 we survey the most important known results needed for this paper (and include some more definitions), and, finally, in §6 we describe new results.

2 Definitions and explanatory remarks

In this paper, a generalized quadrangle (“GQ”) is a point-line incidence geometry Γ = (P, B, I) for which the following axioms are satisfied:

(i) Γ contains no ordinary k-gon (as a subgeometry), for 2 ≤ k < 4;

(ii) any two elements x, y ∈ P ∪ B are contained in some ordinary 4-gon in Γ;

(iii) there exists an ordinary 5-gon in Γ.

Here, P is the point set, B the line set, both non-empty and disjoint, and I is a symmetric relation on (P × B) ∪ (B × P) called “incidence,” which tells us how points and lines are related. So yIY , with y ∈ P and Y ∈ B, means that y is incident with Y (and Y is incident with y).

An “ordinary 3-gon” (e.g.) is a set of three points, two by two collinear but not all incident with the same line.

By (iii), generalized quadrangles have at least three points per line and three lines per point.

2.1 Duality

Note that points and lines play the same role in the axioms; this is the principle of “duality.”

2.2 Order

All generalized quadrangles have an order (s, t); there exist constants s, t such that the number of points incident with a line is s + 1, and the number of lines incident with a point is t + 1, cf. [7]. See also [13] for a detailed discussion regarding parameters of generalized n-gons.

Note that an ordinary quadrangle is just a “generalized quadrangle without (iii),” of order (1, 1) — we call such a subgeometry also “apartment” (of Γ).

2.3 Automorphisms

An automorphism of a generalized quadrangle Γ = (P, B, I) is a bijection of P ∪ B which preserves P, B and incidence. The full set of automorphisms of a GQ forms a group in a natural way — the automorphism group of Γ, denoted Aut(Γ). It is one of its most important invariants.

3 The Moufang condition

In [21], Tits proved roughly that there is a one-to-one correspondence between buildings of irreducible spherical type and rank r ≥ 3, and the algebraic absolutely simple groups of relative rank r. In order to have a similar statement in the rank 2 case — the case of generalized n-gons that is to say — one must impose an extra condition, called the Moufang condition. We describe it for generalized quadrangles.

Let A be an apartment of a GQ Γ. A root γ of A is a set of 5 different elements e_0, . . . , e_4 in A such that e_iIe_{i+1} (where the indices are taken in {0, 1, 2, 3, 4}), and e_0, e_4 are the extremal elements of γ. There are two types of roots, depending on whether the extremal elements are lines or points; in the second case we speak of dual roots to make a distinction between the types. Also, a (dual) root γ without its extremal elements — the interior of γ — is denoted by γ̇ and called (dual) i-root.

If M is a subgeometry of Γ, by Aut(Γ)^{[M]} we denote the subgroup of the automorphism group Aut(Γ) of Γ which fixes every line incident with a point of M and every point incident with a line of M. Now a (dual) root γ is Moufang if Aut(Γ)^{[γ̇]} acts transitively on the apartments containing γ. In fact, Aut(Γ)^{[γ̇]} =: A(γ̇) then acts sharply transitively on these apartments. Once a (dual) root γ is Moufang, all (dual) roots with interior γ̇ are also Moufang, with respect to the same group A(γ̇). (The latter groups are uniquely defined by γ̇ and the Moufang property.) In a natural way, we also use the terms “Moufang i-root” and “dual Moufang i-root”, and the elements of A(γ̇) are called root-elations.

Now Γ is half Moufang if all roots or all dual roots are Moufang. It is Moufang if all roots and dual roots are.

All Moufang generalized quadrangles were classified in the classical work [22], as the main and hardest step in the classification of all Moufang buildings of rank 2 — see [22] for a historical sketch. In the finite case, this already followed from work of Fong and Seitz [2, 3], see also Chapter 8-9 of [7]. Historical details can be found in the survey [18]; see also [10].

In [7] (and the references therein), the strength of the local automorphic theory for generalized quadrangles became clear: to eventually end up with a geometric treatment of the classification of Moufang quadrangles, the authors developed a theory which studies local Moufang conditions for quadrangles, and eventually the theory reached far beyond the eventual goal. One instance is the theory of EGQs — see Chapter 8 of [7] and the recent monograph [16]. Other instances of local Moufang theory are surveyed in, e.g., [18], see also the more recent paper [14].

4 Skew translation generalized quadrangles

An important class of STGQs consists of those STGQs (called “flock quadrangles,” and introduced in [9]) which arise through an intricate construction as a group coset geometry, from a flock of a quadratic cone K in PG(3, q) (F_q a finite field). A flock is a partition of the F_q-rational points of K \ {vertex} into q disjoint irreducible conics.

In the fundamental paper [5], Payne studied local Moufang conditions in GQs, partly to understand and generalize flock quadrangles. This motivated him to introduce skew translation generalized quadrangles (“STGQs”). One can prove that if (Γ, x, E) is an STGQ of finite order (s, t), all dual i-roots on x are Moufang for the same group S ≤ E; this means that S has size t, and that all its elements fix every point collinear with x. The elements of S are called symmetries with center x. The existence of S forces x to have a certain combinatorial property called regularity, and, conversely, one can show that an EGQ with regular elation point is an STGQ.

In [5], Payne introduced and studied a particular class of STGQs, called “MSTGQs.” They are STGQs (Γ, x, E) with the following properties.

(M1) Each i-root containing x is Moufang (and the corresponding root group is a subgroup of E).

(M2) A redundant property, since it follows from (MSTGQ1).

(M3) No line UIx is the unique center of a triad {V, W, X} with V Ix.

He then showed that all flock quadrangles are MSTGQs, and defined his now famous “Property (G)” [5]. A combination of [9] and [5] eventually led to the discovery of most of the presently known examples of GQs of order (q, q^2).

Recall that all known finite generalized quadrangles except the Hermitian quadrangles in projective 4- space have the property that up to a combination of duality and Payne-integration, they are STGQs. This observation follows from the main result of [12].

Besides fundamental work in especially [5], not much is known in the classification theory for STGQs. By results of Hachenberger [4] and independently Chen (unpublished) — see [16], what we do know is: Theorem 4.1 (Chen/Hachenberger [4], see also [16]) The parameters of a finite STGQ are always powers of the same prime.

5 An observation on flock quadrangles

5.1 General Heisenberg groups

The general Heisenberg group H_n(q) (sometimes also written as H_n if we do not want to specify q) of dimension 2n + 1 over F_q, with n a positive integer, is the group of square (n + 2) × (n + 2)-matrices with entries in F_q, of the following form (and with the usual matrix multiplication):

1 α c 0 id_{n×n} β^T 0 0 1 ,

where α, β ∈ F^n_q , c ∈ F_q and with id_{n×n} being the (n×n)-identity matrix. The group H_n is isomorphic to the group {(α, c, β)|α, β ∈ F^n_q , c ∈ F_q}, where the group operation ∘ is given by (α, c, β) ∘ (α^′, c^′, β^′) = (α + α^′, c + c^′ + αβ^{′T} , β + β^′) (here, (·)^T is a notation for transposition). The following properties hold for H_n (defined over F_q ).

• H_n has exponent p if q = p^h with p an odd prime; it has exponent 4 if q is even.

• The center of H_n is given by Z = Z(H_n) = {(0, c, 0)|c ∈ F_q}.

• [H_n, H_n] = Z = Φ(H_n) and H_n is nilpotent of class 2 (Φ(H_n) is the Frattini subgroup of H, that is, the intersection of all its maximal subgroups).

5.2 Forms and spaces

Let V be the elementary abelian p-group H_2(q)/Z. The map χ

χ : V × V → F_q : (aZ, bZ) → [a, b]

naturally defines a non-singular bilinear alternating form over F_q ≡ Z. So V can be seen as a 4- dimensional space over F_q, and in the corresponding projective 3-space over F_q, χ defines a symplectic polar space W_3(q) of rank 2 (projective index 1). Here, W_3(q) can be defined as the generalized quadrangle which arises as the points of PG(3, q), F_q a finite field, together with the totally isotropic projective lines of a non-degenerate alternating bilinear form on PG(3, q). All its points are regular elation points.

5.3 Special groups and flocks

The importance of alternating forms in STGQ theory can be read from the following theorem. Its proof uses the connection explained in §§5.2.

Theorem 5.1 ([15]) Suppose H is a special p-group of order q^5 for which Z(H) = Φ(H) = [H, H] is elementary abelian of order q. Suppose H admits a Kantor family of type (q^2, q), and suppose χ defines a non-singular bilinear alternating form over F_q . Then H ∼= H_2(q), and the corresponding generalized quadrangle Γ of order (q^2, q) is a flock quadrangle.

Roughly put (see the citation [15] for more details), if for an STGQ (Γ, x, E), E is isomorphic to a general Heisenberg group, then Γ is a flock quadrangle:

STGQ + Heisenberg ≡ flock. (1)

So enough structural knowledge of the group in this case, leads to determination of Γ. This result/idea is one of the main models for the classification started in [17].

6 Results and corollaries

We are ready to describe several new results in STGQ theory. Some of them settle long-standing open problems. Proofs will be published elsewhere (see [17]).

6.1 STGQs of order (q, q), q odd

The first result was obtained in 2009, and already announced (a.o.) at the 2010 conference “Combinatorics 2010” in Verbania. It was also mentioned (without proof) in the proceedings paper of my talk [14]. It can be found in the preprint [17]. I explained several proofs of this result in a lecture at the “Buildings 2012” conference in Münster.

Theorem 6.1 Let (Γ, x, E) be an STGQ of order (q, q), q odd. Then Γ is isomorphic to W_3(q), x is arbitrary and E is isomorphic to H_1(q).

6.2 Payne’s conjecture

The next result completely settles Payne’s 2004 question mentioned in the first section.

Theorem 6.2 Let (Γ, x, E) be a finite STGQ of order (s, t) with distinct elation groups. Then s = t^2, t is a power of 2, and Γ ∼= H(3, t^2). (Moreover, E is known.)

6.3 Fixed point theory

It appears that the following property is crucial (“centrality”).

(C): The group of symmetries with center x is a subgroup of the center of E.

If (C) is true for (Γ, x, E), a slightly more general version of the Moufang property holds for any i-root containing x. This allows one to control the situation to quite a far extent [17]; E then comes in a class of abstract groups which share several distinguished properties with general Heisenberg groups.

Observation 6.3 All known finite STGQs satisfy (C).

In the study of STGQs (and the known examples), a second property arises naturally:

Property (*): Let (Γ, x, E) be an STGQ. Let Y Ix. Then Γ has (∗) at Y , if for some yIY , y ≠ x, E_y is a normal subgroup of E. In that case, E_y is independent of the choice of y. The STGQ has (∗) if it has (∗) at every line on x.

Payne’s MSTGQs always satisfy (*).

In the case where the parameters of a GQ are of type (s = t^2, t), the next unexpected theorem reveals the intimate connection between (*) and STGQs.

Theorem 6.4 A finite EGQ of order (t^2, t) with (∗) is an STGQ.

A careful and elaborate analysis of fixed point structures in EGQs and STGQs, leads to the following theorem.

Theorem 6.5 If a finite STGQ has (∗), and its order is not (t, t) if t is even, property (C) is satisfied.

An important corollary is that all i-roots on x are Moufang, if (*) is satisfied (and its order is not (t, t) if t is even). This enables one to understand the elation groups much better — see [17]. When the order is (t, t) and t is even, the situation is (very) different, and an altogether different approach is needed to attack this case.

6.4 Generic STGQs

Unfortunately (depending on the viewpoint), not all STGQs have (*) at every line through the elation point; a first class of counterexamples (related to Suzuki groups) is displayed in the preprint [17] — see also §8.4 of [16]. In [17] it is conjectured that for a finite STGQ (Γ, x, E), either zero, one or all lines incident with x have (*).

In [17], a very general class of STGQs is introduced which do not satisfy (*). Let us call (Γ, x, E) generic if (*) is not satisfied.

Let (Γ, x, E) be an STGQ, and let Φ := Φ(E) be the Frattini subgroup of E. Define a point-line geometry Γ(Φ) as follows. Its lines are the Φ-orbits on the lines incident with x (where the trivial orbit {x} is excluded); its points are the Φ-orbits in the set of points not collinear with x. A point u is incident with a line V if at least one Γ-point of the orbit V is collinear with some point of the orbit u. If u then is incident with V , it is easy to see that V is surjectively projected on u, so that for each LIx, a Γ(Φ)-point is incident with precisely one line which is a Φ-orbit on L. So each Γ(Φ)-point is incident with precisely t + 1 Γ(Φ)-lines.

Let (Γ, x, E) be a generic STGQ of order (s, t), with Kantor family (E, E^∗). Let T = E/S, and suppose that the only extension of T in E is E itself. Suppose also that at least one of the following properties is satisfied.

(a) Γ(Φ) is a dual partial linear space.

(b) For each A ≠ B ∈ E, we have ⟨A ∩ K, B⟩ ≠ H if K is a maximal subgroup of H which does not contain A.

It is then shown that (Γ, x, E) always contains ideal subSTGQs (that is, it contains subSTGQs containing x and all the lines on x). Whence the parameters are always of type (t^2, t) for this type of generic STGQs.

96 Koen Thas Finally, it is conjectured that an STGQ either satisfies (*), or is generic with the additional properties assumed above.

References

[1] W. FEIT AND G. HIGMAN. The nonexistence of certain generalized polygons, J. Algebra 1 (1964), 114–131. [2] P. FONG AND G. M. SEITZ. Groups with a (B, N)-pair of rank 2. I, Invent. Math. 21 (1973), 1–57. [3] P. FONG AND G. M. SEITZ. Groups with a (B, N)-pair of rank 2. II, Invent. Math. 24 (1974), 191–239. [4] D. HACHENBERGER. Groups admitting a Kantor family and a factorized normal subgroup, Des. Codes. Cryptogr. 8 (1996), 135–143.

[5] S. E. PAYNE. An essay on skew translation generalized quadrangles, Geom. Dedicata 32 (1989), 93–118. [6] S. E. PAYNE. Lecture at “Finite Geometries, Groups and Computation (Pingree Park, 2004)”. [7] S. E. PAYNE AND J. A. THAS. Finite Generalized Quadrangles, Research Notes in Mathematics 110, Pitman Advanced Publishing Program, Boston/London/Melbourne, 1984.

[8] R. ROSTERMUNDT. Elation groups of the Hermitian surface H(3, q^2) over a finite field of characteristic 2, Innov. Incidence Geom. 5 (2007), 117–128.

[9] J. A. THAS. Generalized quadrangles and flocks of cones, European J. Combin. 8 (1987), 441–452. [10] J. A. THAS, K. THAS AND H. VAN MALDEGHEM. Translation Generalized Quadrangles, Series in Pure Mathematics 26, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2006.

[11] K. THAS. Some basic questions and open problems in the theory of elation generalized quadrangles, and their solutions, Bulletin Belgian Math. Soc. — Simon Stevin 12 (2006), 909–918.

[12] K. THAS. A question of Kantor on translation quadrangles, Adv. Geom. 7 (2007), 375–378.

[13] K. THAS. Order in building theory, in Surveys in Combinatorics 2011, London Math. Soc. Lecture Note Ser. 392, Cambridge University Press, 2011, pp. 235–331.

[14] K. THAS. Generalized quadrangles from a local point of view, J. Geom. 101 (2011), 223–238. [15] K. THAS. Isomorphisms of groups related to flocks, J. Algebraic Combin. 36 (2012), 111–121. [16] K. THAS. A Course on Elation Quadrangles, EMS Lectures in Math., European Math. Soc. Publishing House, Zürich, 2012. [17] K. THAS. Central aspects of skew translation quadrangles, I, 66 pp., submitted.

[18] K. THAS AND H. VAN MALDEGHEM. Moufang-like conditions for generalized quadrangles and classification of all finite quasi-transitive generalized quadrangles, Discrete Math. 294 (2005), 203–217.

[19] K. THAS AND H. VAN MALDEGHEM. Geometrical characterizations of Chevalley groups of type B_2, Trans. Amer. Math.

Soc. 360 (2008), 2327–2357.

[20] J. TITS. Sur la trialité et certains groupes qui s’en déduisent, Inst. Hautes Etudes Sci. Publ. Math. 2 (1959), 13–60. [21] J. TITS. Buildings of Spherical Type and Finite BN-Pairs, Lecture Notes in Mathematics 386, Springer-Verlag, Berlin—New York, 1974.

[22] J. TITS AND R. M. WEISS. Moufang Polygons, Springer Monogr. Math., Springer-Verlag, Berlin, 2002.