Discrete Mathematics and Theoretical Computer Science DMTCS vol. 11:1, 2009, 1–10

The distribution of ascents of size d or more in compositions

Charlotte Brennan^1 and Arnold Knopfmacher^{2 †}

1 The School of Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg, South Africa.

2 The John Knopfmacher Centre for Applicable Analysis and Number Theory, School of Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg, South Africa.

received February 19, 2007, revised December 17, 2008, accepted December 23, 2008.

A composition of a positive integer n is a finite sequence of positive integers a1, a2, . . . , a_k such that a1 + a2 + · · · + a_k = n. Let d be a fixed nonnegative integer. We say that we have an ascent of size d or more if ai+1 ≥ ai + d. We determine the mean, variance and limiting distribution of the number of ascents of size d or more in the set of compositions of n. We also study the average size of the greatest ascent over all compositions of n.

Keywords: compositions, distributions, generating functions, ascents

1 Introduction

A composition of a positive integer n is a finite sequence of positive integers a_1, a_1, . . . , a_k such that a_1 + a_2 + · · · + a_k = n. It is well known that there are 2^{n−1} compositions of n. The compositions (denoted by a_1a_2a_3 . . . a_k) for n = 1, 2, . . . , 5 are: n 1 1 2 11 2 3 111 12 21 3 4 1111 13 31 22 112 121 211 4 5 11111 14 41 23 32 113 131 311 122 212 221 1112 1121 1211 2111 5

Let d ≥ 0 be a fixed integer. We say, that we have an ascent of size d or more, whenever a_{i+1} ≥ a_i +d. For example, there are 3 ascents of size 2 or more that occur in the compositions of 5: 14, 113, and 131 .

†This material is based upon work supported by the National Research Foundation under grant number 2053740

1365–8050 © 2009 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

In Sections 2, 3 and 4, respectively, we determine the mean, variance and asymptotic distribution of the number of ascents of size d or more in compositions of n. Ordinary ascents (the cases d = 0 and d = 1) have previously been studied by Carlitz (1) and more recently by Chinn, Heubach and Grimaldi in (2). Finally in Section 5 we investigate the maximum value of d for which compositions of n can expect to have an ascent of size d. That is, we find the average value of the largest ascent that occurs in the compositions of n. For example, the compositions of 4 in the table have maximum ascents of sizes 0, 2, 0, 0, 1, 1, 0, 0, respectively, giving an average largest ascent size per composition of 1/2 when n = 4. We note that the asymptotic expression for the maximum ascent size in Theorem 4 involves a fluctuating function of n of mean zero. A similar phenomenon has been observed when studying averages of certain other statistics for compositions, such as the largest part size (11) or the number of distinct part sizes (8), (7).

2 The average number of ascents of size d or more in compositions

For fixed d ≥ 0 we wish to find the average number of ascents of size d or more per composition of n. We use the “adding-the-slice” technique which was originally used by Flajolet and Prodinger in (4) and more recently, for example, by Knopfmacher and Prodinger in (9).

Let j be the value of the last component of the composition with k parts, i.e. a_k = j. We proceed from a composition with k parts to a composition with k + 1 parts. We denote by f_k(z, u, v) the generating function where z marks the size n, u the value of j and v the number of ascents of size d or more in compositions with k parts.

In moving from a composition with k parts to a composition with k + 1 parts, where a_k = j, we have an ascent whenever the new last integer has any value from j + d onwards. This gives the following rule for adding a new part or “slice” to the end of the composition:

u^j −→zu + (zu)^2 + (zu)^3 + · · · + (zu)^{j+d−1} + v { (zu)^{j+d} + (zu)^{j+d+1} + · · · } = zu

1 − (zu)^{j+d−1} 1 − zu

+ v(zu)^{j+d} 1 1 − zu . This implies that

f_{k+1}(z, u, v) = zu 1 − zu f_k(z, 1, v) −

(zu)^d 1 − zu f_k(z, zu, v) + v(zu)^d 1 − zu f_k(z, zu, v) = zu 1 − zu f_k(z, 1, v) −

(1 − v)(zu)^d 1 − zu f_k(z, zu, v). (2.1)

Now define F (z, u, v) := ∑ k≥1 f_k(z, u, v) . Then summing (2.1) over k ≥ 1 gives

F (z, u, v) − f_1(z, u, v) = zu 1 − zu

F (z, 1, v) −

(1 − v)(zu)^d

1 − zu

F (z, zu, v) ,

so that F (z, u, v) = zu 1 − zu

F (z, 1, v) + zu 1 − zu − (1 − v)(zu)^d

1 − zu

F (z, zu, v) , where we have used f_1(z, u, v) = zu + (zu)^2 + (zu)^3 + · · · = zu 1 − zu . At this stage we iterate the recursion for F (z, u, v).

F (z, u, v) = zu 1 − zu

F (z, 1, v) + zu 1 − zu − (1 − v)(zu)^d 1 − zu × × { z^2u 1 − z^2u

F (z, 1, v) + z^2u 1 − z^2u − (1 − v)(z^2u)^d 1 − z^2u

F (z, z^2u, v) }

= [ zu 1 − zu − (1 − v)z^2u(zu)^d (1 − zu)(1 − z^2u) ] [F (z, 1, v) + 1] +

(1 − v)^2(zu)^d(z^2u)^d (1 − zu)(1 − z^2u) × × { z^3u 1 − z^3u

F (z, 1, v) + z^3u 1 − z^3u − (1 − v)(z^3u)^d 1 − z^3u

F (z, z^3u, v) }

= [ zu 1 − zu − (1 − v)z^2u(zu)^d (1 − zu)(1 − z^2u) + (1 − v)^2 z^3u(zu)^d(z^2u)^d (1 − zu)(1 − z^2u)(1 − z^3u) ] [F (z, 1, v) + 1] − (1 − v)^3(zu)^d(z^2u)^d(z^3u)^d (1 − zu)(1 − z^2u)(1 − z^3u)

F (z, z^3u, v).

We keep iterating, noting that F (z, z^mu, v) → 0 as m → ∞ for |z| <^1_2 and u, v in a suitable small neighbourhood of 1, and put u = 1 to obtain

F (z, 1, v) = ∑ i≥1 (−1)^{i−1}z^i(1 − v)^{i−1}z^d(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i)

[F (z, 1, v) + 1] . (2.2)

By adding the term 1 for the empty composition we obtain the bivariate generating function for compositions according to the number of ascents of size d or more as

F (z, v) := 1 + F (z, 1, v) = 1 1 − τ(z, v)

, (2.3)

where

τ(z, v) := ∑ i≥1 (−1)^{i−1}z^i(1 − v)^{i−1}z^d(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i)

. (2.4)

The expected value of the number of ascents of size d or more is^{[z}

n]^{∂F (z,v)} ∂v | |_{v=1}

2^{n−1} . For this we shall need

τ(z, 1) = ∑ i≥1 (−1)^{i−1}z^i(1 − v)^{i−1}z^d(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i) | | | |_{v=1} = z 1 − z

, (2.5) and ∂τ(z, v) ∂v | | |_{v=1} = ∑ i≥2 (−1)^iz^i(i − 1)(1 − v)^{i−2}z^d(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i) | | | | |_{v=1} = z^{2+d} (1 − z)(1 − z^2)

. (2.6)

In particular, the generating function for all compositions is F (z, 1) =^1_{1−τ (z,1)} =^{1−z}_{1−2z} . Now ∂F (z, v) ∂v | | | |_{v=1} =

∂τ (z,v) ∂v (1 − τ(z, v))^2 | | | | |_{v=1} = z^{2+d} (1 + z)(1 − 2z)^2

= z^d [ 1 9(1 + z) + 1 6(1 − 2z)^2 − 5 18(1 − 2z) ] . So that

[z^n]

∂F (z, v) ∂v | | | v=1 = (−1)^{n−d} 9 + (n − d + 1)2^{n−d} 6 − 5 2^{n−d} 18 = (−1)^{n−d} 9 + (3n − 3d − 2)2^{n−d} 18 . After dividing by 2^{n−1}, the total number of compositions of n, we have Theorem 1 The expected number of ascents of size d or more in the compositions of n is

E(n) :=

2^{−d} 9 (3n − 3d − 2) + 2 9 (−1)^{n−d}

2^n

, for n ≥ d.

Hence for fixed d, as n → ∞, E(n) =

2^{−d} 3 n + O(1) .

Previously Chinn, Heubach and Grimaldi found the number of ascents for d = 0 and d = 1 in (2). The case d = 0 corresponds to the number of rises plus the number of levels, whereas d = 1 corresponds to the number of rises.

3 Variance of the number of ascents of size d or more in compositions

To find the variance we first need to compute^{∂2F (z,v)}_{∂v2} | |_{v=1}. In addition to formulas (2.3) to (2.6) from Section 2 we require

∂^2τ(z, v) ∂v^2 | | |_{v=1} = ∑ i≥3 (−1)^{i−1}z^i (i − 1)(i − 2)(1 − v)^{i−3}z^d(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i) | | | | |_{v=1} = 2z^{3(1+d)} (1 − z)(1 − z^2)(1 − z^3) . Then ∂^2F (z, v) ∂v^2 | | | v=1 = (1 − τ)^{∂2 τ (z,v)}_{∂v2} + 2τ^{′ 2} (1 − τ)^3 | | | v=1 . Computing the nth coefficient of the second derivative amounts to expanding and combining binomial series.

Finally, after adding the expectation and subtracting the square of the expectation we find

Theorem 2 The variance of the expected number of ascents of size d or more in the compositions of n is

V(n) := 2^{−d} { −2 9 + n 3 − d 3 } + 2^{−2d} { 80 81 + 10d 9 + d^2 3 − 13n 27 − 2nd 9 }

+ 2^{−3d} { − 352 441 + 8n 21 − 8d 7 } + 2^{−n} { (−1)^n ( 5 27 + 2n 27 − 4d 27 ) − 1 3 + 2 α(n) }

+ 2^{−n−d}(−1)^{n−d} { 4d 27 − 4n 27 + 8 81 } − 2^{−2n} 4 81 , for n ≥ 3d, where

α(n) = 26 147 if n = 3m, −4 147 if n = 3m − 2, −22 147 if n = 3m − 1, for m ∈ N.

For fixed d we have

V(n) ∼ n { 2^{−d} 3 − 2^{−2d} ( 13 27 + 2d 9 ) + 2^{−3d} 8 21 } as n → ∞ .

4 Limiting distribution

We are interested in finding the limiting distribution of our random variable. We make use of Theorem IX.9 from Flajolet and Sedgewick (5). A short version is as follows:

Let F (z, u) be a bivariate function that is bivariate analytic at (z, u) = (0, 0) and has nonnegative coefficients there. Assume that F (z, 1) is meromorphic in z ≤ r with only a simple pole at z = ρ for some positive ρ < r. Then, under further conditions stated in (5), the random variable with probability generating function p_n(u) =

[z^n]F (z, u) [z^n]F (z, 1)

converges in distribution to a Gaussian variable with a speed of convergence that is O(n^{−1/2}). Let us introduce the notation c_{i,j} :=

∂^{i+j} ∂z^i∂u^j

C(z, u) | | | |_{(ρ,1)}. (4.1)

From Theorem IX.9 we need to show that

c_{0,1}c_{1,0} ≠ 0. (4.2)

In addition, we must show that

ρc^2_{1,0}c_{0,2} − ρc_{1,0}c_{1,1}c_{0,1} + ρc_{2,0}c^2_{0,1} + c^2_{0,1}c_{1,0} + c_{0,1}c^2_{1,0}ρ ≠ 0. (4.3)

For our specific problem F (z, v) = 1 1 − τ(z, v) ≡ B(z, v) C(z, v) , so that

C(z, v) = 1 − ∑ i≥1 (−1)^{i−1}z^i(1 − v)^{i−1}z^d(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i) . We have ρ(1) = ρ =^1_2 and using (4.1),

c_{0,1} = −

2^{1−d} 3 , c_{1,0} = −4, c_{1,1} = −

3d + 11 9 2^{2−d}, c_{0,2} = −

2^{4−3d} 21 , c_{2,0} = −16.

We are now in a position to check the conditions listed in the theorem. Equation (4.2) is satisfied since

c_{0,1}c_{1,0} = 8

2^{−d} 3 ≠ 0.

Equation (4.3) is equivalent to

2^{4−3d} ( 2^3 21 + 2^d

3d + 11 27 − 2^{1+d} 9 − 2^{2+2d} 9 ) ≠ 0

for non-negative integer values of d. Thus we deduce Theorem 3 The distribution of the number of ascents of size d or more in compositions of n converges to a Gaussian distribution with a speed of convergence of O(n^{−1/2}) with the mean μ_n and the variance σ^2_n are as given in Theorems 1 and 2.

Remark In Flajolet and Sedgewick (5) it is also shown that under the conditions of Theorem IX.9, the mean μ_n and variance σ^2_n are of the form

μ_n = m ( ρ(1) ρ(u) ) n + O(1), σ^2_n = v ( ρ(1) ρ(u) ) n + O(1),

where m(f) = f^′(1) f(1) and v(f) = f^{′′}(1) f(1) + f^′(1) f(1) − ( f^′(1) f(1)

)_2 . These asymptotic expressions are easily checked to be in agreement with the exact results for the mean and variance found previously in Theorems 1 and 2.

5 Size of the maximum ascent

Given a composition a_1 a_2 . . . a_k of n we shall study the size of the maximum ascent, that is, the parameter X where X := max{a_{i+1} − a_i | 1 ≤ i < k and a_{i+1} ≥ a_i} .

We assign a value of 0 if no pair of consecutive integers satisfies this condition. The mean value of X is given by the expression_n ∑ d=0 P(X > d) = n∑ d=0 (1 − P(X ≤ d)) .

Therefore for each fixed d we need to compute the probability that a composition of n has maximum ascent X ≤ d.

We already know the generating function for compositions with no ascents of size d or more, which we will denote by F_d(z). For this we use (2.3) with d + 1 instead of d and v = 0, giving

F_{d+1}(z) := 1 1 − τ(z, 0) = 1 1 − ∑ i≥1 (−1)^{i−1}z^{i+(d+1)}(^{i2}) (1−z)(1−z^2)···(1−z^i ) .

We want the generating function of compositions with X ≤ d . This is equivalent to the generating function of the compositions with no ascent of size d + 1 or more, which is F_{d+1}(z). We now need to study the dominant poles, ρ_d, of F_{d+1}(z), that is, the dominant zeros of

1 − ∑ i≥1 (−1)^{i−1}z^{i+(d+1)}(^{i2}) (1 − z)(1 − z^2) · · · (1 − z^i)

= 0 . (5.1)

We follow the approach used by Gourdon and Prodinger in (6), which is also analogous to the one found in (10). Now for |z| ≤^3_5 , say, using the first two terms of the series above, the root ρ_d above can be approximated by the smallest positive root of 1 − z 1 − z + z^{d+3} (1 − z)(1 − z^2)

+ O(z^{3d}) = 0 ,

since the omitted terms in (5.1) are O ( z^{3d} ) . This error will be majorized by subsequent O terms below.

That is we want the root of 1 − 2z + z^{d+3} 1 − z^2

+ O(z^{3d}) = 0 .

The bootstrapping method gives a suitable approximation to ρ_d. Let ρ_d :=^1_2 + ε_d, then

1 − 2 ( 1 2 + ε_d ) + 4 3 2^{−d−3} = O (( 3 5 )_{3d}) + O ( d 2^{2d} ) , from which we find ε_d =

2^{−d} 12 + O ( d 2^{2d} ) as d → ∞.

As F_{d+1}(z) has a simple pole at ρ_d, and by means of Rouche’s Theorem, see IX.6.2 in (5), by comparing |^1_{Fd+1(z)} | with |1 −^z_{1−z} | on the circle |z| =^3_4 , we see that^1_{Fd+1(z)} has no other zeros in |z| ≤ 3/4.

It follows that

[z^n]F_{d+1}(z) = [z^n]

A_d 1 − z/ρ_d + O (( 4 3 )_n) with A_d = 1 ρ_d^{dτ (z,0)}_{dz} | |_{z=ρd} = 2 + O(2^{−d})

dτ (z,0) dz | |_{z=ρ} , where from (2.4) as d → ∞

dτ(z, 0) dz | |_{z=ρ} = ∂ ∂z ∑ i≥1 (−1)^{i−1}z^{i+(d+1)}(^{i2}) (z; z)_i | | | | z=ρ = ( z (1 − z)^2

+ O(z^d) ) | | |_{z=ρ} = 4 + O(2^{−d}) .

Therefore as d → ∞, A_d =^1_2 + O(2^{−d}) . Let us now restrict our attention to those d for which n^{−3} ≤ 2^{−d} ≤^{log n}_n . The probability that X ≤ d is then approximated as n → ∞ by

A_d ρ^{−n}_d = A_d ( 1 2 + 2^{−d} 12 + O ( d 2^{2d} ))_{−n} = 2^{n−1} exp ( − 2^{−d} n 6 ) ( 1 + O ( 2^{−d}) + O ( n d 2^{−2d} ))

= 2^{n−1} exp ( − 2^{−d} n 6 ) ( 1 + O ( log^3 n n )) . So after dividing by 2^{n−1} we have for n → ∞ and n^{−3} ≤ 2^{−d} ≤^{log n}_n ,

P(X ≤ d) = exp ( − n 2^d 6 ) ( 1 + O ( log^3 n n )) . (5.2)

Turning now to smaller values of d ≥ 1, that is, d such that 2^{−d} >^{log n}_n , a similar computation shows that (5.2) remains valid in this range, although now the probabilities P(X ≤ d) are small, since for such d, exp ( −^n_{2d 6} ) = O(^1_n ) as n → ∞. Finally we must consider larger values of d ≤ n that is, d for which n^{−3} > 2^{−d}, or equivalently, d ≥ 3 log_2 n. In this range we find that

P(X ≤ d) = 2^{n−1} exp ( − 2^{−d} n 6 ) ( 1 + O ( 1 n^2 )) . (5.3)

In view of the O estimates in (5.2) and (5.3) we may deduce that the mean value of X satisfies

E_{max}(n) := n∑ d=0 (1 − P(X ≤ d)) =

(_n ∑ d=0 ( 1 − exp ( − n 2^d 6 )) ) ( 1 + O ( log^4 n n )) as n → ∞.

We now use the Mellin transform, (see (3)), to estimate the function

f(t) = ∑ d≥0 ( 1 − exp ( − t 2^d 6 )) as t → ∞.

The Mellin transform of f(t) is

f^∗(s) = − ∑ d≥0 ( 2^d 6

)_s

Γ(s) = −

Γ(s) 6^s 1 − 2^s for − 1 < ℜs < 0 .

Next we apply the Mellin inversion formula to recover f(t):

f(t) = − 1 2πi ∫_− 1_{2 +i∞}

−^1_2 −i∞

Γ(s)

6^s 1 − 2^s t^{−s} ds .

We then shift the line of integration to the right and collect the (negative) residues at s =^{2kπi}_L where k ∈ Z and L = log 2.

f(t) = ∑ k≥0 Res Γ(s)

6^s 1 − 2^s t^{−s} | | | | s=^{2kπi}_L + 1 2πi ∫ 1_{2 +i∞} 1 2 −i∞

Γ(s)

6^s 1 − 2^s t^{−s} ds .

To evaluate the residue at the double pole s = 0, we need the expansion of the terms in the integrand to two terms as s → 0, (here γ denotes Euler’s constant),

Γ(s) ∼ 1 s − γ ,

6^s ∼ 1 + s log 6 , t^{−s} ∼ 1 − s log t , 1 1 − 2^s ∼ 1 2 − 1 sL . Hence the (negative) residue at s = 0 is

[s^{−1}] {( 1 2 − 1 sL ) (1 + s log 6) ( 1 s − γ ) (1 − s log t) }

= log_2 t − 1 2 − log_2 3 + γ L . For the residue at s =^{2kπi}_L for k ≠ 0, let ε = s −^{2kπi}_L we have

[ε^{−1}]Γ ( 2kπi L ) ( t 6 )_− 2kπi_L −1 εL = − 1 L Γ ( 2kπi L ) ( t 6 )_− 2kπi_L . The remainder integral^1_{2πi}

∫ 1_{2 +i∞} 1 2 −i∞ is of smaller order, so we have found

Theorem 4 The mean value of the size of the greatest ascent in the compositions of n satisfies as n → ∞,

E_{max}(n) ∼ log_2 n − 1 2 − log_2 3 + γ L − δ ( log_2 n 6 )

where δ(x) is a continuous periodic function of mean zero, period one and small amplitude with Fourier series δ(x) = 1 L ∑ k≠0 Γ ( − 2kπi L ) e^{2kπix} .

Computations show that δ(x) < 1.7 × 10^{−6}, as a result of the fast decrease of the gamma function with imaginary argument.

The diagram below shows the plot of δ(log_2^n_6 ) for 1 ≤ n ≤ 100.

Fig. 1: δ(log_2^n_6 ) for 1 ≤ n ≤ 100

References

[1] L. Carlitz. Enumeration of compositions by rises, falls and levels. Mathematische Nachrichten, 77(3):254–264, 1977.

[2] P. Chinn, S. Heubach, and R. Grimaldi. Rises, levels, drops and“+” signs in compositions: extensions of a paper by Alladi and Hoggart. The Fibonacci Quarterly, 41(3):229–239, 2003.

[3] P. Flajolet, X. Gourdon, and P. Dumas. Mellin transforms and asymptotics: Harmonic sums. Theoretical Computer Science, 144:3–58, 1995.

[4] P. Flajolet and H. Prodinger. Level number sequences for trees. Discrete Mathematics, 65:149–156, 1987.

[5] P. Flajolet and R. Sedgewick. Analytic Combinatorics. Cambridge University Press, Cambridge, 2008. Web edition available at http://algo.inria.fr/flajolet/Publications/books.html.

[6] X. Gourdon and H. Prodinger. A generating function approach to random subgraphs of the n-cycle.

Discrete Mathematics, 169 (1-3):227–232, 1997.

[7] H. K. Hwang and Y. N. Yeh. Measures of distinctness for random partitions and compositions of an integer. Advances in Applied Mathematics, 3:378–414, 1997.

[8] A. Knopfmacher and M. E. Mays. Compositions with m distinct parts. Ars Combinatoria, 53:111– 128, 1999.

[9] A. Knopfmacher and H. Prodinger. On Carlitz compositions. European Journal of Combinatorics, 19:579–589, 1998.

[10] D. E. Knuth. The average time for carry propagation. Indagationes Mathematicae, 40:238–242, 1978.

[11] A. M. Odlyzko and B. Richmond. On the compositions of an integer. Lecture Notes in Mathematics, 829:199–210, 1980.