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We defineparallelogramef basea andb in agroup. They appeamsminimal relatorsin a presentatiof a subgroup
with generators andb. In aLie groupthey arerealizedasclosedpolygonallines, with sidesbeingorbits of left-

invariantvectorfields. We estimatethe numberof sidesof parallelogramsn a free nilpotentgroupandpoint out a
relationto therankof rationalseries.
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1 Introduction

In IR? a parallelogranof basea andb canbe definedasa closedpolygonwith the minimum numberof
sidesparallelto a andb. In thatpapemwe alsoconsidemparallelogramslefinedin moregeneragroups.

In sectionl. we first give somedefinitionsand examplesof parallelogramsn Lie groups. These
examplesshaow thevariouscomple situationsoccurringin thegenerakase.In this papemwe concentrate
our attentionon freenilpotentgroups.Thisanalysiswill give universalpropertiedor parallelogramsWe
obtain

Theorem. The numberof sidesof a parallelogranon afreenilpotentgroupon two generatoref ordern
is betweem andn?.

We do not know whatis the exactnumberof sidesof parallelogramsn a free nilpotentgroupneither
how mary non-equivalenparallelogramsxist. We hopethatan investigationof parallelogramsnight
help understandyeneralnilpotentgroups. In particularit will be interestingto find presentationsvith
relatorsof minimal size.

We have chosenin this paperto recall the basicpropertiesand constructionf free Lie algebrasn
orderto makeit self-containedThatis donein section2. In thelastsectionwe thenintroducemth-order
parallelogramsand prove our result. A connectionwith rational seriesis pointedout at the end of the
paper

Our initial motivation to study parallelogramsvas the notion of curvatureand holonomyof a con-
nectionfor Riemanniarmanifoldsandthe generalizatiorof thosenotionsto sub-Riemanniageometry
(see[FGR] and[BeR]). In classicaldifferentialgeometry curvatureappearsas the quadratictermin
the asymptoticexpansionof holonomyaroundshort (four-sided)parallelogramsholonomybeing the
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measureof the differenceof the vectorfield by paralleltranslationarounda closedloop. In the caseof
sub-Riemanniamanifolds thetangenspaces naturallyanilpotentgroup([BeR]) andtheholonomyas-
sociatedo it will becalculatedisingparallelogramswith mary sides.Theanalogof sectionaturvatures
shouldbethe holonomyassociatedb differentparallelograms.

Anothermotivationis the approximatiorof a given elementof the groupby elementf a givensub-
group. This occurfor examplein the searchof symplecticintegrators(see[K, Su]) that give numerical
schemedor long-timeintegrationof hamiltoniansystems Namelywe try to approximateexp(x+y) by
aproductof exp(x) andexp(y). In this frame,minimal lengthof nth-orderapproximant@areboundedy
approximately2™.
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2 Definitions and examples

Definition 2.1 A sggmentin a Lie groupis a curveobtainedby followingtheorbit of left-invariantvector
field. It hasinitial and endpoints. Two segmentsare parallel if they are orbits of two dependenteft-
invariantvectorfields.

Definition 2.2 A polygonalline in a Lie groupis a curve obtainedby concatenatiorof segmentstwo
consecutivesggmentsbeingnot parallel. Thisis a sequenc®f sggmentswhele the endpoint of one of
themcoincideswith theinitial pointof its successolEac segmentis calleda side

Obserethatoncewe have fixedaleft invariantvectorfield X, asideis of theform y(t) = xoexp(tAX),
where0 <t < 1. In thatcasewe call |A| the lengthof the side. y(0) is its initial pointandy(1) its end
point.

Definition 2.3 A polygonin a Lie group is a closedpolygonalline. lIts lengthis the sumof its sides
lengths.

Definition 2.4 A parallelogranof baseX andY in a Lie groupis a polygonwith sidesof integer length,
obtainedromthetwogivenleft-invariantvectorfieldsX andY, with minimumlength. Two parallelograms
are equialentif there existsa groupisomorphisnwhich mapsoneparallelogramontothe othet

In orderto describeexplicitly apolygonalline with n sidesJet ¥ = {Xy} beafamily of linearlyinde-
pendentectorsin theLie algebreg of theLie groupG. Fix xo = 1€ G. Wewrite yj(t) = Xj_1exp(tAjXq;)
for xj = Xj_]_eXp()\jqu), 0<t<1landl< j<n. Herewe requirethatxqj anch(j+1 areindependent.
Denoteby P(A1Xq,,...,AXq,) thepolygonalline definedin this way.

Example 2.1 Considerthe abelianLie group IR". A parallelogramin that groupis clearly a parallelo-
gram
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Example 2.2 Considerthe Heisenbeg group H3 with Lie algebra geneatedby X, Y, Z, with [X,Y] = Z,
all otherbradketsbeingnull. Onecanverify, usingthe Campbell-Hausdoffformulathatboth

Ps(X,Y) =P(X,Y,—X,—=2Y,—X,Y,X) andPs(X,Y) = P(X,Y,-X,-Y,=X,Y,X,Y)

are parallelograms.They are not equivalentas Pg hasat leastonesideof lengthtwo. On the otherhand
startingwith X,Z wegeta parallelogramof 4 sides.

Example2.3 Let L* be a free nilpotentgroup of order 4, geneatedby X andY. We can verify that
P(X,Y,—2X,-Y,X,Y,X,=Y,—2X,Y, X, -Y) isaparallelogram. It haslength14. Aninterestingquestion
wouldbeto knowall non-equivalenparallelograms.

Example 2.4 If thegroupgeneatedby exp(X) andexp(Y) is free thenthereis no parallelogramof base
Xandy.

We thanktherefereefor pointingoutthetwo following examples.

Example2.5 Asa resultof a theoemby SANov ([Sa]), for Xt = (8 (])') and X~ = (Cl) 8) the
groupG =< exp(2X™),exp(2X™) > is free(seealso[LS]), sothere exist no parallelogramof base2X*
and2X~. Moreoverit is straightforward that P = (exp(X*) exp(—X~))® = 1is a parallelogramoflength

12 with baseX* and X .

We could have givena moregeneraldefinition of a parallelogramin anarbitrarygroup. Let a andb
be two elementson a groupG and G<a,b> bethe subgroupgeneratedy a,b. Considerthe setof all
relators,i. e.,the setof wordsin a,b,a~%,b~! which arethe identity in G. Oneshouldconsideronly
reducedwordsin the sensethatif a is of ordern anda" appearsn a word, one shouldsubstitutethe
identity for a". Thesamefor b. A parallelogramof basea, b is areducedelator(in the above sensepf
minimal lengthwith lettersa, b,a=1,b=1. Of courseif G<a, b> is freein a, b thereis no parallelogram.

Example 2.6 In thecaseof thesymmetriggroup
S3 =< 01,02; 02 = 1,010201 = 020102 >

onecanverify thata minimalrelator with baseoy, 02 is (0102)° of length6. Onthe otherhandwe have
also
S3 =< 01,03 = 0201; 02 = 1,03 = 1,0103 = 0301 >

that hasa minimalrelator of length4.

In the caseof Lie groupswe would like to defineinfinitesimalparallelograms thatis parallelograms
which remainthe samen form whentheir sidesarechangedy a conformalfactor They will notexistin
generabut in the caseof gradednilpotentgroupstheir existences assured.

Example 2.7 Considerthe Lie groupwith Lie algebra geneatedby X,Y with [X,Y] = X. Thenwecan
constructa parallelogramwhich is notinfinitesimal.Observehat

exp(tY) exp(uX) exp(—tY) = exp(uexp(—t)X)).
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Soif t = —In2andu = 1, wehaveexp(tY) exp(uX) exp(—tY) exp(—uexp(—t)X) = 1. Thatis a paralle-
logramof length5 with baseln2 Y and X. It is clear that if we change the sidesby a conformalfactor
thiswill nolonger bea parallelogram. More geneally, a polygonis a product

exp(c1Y) exp(diX) - - - exp(cnX) exp(chnY)
sudthat 3;(5 j<i ¢j) exp(—di) = 0. Thepreviousequationhasclearly nointeger solutions.

Example 2.8 Let us considerin IR?, X = dx andY = f(x)dy for a givenanalytic function f. TheLie
algebra L(X,Y) is in geneal infinite dimensionalas (ad X)"Y = (" (x)d, and is spannedas vector
spaceby X and{(adX)"Y}. By noticingthatexp(Aad X)Y = f(x+ A)dy, wededucethat

exp(tX) exp(uY) exp(—tX) = exp(uf (x+t)dy)
so

exp(X) exp(Y) exp(—X) exp(Y) exp(X) exp(—Y) exp(—X) exp(-Y) =
exp(f(x+1)dy) exp(f(x)dy) exp(—f(x+1)dy)exp(—f(x)oy) = 1.

Thisgivesa parallelogramof length8.

3 Magnus Groups and Algebras

Let usfirst introducesomenotationsandrecall someresultsaboutfree groups free associatie algebras
andfreeLie algebrasAll theseresultscanbefoundin ([B, La, R]).

Let X be aset(alphabet).We denoteby X* the free monoidgeneratedy X, thatis, the setof words
including the emptyword denotedby 1, with concatenatiorasa product. X* is totally orderedby the
lexicographicorder The free magmaM(X) is the setof wordswith parenthesegeneratedy X and
A(X) denoteghe free associatie algebrathatis to saythe Q-algebraof X*. An elementP in A(X) will
bewritten ¥ yexx (P, w)w.

We denoteby L(X) thefreeLie algebraon A. It is the quotientof the Q-algebraof M(X) by theideal
generatedy the elements(u,u) and (u, (v,w)) + (v, (w,u)) + (w, (u,v)). The associatie algebraA(X)
may beidentifiedto the ervelopingalgebraof L(X) by consideringv,w] = vw— wv. We denoteby adx
themapy — [X,Y].

Thefreegroupgeneratedby X is denotedby F (X).

3.1 Gradations

ThesetsL(X),F(X) soasA(X) aregradechy

— the length (the unique homomorphisnthat extendsthe function x — 1 on X). For x € X* (resp.
F(X),M(X)) |x| denoteghe length. Ly(X) (resp. An(X)) is the submodulggeneratedy monomialsof
lengthn.

— the multi-degreewhich is the uniquehomomorphisnfrom X* (resp. F(X),M(X)) onto IN®) that
extendsx — 1. For a givena in INX), L%(X) (resp. A%(X)) denotesthe submodulegeneratedy
monomialsof degreea.
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Definition 3.1 Let A,B be subgpupsof a group C. We denoteby (A,B) the setof all commutatos
(a,b) = aba b1 Startingwith F>1(X) = F(X) anddefiningFsn(X) = (Fz (X),Fsn-1(X)), wegetthe
so-calledower centralseries

As aconsequencaye have (F>n(X),F>m(X)) C Fontm(X) andF (X) /F>n(X) is anabeliangroup.
3.2 Formal series

We define(X) and A(X ) asL(X) = TnxoLn(X) AX) = Mnz0An(X). We will write x € L(X) (resp.
A(X)) asaseriesy 150%n. L(X) soasA(X) arealgebrasvith multiplicationslaw
(Xy)n = z XpYa, ([%Y])n = Z [Xp, Yg- )
+0= p+0=n

We will alsouseLsp(X) = MnspLn(X ) Asp(X) = MnspAn(X ) Thesetl (X) = 1+ As1(X) is calledthe
Magnusgroup. It is a subgroupof theinvertible elementsf A( ). Onedefinesthe exponentialandthe
logarithmas

exp:Asi(X) = T(X) log:T(X) — As1(X)
X0 (1-—x)"
X = ZHEOEa X = =31 n
They aremutuallyreciprocalfunctionsandwe have (see[B, Ch. Il, §5]) the

Theorem 3.1 (Campbell-Hausdorff) For x,y € L>1(X),

H(x,Y) = log[exp(x) exp(y)] € L>1(X). )
Denotingby E>n(X) = exp(Ls>n(X)), we get
Corollary 3.1 ThesetEs1(X) = exp(L>1(X)) ¢ I'(X) is a group.
E>1(X) actsonitself by conjugay andwe have exp(x) exp(y) exp(—x) = exp(exp(adx)y).

)
Definition 3.2 Let us considerthe Magnusmapp : F(X) — I (X) asthe uniquegroup homomorphism
that extendsx — 1+ x, for x € X. We setDsn(X) = i (1 + Asn(X)). Thisis Magnus’n-th dimension
subgoupofF.

Definition 3.3 Letusconsidertthemapy! : F( )—)F( ) astheuniquegrouphomomorphisrthatextends
x = exp(x), for x € X. WesetD%,,(X) = W~ Y14 Asn(X)).

This definescentraffiltrationsof F(X). We have clearlythatF>n(X) C D>n(X) andFsn(X) C D5 (X).
In factMagnusproveda strongeresult(see[B])

Proposition3.1 Dxn(X) = D5, (X) = F>n(X)
Let N (X) bethefreenilpotentgroupof classn (or ordern+ 1) on X. Thatis
1- FBpri(X) =2 F(X) 5 Np(X) = 1 3

Wewill usethefollowing corollaryto establistthelowerboundto thenumberof sidesof parallelogram
onthefreenilpotentgroup.
Corollary 3.2 Theprojectionof g in F(X) ontoN,(X) is theidentityif andonlyif 1{(g) € Esn(X).

In factwe needonly theif partof the corollaryfor thelower bound,thatis not dependenbn Magnus
resultbut ontheinclusionFs,(X) C D>n(X).
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4 mth-order parallelograms

Definition 4.1 Theorderof g in F(X) is thebiggestinteger k suc thatg € F>(X). An elemenbf order
k will be calledkth-orderpolygon

Usingproposition(3.1),a mth-orderpolygong satisfies

g = XXy e Fom(X), ) @)
H(g) = exp(aix)exp(byy)---exp(anx)exp(bny) € 1+ Asm(X), (5)
W) = (A+X2(L+y)P - (1+X2(1+y)™ € 1+ Asm(X). (6)

Herenoneof a/snorbisis 0.
Definition 4.2 Thelengthl : F(X) — IN is theuniquehomomorphisnthat extendsx — 1,x 1 1, forx

inX. Ifg= xil1 - -x',;? € F(X), wesill saythatit is a p-sidedpolygon.For examplexyx 'y~ is a 4-sided
second-oder parallelogramof length4. In formula(4), wehavel (g) = S, (Ja| + |bi])-

We thusdeducethatfor ary gi,92 in F(X), we have 1(g192) < 1(g1) +1(g2). Theinequalityis strict
only if termsof g; canceltermsof gs.

Definition 4.3 For m € IN, we definel, asthelowestlengthof mth-oder polygons.A mth-orderparal-
lelogramwill bea mth-oder polygonof minimallength.

Beforediscussinghe lower andupperboundsfor the lengthandthe numberof factorsof mth-order
parallelogramdet usshav sometransformationshatpresere polygons.

Proposition4.1 Letaf3 bea mth-oder polygonthensois Ba.

Corollary 4.1 If gisa (2p+ 1)-sidedmth-oder polygonthenthere existsa 2p-sidedmth-oder polygon.

Proof — Thepropositioncomesirom thefactthatF /Fs>m(X) is abelian.
Let ussupposehatg = x3yP1 . ..yPrx@+1 js a mth-orderpolygon. Then

x(@1tapr1)yP1. ..y Pp 7)

hassmallerlengthas|a; + apy1| < |a1| + |ap+1| andis alsoa mth-orderpolygon. O
We cannow supposéhatfor ary integerm, anmth-orderparallelogranhasanevennumberof factors.
We will now discusdower andupperboundof Ip,.

4.1 Lower bound
Proposition4.2 For anym € IN wehavem < |,

Proof — Let usconsidetthefollowing equality
exp(aix) exp(bry) - - - exp(anx) exp(bny) = exp(2). (8)
wherez € L>m(X) andnoneof thea/s nor by’sis 0. Consideringheword w = (xy)", we have
(exp(2),w) = [ b #0

andsom< 2n < |y, In factthenumberof sidesitself is biggerthanm. m|
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4.2 Upper bound

Firstof all, let usshov somesmall-ordeparallelograms.
If m=1g; =xorg; =yis corvenient.If m= 2, wefind g, = xyx_ly~! thusl, < 4. In factl, = 4
whichis aconsequencef thefollowing

Lemma4.1 For anym> 2, I is even.
Proof — Thisis aconsequencef
(@) = (1+X2(1+y)" - (1+ X2 (1+Y)* = 1+ (a1 + -+ an)X+ (b1 + -+ + br)y (As2(X)).

Soif p(g) belongsto Asm(X) wehave S, & = S, by = 0 thusy |aj| and |bi| areeven. O

We have seeng, asthe commutatorof two first-orderpolygons.We will now build a sequence, of
mth-orderpolygons,eachgn, beingconstructechs commutatorf g, andgm-p for somep. We first use
thefollowing lemma

Lemma4.2 Letgp andgq betwo polygonsof order p andq respectivelythen(gp, gq) hasorder at least
p+ g andhaslengthat most2(1(gp) +1(gq))-

Remark — Thisis alsoaconsequencef thefactthat (F>n(X))n is acentraffiltration but we will shawv
it by usingthe Hausdorf series.

Proof — Let uswrite

Pp = 1(gp) = exp(x) = exp(Fi>pXc), Pa = K (da) = eXp(y) = eXp(Tic>q¥k)- )
thenwe have
PoPP; Py = exp(exp(adx)y) exp(—y) = exp(H (exp(adx)y, -y)). (10)
But
H(exp(adx)y,—y) = Hi(exp(adx)y,—y)+ kZZHk(exp(adX)y, -Y) (11)
= exp(adX)y—y+ ) . He(exp(adx)y, —-y) (12)
= [xy+ k; % (adx)y+ k;Hk(exr)(ad X)Y, =)- (13)

But (adx)*y € Lykprq(X) € Ls2ptq(X) andHi(exp(adx)y, —y) = Hk(exp(adx)y—y, —) € Lsps2q(X). In
conclusionijf [Xp,Yq] # 0, thengp. q = (9p, 9q) is @ p+ g-thorderpolygonandhaslength2(l (gp) +1(9q))-
In orderto besureto obtaina (p+ g)-th orderpolygonlet usshawv that

Lemma4.3 Leta € F>p(X) andp € F>q(X) sud that

/

() = exp(x) = exp(TispX); K (B) = exp(y) = eXp(Tk>q¥k)- (14)

If Xp andyq are not proportional,then(a, ) hasorder exactly p+ Q.
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Proof — Thisis aconsequencef thefollowing lemma.
Lemma4.4 Letxp € Lp(X) andy € Lq(X). If X, andyq are not proportionalthen[xp, yq] # O.

Proof — Let uswrite

Xp = Z( Xp, W Zi)\ iWi,Yq = p: an ZB\ Wi (15)

Herewe havew; < wj if i < j. As [Xp,Yq] = [Xp,Yq — AXp] for someA, onecansupposehatw; < wj. In
factw; andwj areso-called.yndonwords(se€[R]), thatis to saysatisfyw:w; < wywi. In

Xp,yal = AaAi(wawy —wiwa)
—}—)\12)\11- (W1V\/j —V\/jo) +)\’12)\1(W1V\/1—V\/1Wi) + Z )\i)\lj (WiV\/j —V\/jWi) (16)
J I i,]>1

Asw; < w) < W, wededucehatwiwj < wiwy < wwj for eachi, j > 1. We have alsow1wj < wjwy <
\[/\/1vvi ]<7\£\/va. sow;w; is the smallestword in formula(16). This provesthat ([Xp, yq], W1w} ) # 0 andso
Xp,Yq| # 0. O

Remark — Lemma4.4 shavs thatfor ary not null Lie polynomialP thekernelof adP is spannedy
P.

We will shaw that
Proposition4.3 Theke existsa sequencef mth-oder polygonsgm with evenlengthly, < né.

Proof — We will prove by inductionon m thefollowing P(m) : “there existsa sequence, or order
exactly mwith evenlengthly, < n?”

If m=1, theng; = x or g1 =y is corvenient. If m= 2 theng, = (x,y) = xyx ty~1 is corvenient
andhaslength4. If m= 3 thengs = (g1,92) = x2yx ly x~lyxy!.x~1is athird-orderpolygonsoas
xyx ly~Ix~lyxy1 thathaslength8.

Supposeow P(m).

e If m+1=2p+1lisodd,letusconsiden = (gp,gp+1). P andp+ 1 have notsameparity so
(@) < 2(1p+1p+1) < 2(p?+ (P+1)°~1) = (2p+1)*~ L.
We thusdeducethatg is a (2p + 1)th-orderpolygonandsolzp1 < (2p+1)% — 1.
e If m+1=4p, letusconsidery = (g2p-1,92p+1)-
1(9) < 2(I2p-1+ I2p+1) < 2((2p+1)%+ (2p—1)* - 2) = (4p)?

e If m+1=4p+2,letusconsidery = (g2p+1,$(g2p+1)). Hereg is theinvolutionx — y,y — x. If
H (02p+1) = eXP(Treapr1X), Wewill have

K (9) = exp([X2p+1,d (X2pr1)] + Yko2p+2Yk)- (17)

Thedegreeof Xop1 in Xis notthedegreein y soxop 41 as2p+ Lis oddandd(xop+1) have notsame
multi-degreethusarenot proportional It followsthatg € F>m+1(X). We have

1(9) < 4l2ps1 < (4p+2)° -4 < (4p+2)° (18)
We thusdeducethatlm, 1 < (m+ 1), Propositior4.3is thenproved. m|
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4.3 Rational series

In factthereis a strongconnectiorwith the rank of rationalseries. The setA(X) is usuallydenotecby
Q< <X>> andis calledthesetof formal serips.
Considetthefollowing operationof X* on A(X); for u € X*, let

uls= Z( (Suw)w (19)
we X*

We extendit by linearity to obtainA(X) asaright moduleover A(X).
A combinatoriainterpretatiorof thatoperatiorin thecasewhereS = v is a singleword saysthatu=1v
vanishes unlessv startswith u, thatis, v= uv, andin thatcaseu=lv = V.

Definition 4.4 Aformalseriesis rationalif it is an elemenbf theclosute of A(X)

A fundamentatheoremdueto M.-P. Schitzenbegerassureshatthe orbits of the actionof A(X) are
finite dimensionabver @ onrationalseries We maythenstatethefollowing

Definition 4.5 Therankof a rational seriesSis thedimensiorof the spaceSo A(X).
We statenow corollary3.6 of [BR].
Proposition4.4 If Se 14 A,m(X) is arational seriesthenrankS> m

To obtaina lower boundon the length of a polygonwe will computethe rank of the rational series
W(Q) = (1+X)%(1+Y)" - (1+X)*(1+y)".

Proposition4.5 rank[(1+x)3(1+y)Pr--- (1+x)3(1+y)™] < 5 |a| + |bi] -
Proof — We first obsene thatthefollowing propertiesareeasilyestablishedBR]

xXST) = (XI9T+ (ST (20)
x}s) = x's where S=(1-971 (21)

Obserethatx 1(1+x) = 1,x }(1+y) =0,y }(1+x) =0,y (1 +y) = 1.
An easycomputatiorthengivesthatrank|(1+ x)?] = |a|, andthis impliesthat

rank[(1+x)%(1+)"] = [a| + [b].
From equation20 we deducethat rank(ST) < rank(S) + rank(T) and that implies that the rank of a
product(1+x)21(14y)Pr--- (14 x)2(14y)P» canbeatmosts ™, |a| + |bi|. O
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