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Wedefineparallelogramsof basea andb in agroup.They appearasminimal relatorsin apresentationof asubgroup
with generatorsa andb. In a Lie groupthey arerealizedasclosedpolygonallines,with sidesbeingorbitsof left-
invariantvectorfields. We estimatethenumberof sidesof parallelogramsin a freenilpotentgroupandpoint out a
relationto therankof rationalseries.

Keywords: Lie algebras,freegroup,Magnusgroup,lowercentralseries,Lyndonbasis

1 Introduction
In IR2 a parallelogramof basea andb canbedefinedasa closedpolygonwith theminimumnumberof
sidesparallelto a andb. In thatpaperwealsoconsiderparallelogramsdefinedin moregeneralgroups.

In section1. we first give somedefinitionsand examplesof parallelogramsin Lie groups. These
examplesshow thevariouscomplex situationsoccurringin thegeneralcase.In thispaperweconcentrate
ourattentionon freenilpotentgroups.Thisanalysiswill giveuniversalpropertiesfor parallelograms.We
obtain

Theorem. Thenumberof sidesof a parallelogramona freenilpotentgroupon two generatorsof ordern
is betweenn andn2.

We do not know what is theexactnumberof sidesof parallelogramsin a freenilpotentgroupneither
how many non-equivalentparallelogramsexist. We hopethat an investigationof parallelogramsmight
help understandgeneralnilpotentgroups. In particularit will be interestingto find presentationswith
relatorsof minimalsize.

We have chosenin this paperto recall the basicpropertiesandconstructionsof free Lie algebrasin
orderto make it self-contained.Thatis donein section2. In thelastsectionwe thenintroducemth-order
parallelogramsandprove our result. A connectionwith rationalseriesis pointedout at the endof the
paper.

Our initial motivation to study parallelogramswas the notion of curvatureand holonomyof a con-
nectionfor Riemannianmanifoldsandthe generalizationof thosenotionsto sub-Riemanniangeometry
(see[FGR] and [BeR]). In classicaldifferentialgeometry, curvatureappearsas the quadraticterm in
the asymptoticexpansionof holonomyaroundshort (four-sided)parallelograms,holonomybeing the
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measureof thedifferenceof thevectorfield by paralleltranslationarounda closedloop. In thecaseof
sub-Riemannianmanifolds,thetangentspaceis naturallyanilpotentgroup([BeR]) andtheholonomyas-
sociatedto it will becalculatedusingparallelogramswith many sides.Theanalogof sectionalcurvatures
shouldbetheholonomyassociatedto differentparallelograms.

Anothermotivationis theapproximationof a givenelementof thegroupby elementsof a givensub-
group. This occurfor examplein thesearchof symplecticintegrators(see[K, Su]) thatgive numerical
schemesfor long-timeintegrationof hamiltoniansystems.Namelywe try to approximateexp � x � y� by
a productof exp � x� andexp � y� . In this frame,minimal lengthof mth-orderapproximantsareboundedby
approximately2m.
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2 Definitions and examples
Definition 2.1 A segmentin a Lie groupis a curveobtainedbyfollowingtheorbit of left-invariantvector
field. It has initial and endpoints. Two segmentsare parallel if they are orbits of two dependentleft-
invariantvectorfields.

Definition 2.2 A polygonalline in a Lie group is a curveobtainedby concatenationof segments,two
consecutivesegmentsbeingnot parallel. This is a sequenceof segmentswhere the endpoint of oneof
themcoincideswith theinitial pointof its successor. Each segmentis calleda side.

Observethatoncewehavefixeda left invariantvectorfield X, asideis of theform γ � t ��� x0exp � tλX � ,
where0 � t � 1. In thatcasewe call 	 λ 	 the lengthof theside. γ � 0� is its initial point andγ � 1� its end
point.

Definition 2.3 A polygon in a Lie group is a closedpolygonalline. Its length is the sumof its sides
lengths.

Definition 2.4 A parallelogramof baseX andY in a Lie groupis a polygonwith sidesof integer length,
obtainedfromthetwogivenleft-invariantvectorfieldsX andY 
 withminimumlength.Twoparallelograms
areequivalentif thereexistsa groupisomorphismwhich mapsoneparallelogramontotheother.

In orderto describeexplicitly a polygonalline with n sides,let ����
 Xα � bea family of linearly inde-
pendentvectorsin theLie algebrag of theLie groupG. Fix x0 � 1 � G. Wewrite γ j � t ��� x j � 1exp � tλ jXα j �
for x j � x j � 1exp � λ jXα j � , 0 � t � 1 and1 � j � n. Herewe requirethatXα j andXα j � 1 areindependent.
Denoteby P � λ1Xα1 
�������
 λXαn � thepolygonalline definedin thisway.

Example2.1 ConsidertheabelianLie group IRn. A parallelogramin that group is clearly a parallelo-
gram.
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Example2.2 ConsidertheHeisenberg groupH3 with Lie algebra generatedby X 
 Y
 Z, with �X 
 Y ��� Z,
all otherbracketsbeingnull. Onecanverify, usingtheCampbell-Hausdorff formulathatboth

P8 � X 
 Y ��� P � X 
 Y 
�� X 
�� 2Y 
�� X 
 Y
 X � andP�8 � X 
 Y ��� P � X 
 Y 
�� X 
�� Y
�� X 
 Y 
 X 
 Y �
are parallelograms.They are not equivalentasP8 hasat leastonesideof lengthtwo. On theotherhand
startingwith X 
 Z wegeta parallelogramof 4 sides.

Example2.3 Let L4 be a freenilpotentgroup of order 4, generatedby X and Y. We can verify that
P � X 
 Y
�� 2X 
�� Y
 X 
 Y 
 X 
�� Y 
�� 2X 
 Y 
 X 
�� Y� is a parallelogram.It haslength14. Aninterestingquestion
wouldbeto knowall non-equivalentparallelograms.

Example2.4 If thegroupgeneratedbyexp � X � andexp � Y � is free, thenthere is noparallelogramof base
X andY.

We thanktherefereefor pointingout thetwo following examples.

Example2.5 As a resultof a theoremby SANOV ([Sa]), for X ���  
0 1
0 0 ! and X � �  

0 0
1 0 ! , the

groupG �#" exp � 2X ���$
 exp � 2X � �&% is free(seealso[LS]), sothere exist noparallelogramof base2X �
and2X � . Moreover it is straightforward thatP �'� exp � X �(� exp �)� X � ��� 6 � 1 is a parallelogramof length
12with baseX � andX � .

We couldhave givena moregeneraldefinitionof a parallelogramin anarbitrarygroup. Let a andb
be two elementson a groupG andG " a 
 b % be the subgroupgeneratedby a 
 b. Considerthe setof all
relators,i. e., the setof wordsin a 
 b 
 a� 1 
 b� 1 which arethe identity in G. Oneshouldconsideronly
reducedwords in the sensethat if a is of ordern andan appearsin a word, oneshouldsubstitutethe
identity for an. Thesamefor b. A parallelogramof basea 
 b is a reducedrelator(in theabove sense)of
minimal lengthwith lettersa 
 b 
 a� 1 
 b� 1. Of courseif G " a 
 b % is freein a 
 b thereis noparallelogram.

Example2.6 In thecaseof thesymmetricgroup

S3 �#" σ1 
 σ2; σ2
i � 1 
 σ1σ2σ1 � σ2σ1σ2 %

onecanverify thata minimalrelatorwith baseσ1 
 σ2 is � σ1σ2 � 3 of length6. On theotherhandwehave
also

S3 �#" σ1 
 σ3 � σ2σ1; σ2
1 � 1 
 σ3

3 � 1 
 σ1σ3 � σ3σ1 %
thathasa minimalrelatorof length4.

In the caseof Lie groupswe would like to define infinitesimalparallelograms, that is parallelograms
whichremainthesamein form whentheirsidesarechangedby aconformalfactor. They will notexist in
generalbut in thecaseof gradednilpotentgroupstheirexistenceis assured.

Example2.7 ConsidertheLie groupwith Lie algebra generatedby X 
 Y with �X 
 Y �*� X. Thenwecan
constructa parallelogramwhich is not infinitesimal.Observethat

exp � tY � exp � uX � exp ��� tY ��� exp � uexp ��� t � X ���$�
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Soif t ��� ln2 andu � 1, wehaveexp � tY � exp � uX � exp ��� tY � exp ��� uexp �)� t � X ��� 1. Thatis a paralle-
logramof length5 with baseln2 Y andX. It is clear that if wechange thesidesby a conformalfactor
thiswill no longer bea parallelogram.Moregenerally, a polygonis a product

exp � c1Y � exp � d1X ��+�+�+ exp � cnX � exp � dnY �
such that ∑i � ∑ j , i c j � exp ��� di ��� 0. Thepreviousequationhasclearlyno integer solutions.

Example2.8 Let us considerin IR2, X � ∂x andY � f � x� ∂y for a givenanalytic function f . TheLie
algebra L � X 
 Y � is in general infinite dimensionalas � ad X � nY � f - n. � x� ∂y and is spanned,as vector
spacebyX and 
/� adX � nY � . Bynoticingthatexp � λadX � Y � f � x � λ � ∂y, wededucethat

exp � tX � exp � uY � exp �)� tX �0� exp � uf � x � t � ∂y �
so

exp � X � exp � Y � exp �)� X � exp � Y � exp � X � exp �)� Y � exp �)� X � exp �)� Y �1�
exp � f � x � 1� ∂y � exp � f � x� ∂y � exp ��� f � x � 1� ∂y � exp �)� f � x� ∂y �1� 1 �

Thisgivesa parallelogramof length8.

3 Magnus Groups and Algebras
Let usfirst introducesomenotationsandrecallsomeresultsaboutfreegroups,freeassociative algebras
andfreeLie algebras.All theseresultscanbefoundin ([B, La, R]).

Let X bea set(alphabet).We denoteby X 2 the freemonoidgeneratedby X, that is, thesetof words
including the emptyword denotedby 1, with concatenationasa product. X 2 is totally orderedby the
lexicographicorder. The free magmaM � X � is the setof wordswith parentheses,generatedby X and
A � X � denotesthefreeassociative algebra,that is to saytheQ-algebraof X 2 . An elementP in A � X � will
bewritten∑w 3 X 4 � P
 w� w.

We denoteby L � X � thefreeLie algebraon A. It is thequotientof theQ-algebraof M � X � by theideal
generatedby the elements� u 
 u� and � u 
�� v
 w���0�5� v
�� w
 u�����6� w
�� u 
 v��� . The associative algebraA � X �
maybeidentifiedto theenvelopingalgebraof L � X � by considering� v
 w�*� vw � wv. We denoteby adx
themapy 789� x 
 y� .

Thefreegroupgeneratedby X is denotedby F � X � .
3.1 Gradations

ThesetsL � X �$
 F � X � soasA � X � aregradedby
— the length (the uniquehomomorphismthat extendsthe function x 78 1 on X). For x � X 2 (resp.
F � X �:
 M � X � ) 	 x 	 denotesthe length. Ln � X � (resp. An � X � ) is thesubmodulegeneratedby monomialsof
lengthn.
— the multi-degreewhich is the uniquehomomorphismfrom X 2 (resp. F � X �:
 M � X � ) onto IN - X . that
extendsx 78 1lx. For a given α in IN - X . , Lα � X � (resp. Aα � X � ) denotesthe submodulegeneratedby
monomialsof degreeα.
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Definition 3.1 Let A 
 B be subgroupsof a group C. We denoteby � A 
 B� the set of all commutators� a 
 b��� aba� 1b� 1. Startingwith F; 1 � X ��� F � X � anddefiningF; n � X ���<� F; 1 � X �:
 F; n � 1 � X ��� , weget the
so-calledlowercentralseries.

As a consequence,wehave � F; n � X �$
 F; m � X ���>= F; n� m � X � andF � X ��? F; n � X � is anabeliangroup.

3.2 Formal series
We defineL̂ � X � and Â � X � as L̂ � X �&� ∏n ; 0Ln � X � Â � X �&� ∏n ; 0An � X � . We will write x � L̂ � X � (resp.
Â � X ��� asaseries∑n ; 0xn. L̂ � X � soasÂ � X � arealgebraswith multiplicationslaw� xy� n � ∑

p� q@ n
xpyq 
���� x 
 y�A� n � ∑

p� q@ n
� xp 
 yq �B� (1)

We will alsouseL̂ ; p � X �C� ∏n ; pLn � X � Â; p � X ��� ∏n ; pAn � X � . ThesetΓ � X ��� 1 � Â; 1 � X � is calledthe
Magnusgroup. It is a subgroupof the invertibleelementsof Â � X � . Onedefinestheexponentialandthe
logarithmas

exp : Â; 1 � X �D8 Γ � X � log : Γ � X �D8 Â; 1 � X �
x 78 ∑n ; 0

xn

n!

 x 78 � ∑n ; 1

� 1 � x� n
n

�
They aremutuallyreciprocalfunctionsandwehave(see[B, Ch. II, E 5]) the

Theorem3.1(Campbell-Hausdorff) For x 
 y � L̂ ; 1 � X � ,
H � x 
 y��� log � exp � x� exp � y�B��� L̂ ; 1 � X �:� (2)

Denotingby Ê; n � X ��� exp � L̂ ; n � X ��� , weget

Corollary 3.1 ThesetÊ; 1 � X ��� exp � L̂ ; 1 � X ���F= Γ � X � is a group.

Ê; 1 � X � actson itself by conjugacy andwehaveexp � x� exp � y� exp �)� x��� exp � exp � adx� y� .
Definition 3.2 Let us considerthe Magnusmapµ : F � X �G8 Γ � X � as the uniquegroup homomorphism
that extendsx 78 1 � x, for x � X. We setD ; n � X �G� µ� 1 � 1 � Â; n � X ��� . This is Magnus’n-th dimension
subgroupof F.

Definition 3.3 Letusconsiderthemapµ� : F � X �*8 Γ � X � astheuniquegrouphomomorphismthatextends
x 78 exp � x� , for x � X. We setD � ; n � X ��� µ� � 1 � 1 � Â; n � X �)� .

Thisdefinescentralfiltrationsof F � X � . WehaveclearlythatF; n � X ��= D ; n � X � andF; n � X �(= D � ; n � X � .
In factMagnusproveda strongerresult(see[B])

Proposition3.1 D ; n � X ��� D � ; n � X ��� F; n � X �
Let Nn � X � bethefreenilpotentgroupof classn (or ordern � 1) onX. Thatis

1 8 F; n� 1 � X ��8 F � X ��8 Nn � X ��8 1 (3)

Wewill usethefollowingcorollaryto establishthelowerboundto thenumberof sidesof parallelogram
on thefreenilpotentgroup.

Corollary 3.2 Theprojectionof g in F � X � ontoNn � X � is theidentityif andonly if µ� � g�G� Ê; n � X � .
In factwe needonly theif partof thecorollaryfor the lower bound,that is not dependenton Magnus

resultbut on theinclusionF; n � X �>= D ; n � X � .
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4 mth-order parallelograms
Definition 4.1 Theorderof g in F � X � is thebiggestinteger k such that g � F; k � X � . An elementof order
k will becalledkth-orderpolygon.

Usingproposition(3.1),amth-orderpolygong satisfies

g � xa1yb1 +�+�+ xanybn � F; m � X �:
 (4)

µ�H� g�D� exp � a1x� exp � b1y�/+�+�+ exp � anx� exp � bny�F� 1 � Â; m � X �$
 (5)

µ � g�D� � 1 � x� a1 � 1 � y� b1 +�+�+I� 1 � x� an � 1 � y� bn � 1 � Â; m � X �:� (6)

Herenoneof a�isnorb�is is 0.

Definition 4.2 Thelengthl : F � X ��8 IN is theuniquehomomorphismthatextendsx 78 1 
 x� 1 78 1, for x

in X. If g � xi1
1 +�+�+ xip

p � F � X � , wesill saythat it is a p-sidedpolygon.For examplexyx� 1y� 1 is a 4-sided
second-orderparallelogramof length4. In formula(4), wehavel � g��� ∑n

i @ 1 ��	 ai 	)�6	bi 	 � .
We thusdeducethat for any g1 
 g2 in F � X � , we have l � g1g2 �&� l � g1 �J� l � g2 � . The inequalityis strict

only if termsof g1 canceltermsof g2.

Definition 4.3 For m � IN, wedefinelm asthelowestlengthof mth-order polygons.A mth-orderparal-
lelogramwill bea mth-orderpolygonof minimallength.

Beforediscussingthe lower andupperboundsfor the lengthandthe numberof factorsof mth-order
parallelograms,let usshow sometransformationsthatpreservepolygons.

Proposition4.1 Let αβ bea mth-orderpolygonthensois βα.

Corollary 4.1 If g is a � 2p � 1� -sidedmth-orderpolygonthenthereexistsa 2p-sidedmth-orderpolygon.

Proof. — Thepropositioncomesfrom thefactthatF ? F; m � X � is abelian.
Let ussupposethatg � xa1yb1 +�+�+ ybpxap � 1 is a mth-orderpolygon.Then

x - a1 � ap� 1 . yb1 +�+�+ ybp (7)

hassmallerlengthas 	 a1 � ap� 1 	K�L	 a1 	)�M	ap� 1 	 andis alsoa mth-orderpolygon. N
We cannow supposethatfor any integerm, anmth-orderparallelogramhasanevennumberof factors.

We will now discusslowerandupperboundof lm.

4.1 Lower bound
Proposition4.2 For anym � IN wehavem � lm.

Proof. — Let usconsiderthefollowing equality

exp � a1x� exp � b1y�/+�+�+ exp � anx� exp � bny��� exp � z�$� (8)

wherez � L̂ ; m � X � andnoneof thea�isnorbi ’s is 0. Consideringthewordw ��� xy� n, wehave� exp � z�$
 w�(� ∏n
i @ 1aibi O� 0

andsom � 2n � lm. In factthenumberof sidesitself is biggerthanm. N
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4.2 Upper bound
Firstof all, let usshow somesmall-orderparallelograms.

If m � 1 g1 � x or g1 � y is convenient. If m � 2, we find g2 � xyx� 1y� 1 thus l2 � 4. In fact l2 � 4
which is aconsequenceof thefollowing

Lemma 4.1 For anym P 2, lm is even.

Proof. — This is a consequenceof

µ � g����� 1 � x� a1 � 1 � y� b1 +�+�+�� 1 � x� a1 � 1 � y� b1 � 1 �M� a1 �Q+�+�+�� an � x �Q� b1 �Q+�+�+�� bn � y � Â; 2 � X ���$�
Soif µ � g� belongsto Â; m � X � wehave∑n

i @ 1ai � ∑n
i @ 1bi � 0 thus∑ 	 ai 	 and∑ 	 bi 	 areeven. N

We have seeng2 asthecommutatorof two first-orderpolygons.We will now build a sequencegm of
mth-orderpolygons,eachgm beingconstructedascommutatorof gp andgm� p for somep. We first use
thefollowing lemma

Lemma 4.2 Letgp andgq betwopolygonsof order p andq respectively, then � gp 
 gq � hasorderat least
p � q andhaslengthat most2 � l � gp ��� l � gq ��� .

Remark. — This is alsoaconsequenceof thefactthat � F; n � X ��� n is acentralfiltration but wewill show
it by usingtheHausdorff series.

Proof. — Let uswrite

Pp � µ�A� gp ��� exp � x�(� exp � ∑k ; pxk �:
 Pq � µ�A� gq ��� exp � y��� exp � ∑k ; qyk �$� (9)

thenwehave

PpPqP� 1
p P� 1

q � exp � exp � adx� y� exp ��� y��� exp � H � exp � adx� y
�� y���$� (10)

But

H � exp � adx� y
�� y�1� H1 � exp � adx� y
�� y��� ∑
k ; 2

Hk � exp � adx� y
�� y� (11)

� exp � adx��� y � y � ∑k ; 2Hk � exp � adx� y
�� y� (12)

� � x 
 y�R� ∑
k ; 2

1
k!
� adx� ky � ∑

k ; 2

Hk � exp � adx� y
�� y�$� (13)

But � adx� ky � L̂ ; kp� q � X �0� L̂ ; 2p� q � X � andHk � exp � adx� y
�� y�*� Hk � exp � adx� y � y
�� y��� L̂ ; p� 2q � X � . In
conclusion,if � xp 
 yq � O� 0, thengp� q �'� gp 
 gq � is a p � q-thorderpolygonandhaslength2 � l � gp �S� l � gq ��� .
In orderto besureto obtaina � p � q� -th orderpolygonlet usshow that

Lemma 4.3 Let α � F; p � X � andβ � F; q � X � such that

µ� � α ��� exp � x��� exp � ∑k ; pxk �$
 µ� � β ��� exp � y��� exp � ∑k ; qyk �$� (14)

If xp andyq are notproportional,then � α 
 β � hasorderexactly p � q.
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Proof. — This is a consequenceof thefollowing lemma.

Lemma 4.4 Letxp � Lp � X � andy � Lq � X � . If xp andyq arenotproportionalthen � xp 
 yq � O� 0.

Proof. — Let uswrite

xp � ∑
w 3 X 4p � xp 
 w��� n

∑
i @ 1

λiwi 
 yq � ∑
w 3 X 4q � yq 
 w��� nT

∑
i @ 1

λ �iw�i � (15)

Herewe have wi " wj if i " j. As � xp 
 yq �J�U� xp 
 yq � λxp� for someλ, onecansupposethatw1 " w�1. In
factw1 andw�1 areso-calledLyndonwords(see[R]), thatis to saysatisfyw1w�1 " w�1w1. In� xp 
 yq �V� λ1λ �1 � w1w�1 � w�1w1 �� λ1∑

j

λ � j � w1w� j � w� jwj ��� λ �1∑
i

λi � wiw�1 � w�1wi ��� ∑
i W j X 1

λiλ � j � wiw� j � w� jwi � (16)

As w1 " w�1 " w� j wededucethatw1w�1 " wiw�1 " wiw� j for eachi 
 j % 1. Wehavealsow1w�1 " w�1w1 "
w�1wi " w� j wi sow1w�1 is thesmallestword in formula(16). This provesthat ��� xp 
 yq �Y
 w1w�1 � O� 0 andso� xp 
 yq � O� 0. N

Remark. — Lemma4.4shows thatfor any not null Lie polynomialP thekernelof adP is spannedby
P.

We will show that

Proposition4.3 Thereexistsa sequenceof mth-orderpolygonsgm with evenlengthlm � m2.

Proof. — We will prove by inductionon m thefollowing P � m� : “thereexistsa sequencegm or order
exactlym with evenlengthlm � m2.”

If m � 1, theng1 � x or g1 � y is convenient. If m � 2 theng2 �Z� x 
 y�[� xyx� 1y� 1 is convenient
andhaslength4. If m � 3 theng3 �\� g1 
 g2 �G� x2yx� 1y� 1x� 1yxy� 1 + x� 1 is a third-orderpolygonsoas
xyx� 1y� 1x� 1yxy� 1 thathaslength8.

Supposenow P � m� .] If m � 1 � 2p � 1 is odd,let usconsiderg ��� gp 
 gp� 1 � . p andp � 1 havenotsameparityso

l � g�>� 2 � lp � lp� 1 �F� 2 � p2 �Q� p � 1� 2 � 1�C�<� 2p � 1� 2 � 1 �
We thusdeducethatg is a � 2p � 1� th-orderpolygonandso l2p� 1 �^� 2p � 1� 2 � 1.] If m � 1 � 4p, let usconsiderg ��� g2p � 1 
 g2p� 1 � .

l � g�G� 2 � l2p � 1 � l2p� 1 �G� 2 ��� 2p � 1� 2 �M� 2p � 1� 2 � 2�C��� 4p� 2] If m � 1 � 4p � 2, let usconsiderg �U� g2p� 1 
 ϕ � g2p� 1 ��� . Hereϕ is the involutionx 78 y
 y 78 x. If
µ� � g2p� 1 ��� exp � ∑k , 2p� 1xk � , wewill have

µ� � g��� exp ��� x2p� 1 
 ϕ � x2p� 1 �_�R� ∑k ; 2p� 2yk �:� (17)

Thedegreeof x2p� 1 in x is not thedegreein y sox2p� 1 as2p � 1 is oddandϕ � x2p� 1 � havenotsame
multi-degreethusarenotproportional.It follows thatg � F; m� 1 � X � . We have

l � g�G� 4l2p� 1 �^� 4p � 2� 2 � 4 �'� 4p � 2� 2 � (18)

We thusdeducethat lm� 1 �^� m � 1� 2. Proposition4.3is thenproved. N
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4.3 Rational series
In fact thereis a strongconnectionwith the rankof rationalseries.ThesetÂ � X � is usuallydenotedby
Q "`" X %a% andis calledthesetof formalseries.

Considerthefollowing operationof X 2 on Â � X � ; for u � X 2 , let

u� 1S � ∑
w 3 X 4 � S
 uw� w (19)

We extendit by linearity to obtainÂ � X � asa right moduleoverA � X � .
A combinatorialinterpretationof thatoperationin thecasewhereS � v is a singlewordsaysthatu� 1v

vanishes, unlessv startswith u, thatis, v � uv� , andin thatcaseu� 1v � v� .
Definition 4.4 A formalseriesis rational if it is anelementof theclosureof A � X �

A fundamentaltheoremdueto M.-P. Scḧutzenbergerassuresthat theorbitsof theactionof A � X � are
finite dimensionaloverQ onrationalseries.We maythenstatethefollowing

Definition 4.5 Therankof a rationalseriesSis thedimensionof thespaceS b A � X � .
We statenow corollary3.6of [BR].

Proposition4.4 If S � 1 � Â; m � X � is a rationalseries,thenrankS P m

To obtaina lower boundon the lengthof a polygonwe will computethe rank of the rationalseries
µ � g����� 1 � x� a1 � 1 � y� b1 +�+�+�� 1 � x� an � 1 � y� bn.

Proposition4.5 rank �c� 1 � x� a1 � 1 � y� b1 +�+�+I� 1 � x� an � 1 � y� bn ��� ∑i 	 ai 	)�6	bi 	 .
Proof. — We first observethatthefollowing propertiesareeasilyestablished[BR]

x� 1 � ST �d� � x� 1S� T �M� S
 1�:� x� 1T � (20)

x� 1 � S2 �d� x� 1S2 where S2 ��� 1 � S� � 1 (21)

Observethatx� 1 � 1 � x�C� 1 
 x� 1 � 1 � y��� 0 
 y� 1 � 1 � x�0� 0 
 y� 1 � 1 � y�0� 1.
An easycomputationthengivesthatrank �c� 1 � x� a���U	 a 	 , andthis impliesthat

rank �e� 1 � x� a � 1 � y� b�J�<	 a 	_�6	b 	_�
From equation20 we deducethat rank � ST �f� rank � S��� rank � T � and that implies that the rank of a
product � 1 � x� a1 � 1 � y� b1 +�+�+�� 1 � x� an � 1 � y� bn canbeatmost∑n

i @ 1 	 ai 	_�M	bi 	 . N
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