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WeintroduceadatastructurecalledSOURgraphsandpresenanefficient Knuth-Bendixcompletionprocedurédased
onit. SOURgraphsallow for amaximalstructuresharingof termsin rewriting systems Thetermrepresentatiois

a dagrepresentatiorexceptthatedgesarelabelledwith equationakonstraintsandvariablerenamings.The rewrite

rulescorrespondo rewrite edgesthe unificationproblemsto unificationedges.The Critical Pair and Simplification
inferencesarerecognizedaspatternsn the graphandareperformedaslocal graphtransformationsOur algorithm
avoids duplicatingterm structurewhile performinginferenceswhich causesxponentialbehaior in the standard
procedure.This approachgives a basisto designother completionalgorithms,suchas goal-orientedcompletion,
concurrentompletionandgroupcompletionprocedures.
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1 Introduction

Knuth Bendix Completion[1] is an efficient procedurefor solving the word problemand equational
unification problem. The objective of the procedureis to take a set of equationsand corvert it into

anequialentsetwhereword problemsand equationalnification problemscan be solved by applying
equationdn an orderedfashion. Completiondoesnot alwayshalt, but whenit does,the word problem
becomeslecidablesinceit is only necessarto reducesquationsnto a normalform andcomparenormal
forms to solve the problem. In Completion,we define an orderingand unify a maximalside s of a

renamingof oneequations = ¢ with a subtermof a maximalside of anothersubterm.Thenwe replace
the subtermwith ¢, andapplya constraintrepresentinghe unificationproblem.

Knuth Bendix Completionis not asefficient asit could be. Marny termsappearingn differentplaces
have the sameancestarsoit would be beneficialif oneinferencewereappliedto all the occurrencesit
the sametime. For instance supposeve have equationsf(a) = b anda = ¢. Completionunifiesa in
f(a) with a in @ = ¢, andthenreplaces: in f(a) with ¢. Theresultis anew equationf(c) = b, made
up of piecesof thetwo old equations- b appearsn both f(a) = b and f(c) = b, etc. Furtherinferences
spreadhesepiecesaroundmoreandmore. Note thatevery equationthatis createds madeup of pieces
of theinitial equationslf it waspossibleto keeptrackof all the piecesof the sameancestgraninference

tMost of thework wasdonewhile thefirst authorwasvisiting the PROTHEO groupat INRIA LorraineandCRIN.
1365-80® © 1998 Maison de I'lnformatique et desMathématiquesDiscretes (MIMD), Paris, France
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procedurecould performmary inferencesatthe sametime. In this paper we introducea new graphdata
structurecalleda SOURgraph which allowsusto do that. Whentermscontainvariablesgachinference
involvesarenaminganda constraintlt is still truethatall of theequationsreatedareformedfrom pieces
of theinitial ones but someof theequation$have renamingsandconstraintappliedto them.

We usethe BasicCompletion[2, 3] inferencerules. The ideaof BasicCompletionis thatwheneer
we performaninferencejnsteadof applyingthe mostgeneralunifier to the conclusionof theinference,
we sare theunificationproblemasan equationatonstraint.Thisis thefirstideanecessarjor the SOUR
graphphilosophy Whenunifiersareapplied,new piecesarecreated But with equationatonstraintspld
piecesarejustcombinedogethelin new waysandconstrained.

Our work is basedon earlierwork [4], whereit wasshovn how to performtheoremproving usinga
graphdatastructure.Thisis whereit wasfirst shavn how new objectsarecreatedrom existing pieces.
When an inferenceis performed,we just add new relationshipsbetweenthe existing pieces. Instead
of combiningconstraintsasin Basic Completion,we keepthem separateand associatehemwith the
new relationshipghatare created.We alsoassociateenamingscreatedoy an inferencewith thesenew
relationships.

In this paperwe instantiateheideasfrom Lynch[4] to createa new datastructurefor the Completion
Procedure A dagrepresentationf a setof equationds created.Nodesin the graphinitially represent
subtermsof theinitial problem. However, the completionprocedurewill makethe nodesrepresentew
terms.Thedagrepresentatiohasedgesalledsubtermedgedrom anoderepresentingtermto thenodes
representinggachof its subterms.t alsohasedgescalledrewrite edgesetweerthe nodesrepresenting
thetermson eithersideof anequation We canalsoadda unificationedgebetweertwo nodegepresenting
unifiableterms,andanorientationedgefrom a noderepresenting termto anoderepresenting smaller
term. We call thegraphsSOURgraphsfor Subterm,Orientation,UnificationandRewrite edges.

SOURgraphsrecloserto animplementationthantheParamodulationwithoutDuplicationof Lynch[4].
Inferencesare performedby graphtransformations.We look for certainpatternsin the graph,eachof
which causesa new edgeto be addedto the graph,andan old edgeto be possiblydeleted. Thereare
two kinds of patterns:a SUR patternis a sequencef edgegepresentinghata subtermof atermunifies
with onesideof anequation.In thatcasewe canadda newv equationwherethat subtermis replacedoy
the other side of the equation. We only needto adda newv subtermedgeto the graphto representhe
new term, labelledwith a unificationconstraintanda renamingassociatedvith the inference. We also
have RUR patternsrepresentinghattwo sidesof equationaunify. Sowe adda new rewrite edgeto the
graph,representin@nequationbetweerthe othertwo sidesof the equationsThe completionprocedure
on SOURgraphsis thena seriesof graphtransformations The mostimportantpointis to know which
constraint@andrenaminggo labelthe nen edgeswith.

The paperis organizedasfollows. In the next sectionwe give the preliminaries. We follow by giv-
ing someexamplesof the completionprocedureon SOURgraphsanda definition of the syntaxandthe
semanticof the SOURgraph. Thenwe give the graphtransformationswhich determinethe inference
procedureAfter that,we prove thesoundnesandcompletenessf thesystem We give someexperimen-
tal resultsfor animplementatiorof SOURgraphcompletion,andalsoshav how this techniquehasled
to the solutionof otheropenproblemsdealingwith completion.Finally, we shaw therelationshipof our
work with otherwork.
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2 Definitions

We usethe graphformalismto expressrewriting systems A graphGG = (V, ) is the pair composeaf
thesetof verticesor nodesV” andthesetof edges . Eachedge is associategvith a pair of vertices
by a surjective function « V V. Directededgesareorderedandundirectededgesarenot.

For eachdirectededge thefirst componendf « ( ), denotecby ¢( ), is calledtheinitial verte
of , andtheseconccomponentdenotecdy f (), is calledthefinal vertexof . Wesaythat goesfrom

t()tof ().If isanundirectecedgethen a ( )canbeviewedasamultiset (), f () .

Let beanenumerableetof functionsymbolsand beasetof variables.Leta ¢ beafunction
from tothe setof non-n@ative integers. Thenthesetof terms = ( , ) isthesmallersetsuch
that

f Lat(f)= ft, t) ift, ¢
Termswithout variablesare called ground A position is a sequencef integers. We definethe
subterny  of term¢ at position suchthat
t =t,where istheemptysequence,
ift=ft, t) = forl ,thent =1

We write s ¢ to indicatethat s is a term containingt at position , i.e. s = ¢. After usingthat
notationwewill write s ¢ toindicatethetermobtainedby replacementft by ¢ in s atposition .

A substitution is amappingfrom to , givenin postfixnotation,whichis theidentity everywhere
excepton a finite numberof variables. This mappingcanbe homomorphicallyextendedto a mapping

from to . Theset a ()= = is calledthe rangeof the substitution .
A composition  of substitutions and is thesubstitutionsuchthatt = (¢ ) for eacht A
substitution is mote geneal thana substitution if thereexists a substitution suchthat = . A

renamingsubstitution is aninjective substitutionfrom to . A renamingsubstitution is freshif the
variablesfromthe « ( ) have notappearedomevhereelse.Wedenoteby thesubstitutiorsuchthat
a ()= . A groundsubstitutioris asubstitution suchthat « ( ) isasetof groundterms.If ¢ is
atermthenG (t) isthesetof all termst  suchthat isagroundsubstitutionIf s asetof terms,
then ( ) isthesetof all termst suchthatt isin G (t) for somet in
An equationon is an expressions = t, wheres,t . The symbol= is a binary predicate
symbol, representedh infix notation. Let be a setof equations. The congruenceclosue of
is the smallestsetsuchthat , is reflexive, transitve, symmetricand f(s , ,s ) ~
ft, t) wheneera t (f) = ands ~t 1 .Wewrite = s~ tiff
s &t (G (1)) forallground .
Let = beabinaryinfix predicate Theexpressions = ¢, wheres, ¢ is calleda unificationproblem
on . An (unification)equationalconstaint isaconjunctions =1t s =t .If = wewrite
= . Anpairs composedf aterms andanequationakonstraint is calleda constainedterm
A pairs = t composedf anequalitys =~ ¢ andanequationakonstraint is calleda constained
equation A setof constrainegquationss a constainedequationalsystemA substitution isasolution

of a unificationproblems = ¢, denotedby (s =1t),ifs =1t . Wealsosaythat isa
unifier of s andt;
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of aconstraints =1 s =t if (s =t)1
is a unifier of two constrainedermss andt if it is asolutionof s = ¢ . isamost
geneal unifier (solution), written (resp. s),if isaunifier(resp.solution)andfor eachunifier

(resp.solution) wehavethat is moregenerathan . A constrainis satisfiablef it hasa solution.An
andan s isuniqueupto compositionwith avariablerenaming.

It is quiteimportantto understanauruseof renamingsn this paper To begin with, thereareindividual
renamingsWe will alwaysrepresentheseusingthe Greekletter or . It is helpful to think of theseas
syntacticobjectssuchthat  isthesamevariableas  if andonlyif = ,and isneverthesame
variableas if = . In generalarenamings alist of individual renamings.We alwaysrepresent
theseusingthe Greekletter . We alsothink of theseassyntacticobjects.In otherwords,  isthesame
variableas  if andonlyif and arethesamdist of individualconstraintsand  is neverthesame

variableas if = . Whenwe talk aboutrenamingspneshouldvisualizesucha list of individual
renamings.

Atermt isaninstanceof aconstrainederm¢ if ( ). Anequations =t isaninstance
of aconstraineaquations ~ ¢ if ().

A constrainederm s basic mathesa constrainederm if thereis arenaming suchthat
s =tand s( ) = s( ).

An irreflexive antisymmetridransitive infix binaryrelationon is calledanordering An ordering
is total if for every pair of distincttermss andt, eithers  ¢,ort s. Theordering is well founded

if thereis no infinite decreasingequence t t in . It is monotonicwith respect
to substitutionif for all substitutios andtermss and¢, s t impliess t . Theordering is
monotoniowith respecto contet if for all termss andt andcontexts , s ¢ implies s t for

every position . An orderingis a reductionorderingif it is well-founded,andmonotonicwith respect
to substitutionand context. In this paperwe assume is a reductionorderingtotal on groundterms.
We compareequationdy consideringan equations ~ t asthe multiset s,¢ andidentifying with

its multisetextension. For instancejf s ;¢ ,s ,¢ aregroundterms,suchthats ¢ and , then
(s~t) ( = )ifandonlyif (i) s or (i) s = andt . Inthenon-grounccasejf  and
areequationghen if andonly if for all

If s isaterm,and isasetof equationswewrite s t andsaythat s rewritesin one
stepto ¢ if thereis anequations = ¢ andasubstitution suchthats t ,ands =s . We
write andsaythat rewritesto if thereisaasetofterms , | suchthatfor
all |1 , . A setof equations is canonicalif  is awell-foundedorderingandfor

everyterms, t and , if s rewritestot ands rewritesto , thenthereisaterm suchthatt rewritesto
and rewritesto
Theinferencerule thatwe areimitating with SOURGraphss the basiccritical pair inferencerule.

Basic critical pair

(s~ ) s &
it = s =s
wheres is notavariable, is afreshrenamingsubstitutionandthereis no (s =s )

suchthats t or s .
Thisinferencds calledbasicbecausénsteadf applyingthesubstitutionjt is savedasaconstrainnd
inheritedin futureinferencesStandargresentationassumehatat leastoneof the premiseds renamed
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beforethe inferenceis performed.We assumehatthe left premiseis renamedandwe explicitly show
therenamingn theinferencerule. Thereasorwe have choserto give the renamingexplicitly is because
it helpsto understandvhatis happeningn the SOURGraphs.We call theleft premisea fromequation
andtheright premisds calledaninto equation In certaincasesthefrom equatiorsimplifiesall instances
of theinto equationandtheinferenceis calleda simplification We give known completeneseesultsfor
thisinferencerulein Sect.6.

3 Examples

In this section,we give aninformal descriptionof a SOURgraphandits associatednferencerules,to
give anideaof how they work. In thenext section,we give amoreformal presentation.

a) 1 Qz b) 1 2 1

1
\L —=  subterm edges

***** rewrite edges

Fig. 1: SOURrepresentationf a) andb)

Every termcanberepresentewith adagrepresentatiorf-or instancefFigurel(a)is thedagrepresen-
tationof theterm f( (a), (a)). As usualin dagrepresentationshe sametreeis usedto representike
subtermsij.e. (a) is the sametreebothtimesit appearsThe edgesusedin the dagrepresentatioof a
termarecalledsubtermedgesandarelabelledby theindex number They areconsideredo bedirected
from atermto its subterm.Equationsarerepresentedy a rewrite edgebetweerthe dagrepresentinghe
term on the left sideof the equationto the dagrepresentinghe term on the right side of the equation.
Rewrite edgesareundirected. SeeFigurel(b) for therepresentatioof f( (a), (a)) = ( (a)). Like
subtermson differentsidesof the equationsare representedby the sametree. Like termsin different
rewrite rulesare alsorepresentedy the sametree. In this way, a setof equationss representedy a
SOURgraphwith subtermedgesandrewrite edges.

Necessarinferencesirefoundby detectingpatternsn thegraph,andperformedoy adding(andsome-
timesremaving) anedgeto (from) the graph.For instanceconsidertheequationsf(a) =~ b anda = ¢ as
in Figure2(a). Thereis a critical pair inferencebetweerthetwo rules,becausehe subterma of f(a) is
identicalto theleft handside of the equationa = ¢. To performthe inference we mustcreatethe nev
rule f(¢) ~ b by addinga new rule identicalto f(a) ~ b, exceptthatthe subterma hasbeenreplaced
by ¢. To detectthis inferencein the SOURgraph,we needto detectthata is a subtermof f(a), anda
is alsothe left handsideof an equation.In otherwords,to detectaninference we noticethat thereis

It is possibleto presentSOURgraphswith directededgesrepresentingewrite rules,but thatcreatesnorecomplexity We have
choserthis format,becausé allows asimplerrepresentation.
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Fig. 2: Inferencebetween and

anodein the graphwhich hasanincomingsubtermedgeandan outgoingrewrite edge. To performthe
inference we mustadda new subtermedgefrom the sourceof that subtermedgeto the tamget of that
rewrite edge. Furthermoresincethis is a simplification, we may remove the subtermedgefrom f(a)
to a (seeFigure2(b)). In the groundcase every critical pair is a simplification. Sincewe needto find
a patterncontaininga Subtermanda Rewrite edgeto performthe inference we call the patternan
configuration.

We have just givenan exampleof a groundinference.Whathappensn the non-groundcaseis more
complicated Considertheequationsf( ( )) ~ ( )Jand ( ( )) = ( ) asinFigure3(a).To perform
acritical pair, we couldapplyarenaming to ( ( ))~ ( ). Weget ( ( ))~ ( ), andwecan
performthefollowinginference:

(Y= () Y= ()
FeCN= ) (C = ()

Thisinferencehasthe samestructureasthe groundinference gxceptthat

~—

we unify the subtermwith the left handsideof anequationjnsteadof justfindingidenticalterms,
we mustrenameheleft premisebeforeperformingtheinferenceand
the conclusionis constrainedy the unificationproblem.

Thesethreepointsmakea non-groundnferencedifferentfrom a groundinference.Let us seehow that
affectswhathappensn a SOURgraph. Thefirst point meanghatto detectaninferencewe mustfind a
subtermof a termthatis unifiablewith therenamedrersionof theleft-handsideof arule. In the SOUR
Graph,we will have anundirectedunificationedgebetweerntwo termsthatareunifiablewhenrenamed.
So,in theexample therewill beaunificationedgebetween ( ) and ( ( )) (seeFigure3(a)). Therefore,
the patternwe mustdetectis an SUR configuration. Theremustbenodes , , ,and inthegraph,
suchthatthereis aSubtermedgefrom to , aUnificationedgebetween and , andaRewrite edge
from to . Thenweneedto addanev equatiorwhichis thesameastheold oneexceptthattheterm
representetly isreplacedoy thetermrepresentelly . Thereforewe addanew subtermedgefrom
to (seeFigure 3). Thisis analogougo whatwe did in thegroundsituation.The subtermedgefrom
to mayberemoredonly if thisinferenceis a simplification,but this is not enough.We mustalso
handlethe secondandthird pointsmentionedabove. The new edgethatis addedmustbe labelledwith
arenaminganda constraintasgivenin theinference.ln the examplepresentedn Figure 3(b), welabel
the new edgewith theconstraint ( ( )) = ( ) andtherenaming . This meanshatary termusing
thatsubtermedgemustrenameaverythingunderneatihatedgeby , andmustapplytheconstraingiven
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in the edgeto the whole term. (Seethe next sectionfor the formal definition.) Notice that the ground
caseis just a specialcaseof this. If thereareunification edgesbetweenevery nodeanditself, thenin
thegroundcasewe alsohave SUR configurationsepresentingRinferencesRenamingsndconstraints
do not affectthe groundcase.Renamingapplyonly to variablesandthe only constraintsieededn the
groundcasearethosethatevaluateto true.

— subterm edges
***** rewrite edges

unification edges

Fig. 3: Inferencebetween and

Below we explain whathappensvhenwe performaninferenceat theroot of onesideof anequation.
Inferencesat the root arerepresentedby a differentkind of configuration.Considerrules f( ) =~ ()
andf(a) = (b) asin Figure4(a). We couldperformtheinference:

flg~ (&) )~ ()

fO)= (b) fla)=171()
This inferenceis detectedby noticing thatthe left-handside of one equationunifieswith the left-hand
sideof anotherequation.In the SOURgraph this meanghatthereisasetofnodes , , and such
thatthereis a Rewrite edgefrom to , aRewrite edgefrom to , andaUnificationedgebetween

and . To performthe inferencewe needto adda new equationbetweentheright-handsidesof the

previousequations So,in the SOURGraph,we addarewrite edgefrom to  asin Figure4(b). This
is calledan RUR configuration.As in the SUR inference we mustlabelthe newv edgewith a constraint
anda renaming. In the example,the renamingis not useful, but the constraintwill be the constraint
f(a) = f( ), asgivenin theinferencerule. In certaincasesthis inferenceis a simplification,andthe
equatiorrepresentedly therewrite edgebetween to mayberemoed.

Fig. 4: Inferencebetween and

For onemoremotivatingexample,considetthe equationf (f( )) = (f( )) (seeFigure 5(a)). Com-
pletion of this rule givesan infinite setof equations. The equationsare representedby finitely mary
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edgef the SOURgraph. In othercasescompletioncreatesa SOURgraphcontaininginfinitely mary
edgesijn this case thereareinfinitely mary edgesof the samekind betweenra pair of vertices,but they
have differentlabels.First, notethatthereis a unificationedgebetweenf( ) andf(f( )), becausehey
areunifiable after renaming. Therefore thereis an SUR configurationbetweenthe nodesrepresenting
FOFC), FO), F(FC ), and (f( ) (asin Figure5(a)). This resultsin addinga new subtermedge
from thenoderepresenting’( ) to thenoderepresenting (f( )) asin Figure5(b). It correspondso the

inference:
SUC )= (fC ) ) = (F0))
FCUC M= (f0) FUFC ) =F10)

Thenew subtermedgewill havetheconstraintf(f( )) = f( ) andtherenaming . Thisgivesusthe
equationin the conclusionof theinference.An equationin the graphis representetby a rewrite edges.
Thetermsareformedfrom subtermedgesrootedthe two endsof the rewrite edge. Constraintson the
edgesarecombined. Renamingn the edgesare appliedto arything thatappearsunderneattit in the
tree.(Seethenext sectionfor aformal definition.)

Next wefind the SURconfiguratiorfrom thenoderepresenting (f( )) throughthenodesepresenting
f( ) andf(f( )) tothenoderepresenting (f( )) (seeFigure5(b)). This meanswe mustadda new
subtermedgefrom the noderepresenting (f( )) to itself, asin Figure5(c). This correspondso the
inference:

fUC )= GC)  fUC = (F0) fUFC N =10)
FOCUC M~ O fUC =50 ) FFC N=10)

The new subtermedgewill have the constraintf(f( )) = f( ) andtherenaming . The new

P

rule which we readfrom the graph, containingthe two new subtermedges,is f( ( (f( ) ~
(fC ) ff( ) =7 ) f(fC )= f() . Noticethatthisis thesameasthe conclusion
of theinferencegxceptthat is replacedy . Thereforejt is arenamedrersionof the conclusiorof

theinference.

s, w R
NSNS
| |

Fig. 5: Completionof

S

[ T .

4 Model

In this sectionwe will givethesyntaxandsemantic®f the SOURgraph.

LetG = (V, ) representhe SOURgraph,with V' beingthe setof nodesand thesetof edgesThe
nodesandedgesarelabelledasdescribedelow. It is possibleto have morethanoneedgebetweemodes
of aSOURgraph,aslong asthe edgesarelabelleddifferently A SOURgraphmay containcyclesand
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loops.Eachnode is labelledby a functionsymbol,a constantpr a variable.We write b ()=7f
if fisthelabelof node .
isthedisjointunionofsets , and . If then isaSubternedge If then

is anOrientationedge If then is aUnificationedge If then is aRewrite edge For
short,we call themS, O, U, andR edgesrespectiely. Eachsubtermedge is labelledby a constraint,
arenamingandanindex. We write () to indicatethe parameterizedonstraintof edge , ()
to indicateits parameterizedenamingand () to indicatethe index of a subtermedge.Eachrewrite
edge is labelledby a constraintand two renamings. We write () to indicateits parameterized
constraintand ()and () to indicateits parameterizedenamings.The S and O edgesare
directed but theU andR edgesareundirected.

We define S-treesasanintermediatdevel for definingthe semanticof a SOURgraph. An S-treeis
a treewhosenodesarelabelledwith function symbols,constantsandvariables. Its edgesare labelled
in the sameway as the subtermedgesof a SOUR graph. In otherwords, eachedge of an S-tree
will have () denotingits constraint, () denotingits renamingand () denotingits index.
Furthermore S-treeswill have the following properties. Eachleaf of an S-treewill be labelledwith a
constantor a variable. Interior nodeswill be labelledwith function symbols. If is a nodesuchthat

b ()= fanda t (f) = ,then will have edges , , leadingto its children,such

that ( ) = foreach. t s arethestandardreerepresentationf terms,with the addition
of parameterizedonstraintsand renamingson its edges. S-treesare unfoldingsof dagscomposecf
S-edgesn the SOURgraph. The meaningof nodesandedgesin the SOUR Graphwill be definedby
mappingthemto a setof S-treeswhichis in turn mappedo a setof terms.

f

A

Fig. 6: An S-tree.

Now we describehe semantic®f S-treesand SOURgraphs.
We definethe semanticof S-treesinductively. Let  bean S-tree thenwe will define ()to
bethe constrainedermthat representslf is an S-treewith onenode,labelledby symbole, then
() =ec. Let beanS-treewith root andedge leadingfrom to foreach, 1 .
Let b ()=1, ()=, ()= and ()=t for each . For each , let
beafreshrenaming.Then ()=r@ , Lt ) ( ) ) . Forthe
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S-treeshavn in Figure6, b ( )=1, ()= ()= (() —  and
()=s00CC ) CC ) = =

We inductively definehow a nodein the SOUR graphrepresents set of trees,andthereforealso
represents setof terms. We will define s( ) to be the setof treesrepresentedby a nodeand
s( ) to bethe setof termsrepresentedby thenode. If s labelledby a constantor variablec,
then s() = . Let belabelledby an -ary functionsymbol f. For each from1to let
beanS-edgdeadingfrom to somevertex  in the SOURGraph,suchthat ()= .Let be
anelementof s( ). Then s( ) containsatreewhoserootis labelledwith f andwhich has
edgedeadingto its children.For each , oneof theseedgesds labelledthesamewayas andleadsto the
rootof thesubtree . For all G, wedefine s() = () s() .

a) f b) f

& TN

Fig. 7: Treesrepresentely a SOURgraph.
For SOURGraphshown in Figure7(a) with ()= theset s( ) isrepresenteth Figure
7(b). We have
s()=sCCC ), (O )

where and arefreshinstance®f renaming
Next we definehow a rewrite edgein the SOUR graphrepresentsa set of equations. Let bea

rewrite edgebetweennode andnode . Lett s( ) andt s( ).
Let ()=, ()= and ()= .Then at s()containgheequationt =
t ) . If G is aSOURgraph,then at  s(G) = at s )

Thereforea SOURgraphrepresenta constrainedewrite system.

5 Inference System

Completionis performedon SOURgraphshy representing setof equationssa graph,andthensaturat-
ing the setwith respecto a setof graphtransformationginferencerules)givenbelow.

Thesetof equationss transformednto agraphin thenormalwaythatatermis representedsadag. It
canbedefinedinductively. If aterm¢ is a constanbr variablec, thenG «  (t) isthedagwith onenode,
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whichis labelledwith c. If aterm¢ is of theform f(¢ , ,t ),thenG a (¢) is thedagsuchthatone
node islabelledwith f, andthereare subtermedges , , leadingoutof ,suchthatfor each

()=, ()= ,and ( )= . Thedestinatiorof each istherootofG a (¢).
As definedfor atermt, G « (t) is notauniquedag.lt maybeatree.However, if someidenticaltrees
aresharedthenit is no longera tree. The mostefficient representatiois whena maximumamountof
structuresharingis performedasin graphshavn in Figure8, representingheterm f( ( ( )), ( ( ))).

f

Fig. 8:

For ourapplicationary amountof structuresharings allowed. Evenif theinitial graphis createdvith
nostructuresharingatall, theadvantage®f the SOURgrapharestill enjoyed.Thereasorfor thatis that
thestructuresharingis performedautomaticallyby theinferencerules.

For anequationt ~ t ,let betherootof G a (¢ )and betherootof G « (¢ ). Then
G a (t =t )isthegraphcontainingG a« (¢ )andG a (¢t ) suchthatthereis arewrite edge
between and |, labelledsuchthat ()y= ()= and ()= . Wemayalso
performstructuresharingbetweerthe subtermsf¢ andt .

T, isasetof equationsthenG « ( , , )isthegraphwhichistheunionofgraphs
representing « ( ), ,G a ( ). Theremaybestructuresharingbetweerthe subtermsf each

. In addition,thereis a unificationedgebetweenevery pair of vertices Ga ( , , )
suchthat b ()= b ( )or b () Va or b () Va.Notethat and

arenotnecessarilgistinctnodes.

Now we describethe inferencerules. They all correspondo a particularcaseof the critical pair rule,
simplificationbeinga specialcase:

Basic critical pair

where is afreshrenamingsubstitution.
Therearetwo inferencerules. They areinstancef the BasicCritical Pair inferencerule, depending
on whetheror not the inferenceis at a root position. Theseinferencesare necessaryor completeness.
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Fig. 9: Exampleof SURtransformation.

Thefirst inferencerule is calledan SURtransformatiorandcorrespondso a critical pair where is not
theroot positionof

Let us give an exampleof an SUR transformation. Suppose’ is a SOUR graphshavn in Figure
9(a). SinceG containsa subtermedgefrom  to , aunificationedgebetween and andarewrite
edgefrom to , weaddanew subtermedge from to asshawnin Figure9(b). This SUR
transformatiorcorrespond$o the BasicCritical Pair inference

Now we definethe SURinferencerule by referringto afigure. The definitionis asfollows: Suppose

thatedges , and exist,suchthat ( )= ()=, ()=, ()=
and ( ) = ,asin Figure10. Further supposehattermst? s( )t

s( )t s( ) andt s( ) exist asin Figure10. Thenthe subterm
edge isaddedothegraphfrom to asin FigurelO,if is satisfiablewhere

=t =t ) ( )

and is afreshrenaming.
Thelabelson will beasin Figure10. In otherwords, ( )=, ( ) = and
()= ()
Let us analysethe inferencethat was performed. A critical pair inferencewas performedbelon the
root of sometermin anequation. Thetermthatthe inferencewentinto is representetby ¢

s( ). Supposehat b ()= fand ( )= |, thent is the  subtermof
fo ¢ ) s( ), where is afreshrenaming.This is straightforward
from thedefinitions.In turn, thistermis the subternof a constraineagquation

ot )

It may not be strictly a critical pair inference becausehattermis usedfor inferencesnto left-handsidesof equations.These
inferencesnay alsotakeplacein right-handsides.
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Fig. 10: SURtransformation.

for someequation , constraint andrenaming , occuringatsomenode of . Thisis understoody
noticingthatin orderto form the equation containingthis term,we addedgesabore . Theseedges
will furtherconstrainthe equationby conjoininga constraint , andfurtherrenamewith somerenaming

Thefrom equatiorthatis usedin thisinferenceisthatrepresentelyedge .Itist =t
. Thisfollowsdirectly from thedefinition. We needto do aninferencebetweerthis equation

andthe onefrom the previous paragraphWe needto considera renamingof this equation suchthatno
variablesarein commonwith the otherone.Consideitherenaming . Thereforetherenamedquation
is(t =t ) . Thishasno variablesin commonwith the otherequation,
becaus®f thefreshrenaming , which the otherequationdoesnot use. It may not seemobviouswhere
thisrenamingcomesrom, but we will seethatis therenamingthatarisesin the SOURgraph.

Thereforetheinferenceis thefollowing:

(t ~t ) f( % ) )

Notethatbeforethe edgewasaddedthenode representetheright premiseof theinference After
thenew edgeis addedthenode representtheright premiseof theinferenceandthe conclusiorof the
inference.

We shaw thatthe conclusionof this inferenceis representeth the graphby consideringhe dagrep-
resentingthe into equation,suchthat the original subtreeat  is replacedby a nen subtree,consist-
ing of andthe subtreeat . We know that+? s( ). Thisisthe  subtermof
fo .t ) s( ), where isthesame asabove. In turnthistermis
the subtermof anequation

Ot )

whichis exactly theequatiorthatis the conclusionof theinference.
The abore agumentleadsto the following lemmas. The first lemmawill be usedin our soundness
proofin the next section.
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Lemmal LetG beagraphandlet G betheresultof performingan inferenceon GG. Theneadh
equationin at  s(G)isimpliedby at  s(G).

Proof. Let beanequatiorin at  s(G). Wewanttoshavthat isimpliedby at  s(G). If

at  s(G)then isobviouslyimpliedby  at s(G). Sosupposehat at  s(G).
Then mustbeanequationformedusingthe edgecreatedby the transformation.The above ar-
gumentshows thateachsuch is aresultof aninferencebetweentwo equationsin at  s(G).
Therefore isimplied by at  s(G).

Thesecondemmawill beusedin thecompletenesproofin thenext section.

Lemma?2 Supposehat and are equationsin at  s(G) sud that ther is an inference
between and  belowtheroot. Let be the conclusionof that inference Thenthere is an
transitionfromG to someG sudh that at  s(G).

Proof. Let betheinto equationand  bethefrom equation.Thenthereis asubtern¥ of  which
unifieswith onesideof . In thegraphtheremustbeaunificationedgebetweerthenoderepresenting
andthenoderepresentinghesideof  whichunifieswith ¢. Theremustbea subtermedgebetweerthe
noderepresentingheimmediatesuperternof ¢ andthenoderepresenting. Therealsomustbearewrite
edgebetweerthenodesrepresentinghetwo sidesof . Thereforethereis an configuration.By
theabove agument,we seethatthenew edgeaddedcreateghe conclusionof theinferencebetween
and

Theinferencemustbe performedfor every possiblevalueof s( )and s( ). Thevalues
of s( ) and s( ) aremodifiedwhennen subtermedgesare addedto the graph. So the
inferenceneeddo bere-performedor thesenew values.

Thesecondnferenceruleis calledan RUR transformatiorandcorrespond$o a critical pairwhere is
therootpositionof in thecritical pairrule.

Thisis anexampleof anRUR transformationLet G bea SOURgraphshavn in Figurel1(a)(every-
thingis thesameasin Figure9(b) excepttheunificationedge).

R B N AN ) R e S

Fig. 11: Exampleof RUR transformation.
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Since( containsarewrite edgefrom  to , aunificationedgebetween anditself, we adda nev
rewrite edge from toitself asshavn in Figurell(b).
This RUR transformatiorcorrespondso the BasicCritical Pair inference

The definition of the RUR inferencerule, referringto Figure 12, is asfollows. Let be a rewrite

edgebetweennodes and , be a rewrite edgebetween and and bea unificationedge
betweemodes and suchthat ( y=, ( )y=, ( )y=, ( )y=,
( )= and ( )= .Supposehattermst s( )t s( ),
t s( ) andt s( ) exist. Thentherewrite edge is addedo thegraph
between and asinFigurel2,if issatisfiablewhere
=@t =t ) ( )

and is afreshrenaming.

Fig. 12: RUR transformation.

Thelabelson will be ( )=, ( )= ,and ( )= .
Let usanalyseheinferencethatwasperformedhere.An inferencewasperformedat theroot of some
termin anequation.Thetermthattheinferencewentinto is ¢ s( ). Thisis apartof the

constrainecquation
t =t )

whichis representedy edge
Thefrom equatiorthatis usedn thisinferences thatrepresentetlyedge . Itist =~
. Thisfollowsdirectly from thedefinition. We needto do aninferencebetweerthis equation
andthe onefrom the previous paragraphWe needto considera renamingof this equation suchthatno
variablesarein commonwith the otherone.Considettherenaming . Thereforetherenamedquation
is(t =t ) . This hasno variablesin commonwith the otherequation,
becausef thefreshrenaming , whichthe otherequationdoesnot use.
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Thereforeheinferences thefollowing:

t =t ) t =t )
t =t )

We shaw thatthe conclusionof this inferenceis representeih the graphby consideringhe equation
representedy . We know thatt s( ) andt s( ). Therefore,
representtheequation

t =t )

whichis exactly theequatiorthatis the conclusionof theinference.
The abore agumentleadsto the following lemmas. The first lemmawill be usedin our soundness
proofin the next section.

Lemma3 LetG beagraphandlet G betheresultof performingan inferenceon GG. Thenead
equationin at  s(G)isimpliedby at  s(G).

Proof. Let beanequationin at  s(G). Wewanttoshavthat isimpliedby at  s(G). If

at  s(G)then isobviouslyimpliedby  at s(G). Sosupposehat at  s(G).
Then mustbeanequationformedusingthe edgecreatedoy the transformation.Theabove ar
gumentshows thateachsuch is aresultof aninferencebetweentwo equationsin at  s(G).

Therefore, isimpliedby at  s(G).

Thesecondemmawill beusedin thecompletenesproofin thenext section.

Lemma4 Supposehat and are equationsin at  s(G) sud that ther is an inference
between and at theroot. Let be the conclusionof that inference Thenthere is an
transitionfromG to someG sud that at  s(G).

Proof. Let betheinto equationand  bethefrom equation.Thenonesidet of unifieswith
onesidet of . Inthegraphtheremustbe a unificationedgebetweenthe noderepresenting and
thenoderepresenting . Theremustbe a rewrite edgebetweerthe nodesrepresentinghe two sidesof
, andanotherrewrite edgebetweerthe nodesepresentinghetwo sidesof . Thereforethereis an
configuration.By the above agument,we seethatthe new edgeaddedcreateghe conclusionof
theinferencebetween and

Theinferencemustbe performedior every possiblevalueof s( )and s( ). Thevalues
of s( ) and s( ) aremodifiedwhennew subtermedgesare addedto the graph. Sothe
inferenceneeddo bere-performedor thesenew values.

6 Completeness and Soundness

In this section,we shav that SOURCompletionis soundandcomplete.Let beasetof equationsWe
shav thatsaturating? a () with respecto thegraphtransformationulesresultsin agraphGG. which
representthesaturatiorof  with respecto the BasicCompletioninferencerules.

We needto modelwhathappensn the completionprocessTo do that,we mustfirst definethe notion
of redundancy A redundantequationis onethatis implied by smallerequationsthereforeit may be
removed. For instanceasimplifiedequatiorbecomesedundantMoreformally, if  isagroundequation
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and isasetof groundequationsthen isredundanin if thereexist equations , | such
that

1. forall , .

2. istruewheneer , aretrue.

For a non-groundterm, we give a sufficient definition of redundang, which is aninstanceof the one

definedby Bachmairet al. [2]. If is a non-grounderm, we saythat is redundanin  if
for all instances  of where = s( ), thereexist ., andinstances
of where s( ) for each suchthat
1. forall , .
2. is truewheneer C aretrue,and
3. forall , everytermt? a () isasubtermof sometermt¢ a ().

In this paperwe do not actuallyneedthe notion of redundang Normally it is neededn acompletion
procedureo dealwith simplification,but we have notpresentedimplificationin thispaper Simplification
is basedn orderingswhich we alsohave not presentedh this paper It is possibleto useorderingsand
simplificationin SOUR Graphs but the notationthenbecomeseven more comple thanit is now. We
chosenotto includethemto simplify the paper but we still includeredundang to have theframevork so
it is possibleto addsimplificationlater Also, this hasbecomethe standardvayto presenKnuth-Bendix
Completion.

Wedefineacompletiorderivationasin Bachmairetal. [2] andNieuwenhuisindRubio‘citeNieuvenhuisR-

ESOP92A completionderivationfrom  is a(possiblyinfinite) sequencef equations , , such

thatfor , is formedby addinganequations = ¢ suchthat =s~t or removing

anequations = ¢ suchthats = ¢ isredundantn . Let = . An equation

s~ t is definedto be persistent A completionderivationis fair if all inferencesamong

persistenequationsareredundantn . A sufficient conditionfor fairnesds thatall non-redundanin-

ferencesamongpersistingequationsareeventuallyperformed.A completionderivationis soundif each
is logically equivalentto . A completionderivationis completef is canonical.

A practicalcompletionprocedures an example of a completionderivation, becauseeritical pair in-
ferencesadd equationswhich follow from existing equationsand simplificationsadd equationswhich
followsfrom existing equationsandremove redundanequations.

Let be aninferencesystemwhich performsthe basiccritical pair rule andbasicsimplification
rule undersomestratgy. We have the following resultfrom Bachmairetal. [2] and Nieuwenhuisand
Rubio‘citeNieuvenhuisR-ESOP92:

Theorem1 Let , | be a completionderivationfrom , with the inferencerules . The
derivationis sound. Furthermoe, if the derivationis fair, and all constaintsin are , thenthe
derivationis complete

SOURCompletionaccordingto somestratgy alsodetermines theoremproving derivation. Givena
setof equations , wetransform intothegraphG « ( ). Thencontinuallyaddedgedo thegraphas
aresultof anSURor RUR, transformationCall thisinferencesystem . It determines.completion
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derivationbecauseachgraphcreateccanbe seerasasetof equationsisingthe s function.An edge
in the SOURGgraphis persistenif it is addedandnever removed. Wewill define to befair if every
transformatioramongpersistenedgeds eventuallyperformed.

We startwith aresultto indicatehow the setof equationshangeavhenaninferenceis performedon
thegraph.Thelemmashaws thatevery transformatioron the graphcorrespond$o a seriesof stepsin a
completionderivation. Thisimpliesthatourinferencerulesaresound.

Lemma5 LetG beagraphandlet G betheresultof performingan SURor RUR transformatioron G.
Thenead equationin at  s(G) isimpliedby at  s(G).

Proof. Thisis immediatelyimplied by Lemmasl and3.

The next lemmais usedto show thata fair SOUR graphinferencestratgy is alsoa fair completion
derivation. Thisimpliesthatour inferencerulesarecomplete.

Lemma6 Supposehat and are equationsin at  s(G) sud that ther is an inference
between and .Let betheconclusionofthatinference Thentheris an transitionfrom
G tosomeG sud that at  s(G).
Proof. Thisfollowsimmediatelyfrom Lemmas2 and4.

We can definea SOURderivationfrom a graphG = (V, ) to be a (possiblyinfinite) sequence
of graphsG ,G , , suchthatfor , G is formedfrom G by performingan SUR or RUR
transformation.Let eachG = (V, ), anddefineG = (V, ),where = A

SOURderivationis fair if all SURandRUR transformationn G have beerperformedn thederivation.

A SOURderivationis soundif at  s(G ) islogically equivalentto at  s(G )forall . A

SOURderivationis completef at  s(G ) iscanonical.
Thecompletenestheorenfollowsimmediatelyfrom the previoustwo lemmas.

Theorem 2 LetG ,G, beaSOURderivationfrom(G . Thederivationis sound.Furthermoe, if the
derivationis fair, andin G all edgeshavea constaint , thenthederivationis complete

Proof. Lemma5 impliesthatthe SOURderivationcorrespond$o a completionderivation. Thereforethe
SOURderivationis sound.Lemma6 ensureghatif the SOURderivationis fair thenall non-redundant
critical pairsin at  s(G ) areperformed.Thereforehe SOURderivationis complete.

7 Preliminary Results on an Implementation

We arein the procesof implementingthe SOUR graphinferencesystem. The implementationis writ-
tenin C++, usingthe LEDA packageof the Max PlanckInstitute[5] to implementthe graphicaldata
structuresTheimplementations now working for the completionof groundterms.We give someimple-
mentationdetailsandexperimentaresultsfor groundcompletionfor ourimplementation.

In the implementationye storethe SOURgraphin a graphstructureprovided by LEDA. The terms
arereadin andstoredin the graphusingthe maximumamountof structuresharing.Unificationedgesare
addedasthe termsarecreated.All thisis donein a bottomup fashion. We performSOUR completion
by making several passeshroughthe graph. In eachpasswe performsometransformations We stop
whenall thetransformationfiave beendone.A pasghroughthegraphconsistof choosingewrite edges
oneby one. For eachrewrite edge we first try to performRUR inferencesnvolving thatedge. Thenall
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SURinferenceaisingthatedgeare performed.As new subtermedgesareadded new unificationedges
may alsobe added.In the groundcase thingsare muchsimpler becausave do not needconstraintsor
renamingsAlso, simplificationsareeasyto perform. EachSURandRUR transformatiorcorrespondo
asimplification,andan edgeis deletedn eachtransformationThis alsomeanghatwe keeporientation
information, which is createdand updatedat the sametime asthe unificationedgesare. We canalso
collapsetwo nodeso onewhenthey represenexactly the sameterm.

First, we notethat groundcompletionusing SOUR graphsalwaysneedsonly a polynomial spaceto
storethe system. This is easily seen,becauseén the groundcase,without constraintsand renamings,
therecan only be edgesof ary type, where is the numberof nodes. This is true, because
thereare never two edgesof the sametype betweenary two nodes and . However, the standard
completionalgorithmmay usean exponentialamountof space.Considerthe setof rewrite rulesa
fla ,a), ,a fla ,a ), f(a ,a) b, withtheorderinga a  f b.Underthis
ordering,thecompletedsystemcontainsanexponentiallylarge equation. Of coursejt couldbeavoided
by structuresharing.But thatis whatis so nice aboutthe SOURgraphtechnique.The structuresharing
is automatic.

Table 1 gives someexperimentalresultsof our implementatiorcomparedvith OTTER [7]. All the
experimentavereperformedon a Sun4Sparcstation.We usedversion2.2 of OTTER. All theresultsare
listedin secondsThefirst columngivesthe nameof theproblem.Thesecondolumngivesthenumberof
secondseededor completionusingour system.Thethird columngivesthenumberof second©OTTER
requiredor completion.It is difficult to find examplesin theliteraturefor groundcompletion.Therefore,
someof our examplesaretakenmostlyatrandom.This is the casefor problemsdc2anddata3 Problem
s4is adaptedrom aproblemof grouptheory for thesymmetricgroupof degree4. Problemgcd 4.8_10is
thesetof equations f (a) = a, f (a) = a,f (a) = a . Completinghissystems equialentto finding
thegreatestommondivisorof 4, 8 and10,whereq is zeroand f is thesuccessadiunction. Problemgnprs
is takenfrom Gallieretal. [8], wherethey usedit to illustratetheircongruencelosurealgorithm.Problem
counterbis takenfrom Gallier et al. [8] and Plaistedand SattlerKlein [6], whereit is usedto illustrate
that completioncan take exponentialtime even with structuresharing,if a properstratgy is not used.
Thestratgy OTTER usesdoesnot have this badbehaior. Finally, problemexpf6is anadaptatiorof the
examplegivenabove shaving thatcompletioncangeneratexponentiallylargeterms.

Table 1: Experimental results
Problem SOUR OTTER
gcd4.810 0.43 0.67

gnprs 0.45 0.91
data3 1.04 1.42
counter5 0.45 1.81
dc2 1.04 2.46
s4 2.12 6.31
expf6 2.98 *

In mary otherexamples,SOURcompletionand OTTER hadsimilar runningtimes. SometimesQT-
TERwasalittle fasterbecausef its efficientimplementation.

This examplds alsogivenin PlaistedandSattlerKlein [6].
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We do not claimtheseresultsasconclusve evidenceof our method.But we areencouragedy thefact
thatourimplementatiorcomparegavorablyto OTTER. The*' in thelastrow of thechartindicateshat
OTTER wasunableto prove this theorembecauset ran out of memory This confirmsthe theoretical
resultthat OTTER generategxponentiallylargetermsin this example.Our conclusioris thatour results
compardavorablywith OTTERin mary casesandthatin somecasest performsmuchbetter Sinceour
non-groundmethodis an extensionof the groundmethod we expectthatthe resultswill continueto be
goodin thenon-grounctase.

8 Perspectives

Oneof our claimsis thatSOURgraphamplementcompletionin amorefundamentaway, therebyallow-
ing usto examinethe completionproceduramoreclosely In this sectionwe give evidencefor thatclaim
by shaving how someimportantopenproblemsin the field of completioncanbe solved using SOUR
graphs.This includesthe problemof constructinga fine-grainedconcurrentcompletionprocedureand
the problemof constructinga goal-directedcompletionalgorithm. We also explain how to useSOUR
graph-basedtructurego completdfinitely presentedroups.

8.1 Fine-Grained Concurrent Completion

Parallelismis an importantproblemin completion,andin theoremproving in general. The goalis to
parallelizethe completionprocedure so the work is divided amongdifferent processorsmaking the
proceduranoreefficient. Simplificationis usefulfor keepingthe searchspaceof a completionprocedure
small. In orderto handlesimplification,parallelcompletionprocedureseedto have somekind of global
storeor globalcontrol. In otherwords,theremustbe somegloballocationwhich all processoraccessn
orderfor an equationat oneprocessoto simplify anequationat anothermprocessorOr, theremustbe a
mastemwho controlseachof its slave processorsin atrue concurrenproceduregachprocessowould be
ableto actonits own, with only somemessag@assingetweerit andsomeneighborprocessors.

Anotherquestionaboutparallelismis the granularityof the piecesinto which the problemis divided.
Othercompletionproceduresisecoarsegrainproceduresyhereaprocessocontrolsawholeequation A
fine-grainedproceduravould beableto divide up thesearchspacdurthersothateachprocessocontrols
relatedsubtermsratherthanawhole equation.

SOURgraphscanbe usedto createa truly fine-graineccompletionprocedurewith no global control
or store,andwith the searchspacebrokendown into fine-grainecpbieces.Theideais very simple,andis
presentedby Kirchneretal. [9]. In the SOURgraph,nodesareprocesseandedgesarecommunication
links. This allows for a truly local procedure.Eachprocesshasonly alocal view of the graph. It only
knows aboutwhich nodesareconnectedo it by anedgein thegraph.The graphtransformationshatare
describedn thispaperarelocal graphtransformationsln otherwords,only localinformationis necessary
to detecta configurationt is not necessaryo know whichequationsreinvolved,only thatlocal patterns
areformedin thegraph.

In the concurrenproceduretherearethreekinds of operationghatmustbe performed:

Unificationmustbedetected.
Orientationmustbedetected.

SURandRUR configurationsnustbedetectedandprocessed.
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Theseoperationcanall be performedn parallelby messag@assingoetweemodesof thegraph,along
the edgesof the graph. To detectthattwo termsareunifiable, it is necessaryo know that the subterms
areunifiable. Therefore jnformationmustbe passedrom thefinal nodeof a subtermedgeto theinitial
node,if the unificationof the subtermss possible. The initial nodeusesthe informationfrom all its
subtermgo decideif the top termsare unifiable. Orientationis similar. We usethe lexicographicpath
ordering. Supposave have a node suchthatthe setof subtermedgeswith initial node have afinal
nodein theset , | , andanothemode suchthatthe setof subtermedgeswith initial node
have afinal nodein theset |, | . Thenthe orderingbetweentwo termsatnodes and isa
functionof the orderingsbetweerthetermsat(i) and , , (i) and , , and(iii)
., and , . Nodescandetermingheir orientationin relationto otheredgesandpass

thatinformationup alonga subtermedgeto its parentedgeto determinahe orientationof thewholeterm.
Finally, configurationscan be detectedby passinginformation amongthe nodesof the configurations,
throughthe subterm,unificationandrewrite edgesthat exist in the configuration. Whena new edgeis
createdthisinformationis passedrom the creatorof the new edgeto thenodeattheotherend.

The completionprocedurds just a matterof performingthesethreeoperationsn paralleleverywhere
suchan operationexists in the graph. All this would not be possiblewithout the fundamentakliew of
SOURgraphs.

8.2 Goal-directed Completion

The main benefitof the completionprocedures thatit is basedon orderings. The orderingsare used
to direct the inferencesso that the conclusionof aninferenceis smallerthanone of the premises.In
this way, mary unnecessarinferencesareavoided. This resultsin a big reductionof the searchspace,
suchthatin mary caseshe procedurewill halt. In thosecasesthe completedsystemformsa decision
procedurdor solvingtheword problemof the equationatheorywhich wascompleted.

Themaindisadwantagef thecompletionproceduras thatif thereis aparticularequationwhichwe are
trying to solve (thegoal), thenthereis noway to usethe goalto determinewhich critical pairsneedto be
created.The completionproceduragnoresthe goal, andcreateghe samecritical pairsno matterwhich
goalis trying to be solved. Nobodyhasever beenableto definea procedurevhich usesthe goalin ary
way, muchlessdefinea proceduravhich startswith the goalandworksbackwardgo initial equations.

The problemof defininga goal directedcompletionprocedurds the problemof modifying the com-
pletion procedurego be goal directed,suchthat the orderingsare still usedto restrictthe searchspace.
Thereis agoaldirectedprocedurdor solving E-unificationproblemdq10] (calledGeneal E-Unificatior),
thatdoesnotuseorderings.Thatprocedurestartswith the goal,andthenusesequationgo createanother
equivalentgoal, until anidentity is reached. But the fact that it cannotuseorderingslimits its effec-
tiveness.Supposehe equationatheoryis f(a) ~ a , andthegoalis a ~ b. This procedurewould
createanew goal f(a) = b because: equalsf(a), thenfrom the new goalit would createanothergoal
f(f(a)) = b, etc. It would createinfinitely mary subgoalsandit would never halt, eventhoughtthegoal
is obviously nottruein thetheory We canalsoconsidetanexamplewherecompletionwould notperform
well. Supposeve hadthe equationatheory f(f( )) = (f( )) andthegoala = b. Thecompletion
of f(f( )~ (f()) creatednfinitely mary equationsgventhoughthegoala ~ b is obviously not
truein thattheory Thesetwo examplesillustratethe needfor a goal-directedcompletionprocedure.

In Lynch[11], agoaldirectedcompletionprocedurés given,basedn SOURgraphs.This procedure
usesthe ideathat the completionprocedureusing SOUR graphssometimesproducesinfinitely mary
edgesbutthenumberof nodesneverexpands sothereareonly finitely mary nodesn thegraph(actually
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nomorethanthesizeof theinitial problem).This meanghatif we ignorethe constraintsaandrenamings,
thenthereareonly finitely mary edgesn the graph. It is possibleto modify the SOURgraphinference
systemto have a kind of recursve constraints.The constrainton an edgeis definedin termsof which
edgesthe constraintis inheritedfrom, but the actualvalue of the constraintis not calculated. It is not
until all the edgeshave beengeneratedthat the proceduretries to calculatethe actualvalue of all the
constraints. The constraintamay be recursve, becausehe value of the constrainton edge  may be
definedn termsof theconstrainof edge , whichisin turndefinedin termsof theconstrainbf edge
for example.

The goal-directedcompletionprocedurehastwo phases. The first phaseis the compilationphase.
In this phaseall the edgesandthe recursve constraintdabelling eachedgearecreated.This phasealso
takesinto accounthegoalto besolved. Importantly this phasdakesonly polynomialtime, becaus¢here
areonly polynomially mary edgesn thegraph. Theresultof this phases a constrainedreeautomaton
representingschematizedersionof thecompletedsystemandasetof constraintsepresentingotential
solutionsto the goal. The constraintghatare generatedre the equationalconstraintsepresentinghe
unificationproblems andorderingconstraintsarisingfrom the critical pairinferences.

Thesecondhasés thegoalsolving(or constrainsolving) phaseIn this phasethepotentialsolutions
to the goal aresolvedin orderto determinef they areactualsolutionsof the goal. This phasecantake
infinitely long, sincethe constraint@rerecursve. Stepby step,a constrainis rolled back,basednwhich
edgest is createdrom, andthe equationabndorderingconstraintsare solved alongthe way. In some
casesthe orderingconstraintscausethe recursionto halt, andthereforethe constraintsare completely
solved.

Theproceduras truly goaldirected becaus®nly a polynomialamountof time is spentcompilingthe
setof equations.Therestof the time is spentworking backwardgrom the goalto solve the constraints.
If the procedures examinedmore closely we seethat the secondphaseof the procedurds exactly a
backwardgrocesof completion.A schematizatiof anequationin the completedsystemis appliedto
the goal, stepby stepuntil it rewritesto anidentity. At the sametime, the schematize@quationthatis
selecteds workedbackwardauntil we reachthe original equationsrom whichit is formed.

8.3 Group Completion

The problemof definingspecializedrocedurdor completionin particularequationatheoriesis impor-
tant. Much attentionhasbeengiven to the theory of associatiity and commutatity, to give special
unificationprocedureswith the intentionof avoiding critical pairs usingthe associatiity or commuta-
tivity axiom. Grouptheoryis an especiallyimportantequationatheory becausét hasso mary natural
applications. In particularthe problemof the completionof groundequationsmodulogrouptheoryis
important. A finite setof groundequationsn group generatorss calleda presentatiorof a group. A
groupis finitely presentedf it hasafinite presentatiomndfinitely mary generatorsFinitely presented
groupsareusedfor problemdike networkrouting. Theword problemis undecidabléor finitely presented
groups Finite groupsareasubclas®f finitely presentedroupsfor whichtheword problemis decidable,
but the completionalgorithmis very inefficient.

The work of Le Chenade¢12] is significant,becausét shavs a way to completefinitely presented
groups,while avoiding critical pairsinvolving group axioms. The work of Le Chenaded12] canbe
implementedy addinga new setof inferencerulesto thecritical pair axiom,which arenotasprolific as
critical pairsinvolving groupaxioms.But the searchspacés still very big.

In Lynch and Strogova [13], we give a solutionto the finitely presentedyroup completionproblem
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thatis inspiredby SOUR graphs,while using a differentdatastructure. The idea of the paperis to
develop a specialgraphicaldatastructurefor finitely presentedjroups thatallows theinferencerulesto
be performedby local modificationsof thatgraph,exactly asin the SOURgraphapproachTheresultis
anew graphstructure calledPatchgraphs.

ThemainideabehindPatchgraphds thatthetree(or dag)datastructurds notidealfor groups.Group
elementsanberepresentedsstringson a generatingset,but thatis not efficient enough becausehey
have morestructurethanthat. Theassociatiity letsthemberepresentedsstrings.But to takeadwantage
of grouppropertiesit is betterto representhemascycles.An equations & ¢ is equivalentto theequation
st = . Thiscanbe shiftedto represenmary differentequationseachrepresentetly the samecycle.
For Patchgraphs,we takethe inverseapproacito SOURgraphs.In otherwords,edgesarelabelledby
symbols,insteadof nodes. We reada term by concatenatinghe symbolson the edges. Therefore the
edgesare calledconcatenatioedgesnsteadof subtermedges.Inferencerulesaddnew edges)abelled
by the emptyword, to the graph. In Figure 13(a),we show a cycle representinghe equationab ~ ¢ .
Becauseof the group structure,the equationab ~ ¢ is equivalentto equationsh a = c
a exb ,ande ax b .All oftheseequationsmrerepresentetly thecycle givenin Figurel3(a).
Furthermorethesecyclesmakethebasicinferenceulesfor finitely presentegroupcompletiornvery easy
to perform.

a)

——= concatenation edges

----->  matching edges

“
o
ol
N

Thecritical pair rule consistf matchinga pathin onecycle with a pathin anothercycle, andcreating
anew cycle by addinganedgebetweerthebeginningnodesof the matchingpathandthe endingnode sof
thematchingpath. This simultaneouslgompute<ritical pairsbetweerequivalentequationgepresented
by thetwo cycles. In Figure13(b), we shaw a critical pair betweernb =~ ¢ andb = , resultingin the
new cycle representing = ¢ . Thenew concatenatioedgeshatareaddedarelabelledby the empty
word .

9 Conclusion

In this paper we have introduceda new graphicaldatastructureto usefor performingcompletion. It

providesmaximalstructuresharing sothatall termswith thesameancestoarestoredtogether Therefore,
aninferenceon onetermautomaticallyperformsthe sameinferenceon all termswith the sameancestar
We do this by saving equationdn a SOUR graph,and performinglocal graphtransformation®n the
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SOURgraphasinferencerules. Eachtransformatioraddsa nev edgeto the graph,andpossiblydeletes
anold one.Thenew edgesarelabelledwith unificationconstrainteaindvariablerenamings.

The earliestrelatedwork on efficient methodsof completionis the thesisof Dexter Kozen[14]. In his
thesis,he gave a methodbasedon congruencelosureto solve the word problemfor groundequations
in polynomialtime. His methodwasextendedin Gallier et al. [8], which gave a completionalgorithm
thatrunsin () time. This wasfurther extendedin Sryder [15], which improved the runningtime
of the algorithmto  ( ( ). However, thesemethodsonly work for the groundcase andwerenot
extendedto the generalcase. Our work canbe seenasan extensionof the congruencelosuremethod
to the non-groundcase. It is basedon the resultof Lynch [4], which givesa generaltheoremproving
method thatis polynomialwhenreducedo the caseof groundcompletion.This papemwasbasednthe
recentcompletenessesultsfor BasicParamodulation[2, 3]. Our currentpaperis the resultof tailoring
the methodof Lynch[4] for the caseof completion. We have developeda systemwhich caneasilybe
implementedbecaus¢heinferencerulesarespecifiedasgraphtransformationsTheexperimentakesults
we give suggesthatthemethoddoeswork well in practice.Recently PlaistedandSattlerKlein [6] have
shavn thatcompletioncanbeperformedn polynomialtimeif structuresharings usedandtheinferences
areperformedwith a certainstratgy. We have not seenary experimentalresultsof their idea, but we
expectit will alsoperformwell.

We believe thatthe SOURgraphdatastructurewill resultin moreefficientcompletionproceduresand
we arecurrentlyin theprogresof implementingt. Furthermorewe believe thatSOURgraphsprovide a
methodto examinethe CompletionProcedurenorecloselyandwill beusefulin otherapplications.
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