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This paperpresentsa new systematiapproachfor the uniform randomgeneratiorof combinatorialobjects. The
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1 Introduction

An objectgrammardefinesclasse®f objectsby meansf terminalobjectsandcertaintypesof operations
appliedto the objects.It is mostoftendescribedwith pictures.For instancethe standardlecomposition
of completebinary treesis an objectgrammar(Figure 1). The formalismgiven herefor objectgram-
mars[6, 7] generalizeshe onefor contet-freegrammarsAn importantapplicationof thesegrammarss
asystemati@pproactior the specificatiorof bijectionsbetweersetsof combinatoriabbjects(se€[7]).

Thepaperoutlinesanotheiimportantapplicationof the objectgrammarsa systematienethodfor gen-
eratingcombinatoriabbjectsuniformlyat random Thework liesin therecursivemethodramework; this
methodis to generateecursvely randomobjectsby endaving a recurrencdormulawith a probabilistic
interpretationThis generatiorprocessasbeerfirst formalizedby NijenhuisandWilf [11, 14,15]. They
have a generalapproach.They basethe recursve procedureon anagyclic directedrootedgraphwith a
terminalvertec andnumbereddgesgraphwhich dependsnthefamily of objects.Therecursve method
hasbeenalsoformalizedby Hickey andCohenin the specialcaseof context-freelanguage$10], andby
Greenewithin theframework of thelabelledformallanguage$9].

Recently Flajolet, Zimmermannand Van Cutsemhave given a systemati@pproachor this method
with specification®f structuresdy grammarsnvolving set sequenceand cycle constructiong8]. The
methodghatthey have examinedenableo startfrom ary hightlevel specificatiorof decomposablelass
and compile automaticaly procedureghat solve the correspondingandomgeneratiorproblem. They
have presentedwo closelyrelatedgroupsof methods:the sequentiallgorithms(linear search)which
have worst casetime compleity O(n?), when appliedto objectsof size n, and the boustophedonic
algorithms(bidirectionalfashion)which have worstcasetime compleity O(n logn).

The presentwork is a continuationof the researchof theseauthors. It is a systematizatiorof the
recursve methodbasedon the objectgrammars. It then extendsthe field of structureswhich canbe
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Fig. 1: Completebinarytrees.

generatedising suchmethod. Anotherimportantcontribution of this work is to considerthe random
generatiorof objectsaccordingto several parametersimultaneouslyandto considemot only algebraic
parametergi.e. thatleadto algebraicgeneratingunctions),but alsoparametershatleadto generating
functionssatisfyingg-equations The othermethodshave rarelydealedwith thesdatestparameters.

In section2, we review the necessargefinitionsfor objectgrammarsWethenprovide in section3 the
notionof ¢-linear valuations They formalizethebehaiour (on objectsdefinedby anobjectgrammar)f
parameterthatleadautomaticallyto ¢q-equationsatisfiedby the correspondingieneratingunctions.

Sectiord introducesour systematicandomgeneratiormethod.Givenan unambigou®bjectgrammar
anda corresponding-linearvaluation,it allowsto constructautomaticallythe enumeratiormnduniform
generatiorproceduresccordingto the valuation. Theseproceduresisesequentiablgorithmsandhave
worstcasdime compleity O(kl(k+1)), whenappliedto objectsof valuationz*¢', assumingheenumer
ationtableshave beencomputedoncefor all in O(k?1?) time (se€[6] for the generalkcaseof valuation).
If oneonly considersanalgebraicparamete(z*), the compleity is the sameasin [8], andthe boustro-
phedonicsearchcanbe used. Note that, asin [8], the compleity is relatedto the numberof arithmetic
operationsunit costis takenfor themanipulationof alargeinteger.

The pathtakenhereis eminentlypraticableandthe methodhasbeenimplementedn the Maple lan-
guage(packagenamedgAlGO). Section5 givessomeresultsobtainedwith this programconcerninghe
uniform randomgeneratiorof corvex polyominoesaccordingto the areaand planartreesaccordingto
theinternalpathlength. The packageCombStrugtwritten by P. Zimmermanngcannotstudytheseobjects
andthis type of parameterThe packageslAIGO andCombStructomplementachothers.In section6,
we finish by discussingsgomeideasanddirectionsof research.

2 Object Grammars

Let £ beafamily of setsof objects.An objectopemtion (in £) isamappings : 1 x ... x Fy — E,
whereE € £ andE; € & for i in [1, k]. It describegheway of building anobjectof £ from k objects
belongingto F1, ..., Eg, respectrely.

Thedomainof ¢ is F; x ... x Ej, denoteddy dom(¢), thecodomains E, denotedy codom(¢) and
theimageis denoteddy I'm(¢). Thei-th projectionF; of dom(¢) is calledacomponenbf ¢.

Example2.1. A parallelogranpolyominocanbe definedasthe surfacelying betweerntwo North-East
pathsthataredisjoint, exceptat their commonendingpoints(seeFigure?2) [5]. Let £, betheset
of parallelogranpolyominoes.

The mappings¢1, ¢» and ¢ illustratedin Figure 3 are objectoperationsn & = {E,,}. The
operationsp; and¢, areoperationsof arity 1 (£,, — Epp). Theoperationg; gluesa new cell
at the left of the lowestcell of the first columnof a polyomino. The operationg, addsa new
cell at the bottom of eachcolumnof a polyomino. The operationgs is an operationof arity 2
(Epp x Epp — Epp) ; it takestwo polyominoesasargument,appliess, to thefirst oneandglues
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Fig. 2: A parallelogranpolyomino.
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Fig. 3: Objectoperation®n parallelogranmpolyominoes.

themby onecell: thetop-cellof thelastcolumnof thefirst polyominofacingthe bottom-cellof the
first columnof thesecond.

Definition 2.1 Anobjectgrammaiis a 4-tuple< £,7,P, S > whee:

& ={E:}icr Iisafinite family of setsof objects.(l is a finite subsebf
IN).

T ={Tr, }icr s afinite family of finite subset®f setsof £, Ty, C E;,
whoseelementsre calledterminalobjects

P is a setof objectopelations¢ in £.

S is a fixedsetof £ calledthe axiomof thegrammar

Thedimensiorof anobjectgrammaiis the cardinalityof £.

Remark. Sometimes 3-tuple< &,7,P > is calledalsoobjectgrammar The axiomis choserlaterin
E.

In the following, the termsgrammarand opeiation will often be usedfor objectgrammarand object
opemtion respectiely.

The constructiorof anobjectcanbe describedy its derivationtree: internal nodesarelabelledwith
objectoperationsaandleaveswith terminalobjects. Thesederivationtreesarecomparablédo the abstract
treeswithin thetheoryof Compiling.

LetG =< &,7,P > beanobjectgrammarand E € £ a setof objects. An objecto is saidto be
geneatedin G by E, if thereis aderivationtreeof G on F (i.e. thecodomainof the label of therootis
E) whoseevaluationis o.

Thesetof objectsgeneratedy % in G is denotedoy O¢ (E). If S in £ is choserastheaxiomof G, then
O¢(9) is calledthe setof objectsgeneratedy G.
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Fig. 4: A derivationtreein G-.

Example2.2. Let'snoteO theone-cellpolyomino.Herearetwo examplesof objectgrammars:

Gl < {Epp}7{{D}}’{¢17¢2}’EPP >
and Gy = < {Ey,}, {{O}}, {61, 62, ¢3}, Epp > .

The parallelogranpolyominoof Figure2 belongsto O, (E,,), its derivationtreein G is given

in Figure4. ThesetOg, (E,,) is thesetof parallelogranpolyominoes.
ThesetOg, (E,,) is thesetof Ferrersdiagrams it is apropersubsebf parallelogranpolyominoes.

By analogyto context-free grammarsanobjectgrammarG is unambiguou#f every objectin O¢(.S)
hasexactly onederivationtree.Unambiguityis animportantpropertyfor building bijections.

Onecanalsodefineseveral normalformsfor objectgrammarsreduced1-2 or complete Thereduced
and1-2 forms extend usualnormalforms of contet-free grammars:the reducedand Chomslky normal
form. A grammaris saidto be reducedf every setof objectsE in £ is accessiblédrom the axiomand
Oc(F) # 0 ; it is saidto bein 1-2 form if all its operationsareof arity 1 or 2. The completeform is
specificfor objectgrammarsA grammaiis saidto becompletef O (E) = E for every setof objectsE
in & (generallyO¢(E) C E). For example thegrammarG's previously definedis completewhile G is
not. Thedetailson transformation®f objectgrammarsnto normalformsaregivenin [6].

Another Definition

A completeunambiguousbjectgrammar; =< &, 7, P, S > canbedescribedsasystenof equations
Y} involving setsof objects terminalobjectsandobjectoperationspr asa systenof graphic equations
Theequationglescribehe decompositiorof a setof objectsinto a disjoint unionof terminalobjectsand

imagesof operations:

YX=q k= Z e + Z ¢(Ei1,¢""’Eik,¢)

e,ETEl codom(¢)=E; i=1 "

=1,..,

For example theequatiorfor thegrammarG's generatingarallelogranpolyominoegpreviously defined

IS
Epp =0+ ¢1(Epp) + ¢2(Epp) + ¢3(Epp’ Epp)~

A schematicepresentationf thisgrammaiis givenin Figure5.
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Fig. 5: Schematiobjectgrammarfor parallelogranpolyominoes.

Expanded 1-2 form

Theautomatiomethodof randomgeneratiorpresentedn the paperis basedn the expandedL-2 form of
objectgrammars.

An objectgrammarG =< &,7,P > is calledin expandedl-2 formif, for every F in £, theequation
thatdefinest hasoneof theforms

EF=e¢e E=E+FEy, F= ¢(E1), FE = ¢(E1,E2).
Proposition 2.2 Everyobjectgrammarhasan equivalentexpandedL-2 form.

Proof To transformanobjectgrammairinto anexpandedL-2 form, it sufficesto changeall thesumsand
domaingof the objectoperationaving arity > 2 by addingsetsof objectsandidentity objectoperations
of arity 2. Thus,theequation® = ¢(F1, ..., Ei) is replaceddy the setof equations

E = ¢, (F1, Fr,), Fr, = ¢5,(F2, FE,), ..., FE,_, = 05, _, (Ex_1, Er).
In thefollowing, we will oftenusetheterm1-2form for expandedL-2 form.

3 Enumeration

Let K bearingandX = {z1,...,z,} asetof variables. Then K[X] (resp. K[[X]]) denoteghe setof
polynomialgresp.formal powerserie$ in thevariablesey, . . ., z,, having coeficientsin K.

Givenasetof objectsE, anobjectvaluation(on E) is amappingVy : F — K[X] satisfying
V(k1,....k,) EIN";{e € B/ < z* . . 2,5 Vg(e) > # 0} isfinite.

Consequentlythe generatindunction associateavith , Z Ve(e), is aformal power serieswhich lies

1=
in K[[X]]. It will bedenoteddy Vg (E).

Theorem3.1 LetG =< &, 7, P > beacompleteynambiguousbjectgrammarandv = {Vg : £ —
K[X], E € £} a setof objectvaluations.For all E in &, fromits equationin G

E = > e+ > B, .. Ey,), (1)
e€Tg codom(¢)=E
onecandirectly obtainthefollowing equation:

VE(E) = VE(TE) + Z VE((ZS(Eh,(b""aEZ'k,(b)) . (2)
codom(¢)=E
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Proof. Theobjectgrammalr(i is unambiguousindcompletegivenequation(1). Equation(2) is obvious,
sincewe have disjointunions.
O
Theobjectiveis to obtaina systenmof equationgor thegeneratingunctionsof the setsof thegrammar
Then,onehasto expressVe (6(Ei, ,, - - -, Fi, ) in termsof Vi, (Ey, ), ..., Ve, (Ei, ). This
depend®n the natureof objectvaluationsconsidered.

Example3.1. Let £, bethesetof parallelogranpolyominoesandconsiderthe following valuation:

Vwa: Epp —> IN[z,q]
e — CEwidtl'b(e)q
It is well-known that the generatingunction V,,, (£, ), denotedhereby f,.(z, ¢), satisfiesthe
g-equation(seefor example[3])

area(e)

Jwa(2,q) = 2+ 2qfwa(®, q) + fwa(xq,q) + fwa(2q,q) fwalz, q) .

The objectvaluationV,,, is calledg-linear. The generaldefinition of sucha valuationis detailed
below.

g-linear Object Valuations
LetX = {z1,...,z,} and@ = {q1, . . ., ¢- } betwo disjointsetsof variables.

Notations. z denoteshe n-tuple (z1,...,z,) andq ther-tuple (¢1,...,q¢,). If A is amatrix having
coeficientsin IN (A = (a;;), 1 <i<n,1 < j<r)then
o xg? = (x1q1™ g O T,
o for f(z,q) € K[[X,Ql], f(z,9)|,pga = flza?, q).
Let £, E1, ..., Ei be setsof objects,Vg, Vg, , ..., Vg, objectvaluationson £ 4, ..., E, respec-

tively, and¢ anobjectoperationwith codom(¢) = E anddom(¢) = Eq X ... x Ej.
VE is calledg-linear with respecto ¢ if it exists a polynomial, in K[X, Q] and matricesA;? for
i € [1, k] suchthat

k
VE(¢(61, C €k)) = )\¢ H VEl(ei)|z<_qu,¢ , for every (61, R ek) S dom(¢).
i=1

If ¢ isinjective then

k
Ve(@(Er, - Br) = A [T Ve (Bl pgars-
i=1

Corollary 3.2 If all theobjectvaluationsof v are ¢-linear, equation(2) of Theoem3.1becomes:

ik,

codom(¢)=E i=i1,¢
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Thisis asystemof ¢-equationsverethe unknovnsarethe generatingunctionsVg (F) for thesetsE in
E.

Example3.2. TheobjectvaluationV,,, is ¢-linearwith respecto the objectoperationss, ¢, and¢s.
Thentheequation

Vwa(Epp) = Vwa(D) + Vwa(¢1(Epp)) + Vwa(¢2(Epp)) + Vwa(¢3(Epp: Epp))

becomeshe g-equatiorseerbefore(fuyq(z, ¢) = Visa(Epp))

Jwa(2,q) = 2+ 2qfwa(®, q) + fwa(xq,q) + fwa(2q,q) fwalz, q) .

Special Case: Linear Object Valuations

Thelinear objectvaluationsare ¢-linear objectvaluationssuchthat, for every objectoperationg andall
i, A% = (0). Thesdinearvaluationsareexactly in the DSV methodologyframevork [2, 13], they yield
algebraigyeneratingunctions(se€[6]).

Object Valuations and 1-2 form

The proof of Proposition2.2 hasshaovn how to reduceobjectgrammarsn 1-2 form. The ¢-linear object
valuationsarevery well preseredthroughthis transformation.

Proposition 3.3 If v is a setof ¢-linear objectvaluationsassociatedvith an objectgrammayit is possible
to constructan equivalensetof objectvaluationsassociatedvith its 1-2 form.

Proof. RecallthatanequationE = ¢(E1, ..., Ey) in thegrammaiis replacedby the setof equations
E = ¢g,(F1, Fr,), Fr, = ¢5,(F2, Fr.), ..., FE,_, = 05, _, (Fx_1, Er).
Concerningheobjectvaluationsjf we have

TzTq i

k
Ve(@(Er, o Er) = A [ Ve (B e,
i=1

thenwe define

Ve(or, (E1,Fr,)) = X VEl(E1)|M_IqA<f - Vrg, (FE,)
for i=2.. . k—2,
Vg, (FE,) = Vry, (85 (Ei, FE.,,))

= Ve(E)| e Ve, (FE)

rxq i

VFEk_l (FEk—l) = Vl”'}«:k_1 (¢Ek_1(Ek—1,Ek))

= VEk—l (Ek—1)| a® - VEk (Ek)| a?

Txq k-1 TTq k
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4 Enumeration and Random Generation Procedures

Not all objectgrammars& and possiblecorrespondingetsof functionsy leadto randomgeneration.
The couples(G, v) considerecherearewell-foundedi.e. eachsetof objectsgeneratest leastone ob-
ject, andit generates finite numberof objectshaving the samevaluations value (it is the definition
of anobjectvaluation). An algorithm performingthis taskis detailedin [6]. It is inspiredby works of
Zimmermanr{16].

In thefollowing, the studyis limited to the caseof ¢-linear objectvaluationshaving valuesin the set
of monomialsdenotedoy Mon[X, Q]. Moreover, X and(@ containonly onevariable: X = {z} and
@ = {q}. Thecompletecasess detailedin [6].

4.1 Enumeration Procedures

LetG =< &,7,P > beanobjectgrammaiin expandedl-2formandv = {Vg : E — Mon|z,q], E €
£} asetof ¢-linearvaluationssuchthatthecouple(G, v) is well-founded.
Thegeneratingunctionof a setof objectsE is denotedvy

Ve(BE)= Y en(K,L)2"¢".
K L=0

Theorem4.1 (i) Thecoeficientscr (K, L) are givenby thefollowing formulas:

e F =e, then
if Ve(e)=2"¢" thenep(K,L)=1 else0,

o F=F, +E2,then
cp(K,L)=cp,(K,L)+ cg, (K, L),

o F = ¢(F1) with Vi (¢(F1)) = a*oglo Vi, (E1)] then

gl

CE(I{,L) = CEg, (I\r — kO,L — lo — (I\r — ko).al),

o F = ¢(E1, EQ) with VE(¢(E1, Ez)) = ;L‘koqlu VE1 (El)l VE2 (E2)|:c<—1:q”2 , then

Trql

K L
cp(K,L) =" cp,(i,§).cn,(K —ko—i,L —lo — i.ay — (K — ko — i).a3 — j).

1=0 j=0

(ii) Thecomputatiorof all the coeficientsup to thevaluez*q¢' needsO(k%(?) arithmeticopesmtions.

Proof. Thedetailsof thealgorithmcomputingthe coeficientsin O(k2I?) time aregivenin [6]. O
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4.2 Generation Procedures

With eachsetof objectsE of the grammaiis associate@ procedurgyg having parameteré and!, and
generatinguniformly atrandom)anobjectof £ having thevaluationz* ¢'. More preciselythis procedure
constructghe derivationtreein thegrammar It depend®n the form of the equationwhich definest' in
theobjectgrammar:

e F/ = e. Theprocedurgg istrivial :

gr :=Prodk,l)
If Vi(e) = z*¢' Then Returne
End Proc

e I = FE; + F5. Theprocedurgyr mustgeneratean objectbelongingeitherto £, or to £5. The
probabilitythatthis objectbelonggo F; is equalto cg, (k,1)/cr(k,1):

g :=Prodk,l)
U := Uniform([0, 1]);
If U < cg,(k,1)/ce(k,l) Then Returngg, (k,!)
ElseReturngg, (k, 1)
End Proc

o E = ¢(E1), with Vg (¢(FE1)) = zFoglo Vg, (E1) |z« pq=r - Thentheprocedurg g is very simple. It
returnsanobjectof £ obtainedby ¢ from anobjectof £ having thevaluationz? —#o gt —fo—(k—ko).a1.

g :=Prodk,l)
kk =k — ko ll:=1—1y;
Returng( gg, (kk, Ul — kk.aq))
End Proc

o E = ¢(Ey, Ea), with Vg(¢(E1, E2)) = 294" Vi, (E1)|, Cpgar Vs (F2)lppqes- The proce-
dure g must generatean objectof £ obtainedby ¢ from an object of £; and an object of
E5 which respectthe definition of the valuations. The probability for the objectof F; having
the valuationz® ¢* andthoseof F, having the valuationz? —*o—K gi—to—K.a1—(k—ko—K).a2—L jg
ep, (K, L).cp,(k—ko— K,l—ly— K.a1 — (k— ko — K).a2 — L)/cg(k,!). Theproceduras:

g :=Prodk,l)
kk =k — ko ll :=1—1y;
S:=cp, (0,0).cp, (kk,ll — kk.as)/cr(k,1);
K =0;
U = Uniform([0, 1]);
While U > S Do
K=K +1,
T:=ll—-K.a, — (]Ck — I{)CL‘Z,
L:=0;
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Random generationalgorithm:
Input: acouple(G, v).
Output: procedures$or generatinghe objectsgeneratedby G atrandom.

* Transform( into 1-2 form = (G, vq).

* Verify that (G, vo) is well-founded elseerror.

* For eachsetof objectsV in GGy, createtheenumeratiomprocedure:,
thencomputeall the coeficientsupto rank (&, 1).

* For eachsetof objectsF in G, createhegeneratiorprocedureg g
asindicatedabove.

Fig. 6: A randomgeneratiorprocedure.

While U > S And L <[ Do
L=L+1;
S=S+eg (k) .cp,(kk— K, T—L)/ce(k,!);
End While
End While
Returng( gg, (k,1), gr,(kk — K, T — L))
End Proc

Theorem 4.2 Theworstcasetime compleity of the geneation proceduesis of O (kl(k + 1)) arithmetic
opem@tions.

Proof. A randomgeneratiorprocedureconsistsn constructingecursvely a derivationtreein G. This
treeis binary becausé? is in 1-2 form. Thesizeof the derivationtree of anobjecthaving the valuation
z*q¢! is proportionalto k + I. The generatiorof a vertex of the tree hasa maximalcostof O(kl) (the
loopsof theprocedure) Thus,the compleity of the generatiorof thederivationtreein theworstcaseis
O(kl(k +1)). O

4.3 Algorithm for Uniform random generation

Onecannow describean uniform randomgenerationprocedurefor the objectsof an objectgrammar
accordingo a setof ¢-linearobjectvaluationgFigure6).

The obtainedgeneratiorproceduregjive the derivationtreesof objectsin G, but notdirectlyin G. A
simpletransformatior(linearcostin O(k + !)) givesthe derivationtreesin (G. This postprocessindoes
not affect the conclusionf the complity studies.Futhermoreat the expenseof someprogramming
effort, it canbeeffected'on thefly’.

5 Maple package gAIGO

TheprogramgAIGO(in Maplelanguage)mplementghemethoddevelopedin the previoussectionsThe
packagegAlGO builds automaticallythe enumeratiorand generationproceduregrom a unambiguous
objectgrammaranda setof corresponding-linearvaluationgseethe anne of [6] for syntaxanduse).



Objectgrammarsandrandomgeneation 59

Fig. 7: A parallelogranpolyominoof arealO.

Theautomatimatureof thesoftwaregAlGOgivesaveryusefultool which makesasytheexperimental
study of variousstatisticson combinatorialobjects. In the following, we presentrelevant examplesof
randomgeneration.

Convex Polyominoes According to the Area

Hereis anexampleof experimentalstudiesusinggAIGO. It concernghe randomgenerationaccording
to the area,of differentclassesof convex polyominoes: parallelogrampolyominoes,corvex directed
polyominoesandcornvex polyominoes.

First,theexampleof parallelogranpolyominoes.t suficesto give asinputto gAIGOanobjectgram-
marthatgenerateshemandthe correspondin@bjectvaluationsthegrammarin Figure5 andthe valua-
tion V,,, definedin example3.1. Thusoneobtainghe enumeratiomndthe uniform generatioraccording
to thewidth (in z) andthearea(in ¢).

> wit h(qal go);
[compil e, countgo, drawgo, drawgoall]

# definition of the object grammar and val uati ons
> paralgo :={ P = cell + phil(P) + phi2(P) + phi3(P,P) }:
> paral val [[cell, 1, 1], [phil, 1, 1, [O]],

[phi2, 0, O, [1]], [phi3, O, O, [1, O]]]:

# construction of the procedures

> compi |l e( paral go, paralval, glinear, ldentity):

We arethenableto generateheseobjectsatrandom.More preciselygAIGOreturnsthederivationtree
of arandomparallelogranpolyomino.For example,

# generation of a polyom no having area 10
> drawgo( paral go, paralval, qglinear, P, 10);
phi 3( phi 1(phi 2( phi 2(phi 2(cellp)))), phil(phi2(cellp)))

It thensuflicesto evaluatethis derivationtreeaccordingto the objectoperationsandto write the poly-
omino undera form understoody the interfaceXAnimalof CallCo' [4, 12]; so we canvisualizethe
polyominoFigure?.

For the convex polyominoeswe usea muchmore complicatedobjectgrammar(of dimension9 and
with 34 objectoperationgd), but theprincipleis exactly thesameasbeforefor the parallelogranpolyomi-
noes.

T callCo offersa softwareervironmentfor manipulationsandvisualizationsf combinatoriabbjects;it allows thecommunication
of graphicainterfacesandcomputeralgebrasoftwaresuchasMaple
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Fig. 8: Randonyparallelogramandcorvex polyominoesf perimeter1 00.

Fig. 9: Randonyparallelogranandcornvex polyominoeof areal00.

Suchexperimentsshaved ushow thin the randomcorvex polyominoesaccordingto the areais. Ac-
cordingto the perimeterthey look morethick. Examplesof suchpolyominoesaregiven Figures8 and
9. We alsofind out thatcorvex polyominoesyandomaccordingto the area,have eithera north-eastpr
north-wesbrientation(asFigure9), with sameprobability onehalf.

To understandhe thin look of suchrandompolyominoesaccordingto the area,we computedaxper
imentally the averagevalue of two parametersthe heightof a columnandthe gluing numberbetween
two adjacentcolumns which is the numberof cells by which two adjacentcolumnsarein contact. Af-
ter generatingl 000 corvex polyominoeshaving areal00 and 1000 parallelograrmpolyominoeshaving
area200, we obtainthe following averagevalues:2,3 for the heightof the columns,and1,3 for the
gluing numberbetweertwo adjacentolumns.

Remark. Theresultfor theaverageheightof acolumn(2, 3 ) coincidesexactly with whatBendeil{1] has
obtainedusingasymptoticanalysismethods.

Thedifferenceof 1 betweerthesetwo averageparametersanbeexplainedsimply by noticingthatthis
differencehasfor limit the quotientbetweenrthe heightandthe width of the polyomino,whichis 1 by
symmetry

Planar Trees According to the Internal Path Length
A simple unambiguousbjectgrammarfor the planartreesis givenin Figure 10. The internal path
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Fig. 10: An objectgrammarfor planartrees.

Fig. 11: A randomplanartreeof size100.

length(ipl) of a treeis the sum of the distance=f all its nodesfrom its root. The g-linear valuation
Vipi : € — z0de (€)4iPl(e) |eadsto thefollowing g-equatiorfor thegeneratingunction

T(x,q) = v+ T(xq,9)T(2,q) .

Settingq to 1, we obtainthelinearvaluationfor the sizeof thetrees(thenumberof nodes).

Using gAIGO with the above grammarandthesetwo valuations,we areableto generateat random
planartreesaccordingto the size (seeFigure 11), and also, accordingto the internal pathlength (see
Figurel2). Thelatterhave aremarkabldook: they have avery smallheight.

6 Conclusions and Perspectives

Theinterestof our approacHiesin its generalityandsimplicity. Time compl«ity are‘computable’and,
atthe sametime, onegainsaccesdo the randomgeneratiorof arbitrarily complex objectsaccordingto

Fig. 12: A randomplanartreeof internalpathlength100.
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several parametersalgebraicor not. In the previous section,we shaved how it is possibleto usethe
packagegAlGOin orderto getconjecture®n someparametersf objects.A lot of studiescanbe done
for otherobjectsaspaths(accordingto the area) differentclasse®f trees(accordingto theinternalpath
length),... Theautomaticnatureof gAIGO makessuchstudieseasy

Concerninghe decomposablstructuresFlajolet, ZimmermanrandVan Cutsem8] have shavn that
the generatiorof a structureof sizen is in O(nlogn) by usinga boustophedonicalgorithminstead
of O(n?) by usinga sequentiabne. It would be interestingto makea similar analysisto seeif the
boustophedonigrinciple canimprove the compleity of our algorithmsof generatiorin the sameway.
Butwe have heremorethanoneparameterthenthestratey is not obviousto determingandto analyse).
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