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We prove that thenumberof permutationswhich avoid �
	�� -patternsandhave exactly one ���	 -pattern,equals���������������� , for ����	 . We thengive a bijectionontothesetof permutationswhich avoid �
��	 -patternsandhave exactly
one �
	�� -pattern.Finally, weshow thatthenumberof permutationswhichcontainexactlyone �
��	 -patternandexactly
one �
	�� -patternis ��� ��	��!��� ��"���� ���$# , for �%��& .
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1 Introduction
In 1990,HerbWilf askedthefollowing: How many permutationsof length ' avoid agivenpattern,( ? By
pattern-avoidingwe meanthefollowing: Let ) bea permutationof length ' andlet (�*,+-(/.�01(32�0�4�4�4�01(3576
beapermutationof length 8%9:' (wewill call thisapatternof length 8 ). Let ; beasetof < integers,and
let =�>?; . Define (A@1BDCED+F=70�;G6 to be H if = is the smallestelementin ; , I if it is thesecondsmallest,...,
and < if it is thelargest.Thepermutation) avoidsthepattern( if andonly if theredoesnot exist a setof
indices JK*L+NMO.�0PMQ270�4�4�40PM�576 , suchthat (%*R+S(A@TBUC�EU+1)V+NMO.60PJD6
0T(A@1BDCED+1)V+NM�2�6
0!JU60�4�4�4�0T(A@TBUC�EU+1)V+NMW5X6
0!JU6P6 .

In two beautifulpapers([B1] and[N]), thenumberof subsequencescontainingexactlyone H�YZI -pattern
and exactly one H�I7Y -patternare enumerated.Noonanshows in [N] that the numberof permutations
containingexactly one H�I�Y -patternis the simple formula [\^] 2 \\7_ [!` . Bónaprovesthat the even simpler

formula ] 2 \Da [\Da [b` enumeratesthenumberof permutationscontainingexactlyone H�YZI -pattern.Bóna’sresult
provedaconjecturefirst madeby NoonanandZeilbergerin [NZ].

NoonanandZeilbergerconsideredin [NZ] thenumberof permutationsof length ' which containex-
actly < p-patterns,for < c?H . Bóna,in [B2], madefurtherprogressconcerningthenumberof permutations
with exactly <dH�YUI -patterns.In thisarticlewework towardsthefollowing generalization:How many per-
mutationsof length ' avoid patterns(Ae , for Mfchg , andcontain<ij($i -patterns,for =kclH , <imcnH ? We will
first considerthepermutationsof length ' whichavoid H�YZI -patterns,but containexactlyone H�I�Y -pattern.
We thendefinea naturalbijection betweenthesepermutationsandthe permutationsof length ' which
avoid H�I�Y -patterns,but containexactly one H�YZI -pattern.Finally, we will calculatethenumberof permu-
tationswhich containone H�I�Y -patternandone H�YZI -pattern.Theseresultsaddressquestionsfirst raisedin
[NZ].o
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2 Known Results
For completeness,two resultswhicharealreadyknown aregivenbelow.
Lemma 1: Thenumberof permutationsof length ' with one H�I -patternis '�q:H .
Proof:Inducton ' . Thebasecaseis trivial. A permutation,r , of length ' with one H�I -patternmusthave's*trj+WH�6 or '�*urv+wI76 . If '�*urj+OH�6 , by inductionwe get 'xq�I permutation.If '�*urj+TIZ6 , thenwe must
have 'sq?H�*yrj+WH�6 (or we would have morethanone H�I -pattern).The restof the entriesof r mustbe
decreasing.Hencewe get H morepermutationfrom this secondcase,for a total of '�q:H .
Lemma 2: Thenumberof permutationswhich avoidboththepattern H�I7Y and H�YUI is I \Da . .
Proof: Let z \ denotethe numberof permutationswe are interestedin. Then z \ *|{ \eF}v. z \Da e withz�~K*yH . To seethis, let � bea permutationof length '�q�H . Inserttheelement' into the MQ�1� positionof� . Let ) bethis new permutationof length ' . To assurethat ) avoids the H�YZI -pattern,we musthave all
entriespreceding' in ) be larger thanthe entriesfollowing ' . To assurethat ) avoids the H�I�Y -pattern,
theentriespreceding' mustbe in decreasingorder. This argumentgivesthesumin therecursion.The
recursionholdsby notingthatif '�*RH , thereis onepermutationwhichavoidsbothpatterns.To complete
theproof notethat z \ *�I \Da . .
3 One 123-pattern, but no 132-pattern
Theorem 1: Thenumberof permutationsof length ' which haveexactlyone H�I7Y -pattern,andavoidtheH�YZI -patternis +1'xq�IZ6OI \�a [ .
Proof: Call a permutationgood if it hasexactly one H�I7Y -patternandavoids the H�YZI -pattern,andlet � \
denotethenumberof goodpermutationsof length ' . Let � bea permutationof length '�q�H . Insertthe
element' into the Mw�1� positionof � . Call this newly constructedpermutationof length ' , ) . To assure
that ) avoids the H�YUI pattern,we musthave all elementspreceding' in ) be larger thanthe elements
following ' in ) . For ) to beagoodpermutation,wemustconsidertwo disjoint cases.
Case I: Thepattern H�I7Y appearsin theelementsfollowing ' in ) . This forcestheelementspreceding'
to bein decreasingorder. Summingover M , this caseaccountsfor { \eF}v. � \Da e permutations.
Case II: Thepattern H�I�Y appearsin the elementsprecedingandincluding ' in ) . This forcesthe Y in
thepatternto be ' . Hencetheelementspreceding' mustcontainexactly one H�I -pattern.(Furtherthere
mustbeat least I elements.HenceM mustbeat leastY ). FromLemma1, thisnumberis M�q�I . Wearealso
forcedto avoid bothpatternsin theelementsfollowing ' . Lemma2 implies that thereare I \Da e a . such
permutations.Summingover M , thiscaseaccountsfor { \Da .e�} [ +1Mvq�I76PI \Da e a .�� '�q�I permutations.

We haveestablishedthattherecurrencerelation

� \ * \�
e�}j. � \Da e �

\�a .�
eF} [ +1MGq�I76PI

\Da e a . � '�q�I$0
which holdsfor '�ctY ( � ~ *,g$0W�U.�*Lg�0W�72K*,g ), enumeratesthepermutationsof length ' which avoid
thepatternH�YZI andcontainexactlyone H�I�Y -pattern.

One easyway to proceedwould be to find the generatingfunction of � \ . However, in this article
we would like to employ a different, and in many circumstancesmore powerful, tool. We will use
the Maple procedurefindrec in Doron Zeilberger’s Maple packageEKHAD� . (The Maple shareware�

Availablefor downloadat www.math.temple.edu/˜zeilberg/
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packagegfun couldhave alsobeenused.) Instructionsfor its useareavailableonline. To usefind-
rec we computethe first few termsof � \ . Theseare (for '�c�� ) �A0�H�I$0PYUI�0P�Zg$0�H��ZI$0O�Z�7�$0�H�gZI�� . We
type findrec([4,12,32,80,192,448,1024], 0,2,n, N) andaregiven the recurrence� \ *�A+T� \Da .�q�� \Da 2�6 for '�c�� . Define � ~ *ug$0��3.�*tg�0!�A2�*Rg$0 and � [ *yH , andit is routineto verify that� \ *y� \ for 'nc,g . Anotherroutinecalculationshows us that � \ *�+N'sqhI76PI \Da [ for '?c,Y , thereby
proving thestatementof thetheorem.

4 One 132-pattern, but no 123-pattern
Theorem 2: Thenumberof permutationsof length ' which haveexactlyone H�YUI -pattern,andavoidtheH�I�Y -patternis +1'xq�IZ6OI \�a [ .
Proof:We prove this by exhibiting a (natural)bijection from thepermutationscountedin Theorem1 to
the permutationscountedin this theorem. Define ���-*���)�� ) avoids H�YZI -patternand containsoneH�I�Y -pattern¡ and ¢£�-*¤��)y�¥) avoids H�I7Y -patternandcontainsone H�YZI -pattern¡ . We will show that¦ � ¦ * ¦ ¢ ¦ , by usingthefollowing bijection:

Let r��A��q/§�¢ . Let ¨k>�� , andlet BD©C bethe H�I7Y -patternin ¨ . Then r actson theelementsof ¨ as
follows: rv+1ª36«*¬ª if ª®>¯�X©�0PC�¡ , rv+w©6¥*�C , and rj+1C�6¥*?© . In otherwords,all elementskeeptheirpositions
except © and C switchplaces.An easyexaminationof severalcasesshows thatthis is a bijection,thereby
proving thetheorem.

5 One 132-pattern and one 123-pattern
Theorem 3: Thenumberof permutationsof length ' which haveexactlyone H�YZI -patternandone H�I�Y -
patternis +N'�q�YZ6+1'xqs�D6OI \�a3° .
Proof:Weusethesameinsertiontechniqueasin theproofof Theorem1. Call apermutationgoodif it has
exactlyone H�I�Y -patternandexactlyone H�YZI -patternandlet � \ denotethenumberof goodpermutationsof
length ' . Let � bea permutationof length '%qhH . Inserttheelement' into the MQ�1� positionof � . Let ) be
this newly constructedpermutationof length ' . We notethat the H�YZI -patterncannotconsistof elements
only preceding' . If this werethe case,we would have two H�I�Y -patternsendingwith ' . For ) to be a
goodpermutation,wemustconsiderthefollowing disjoint cases.
Case I: The H�YUI -patternconsistsof elementsfollowing ' . In this caseall elementspreceding' mustbe
largerthantheelementsfollowing ' .

SubcaseA: The H�I7Y -patternconsistsof elementsfollowing ' . Summingover M we get { \eF}v. � \�a e good
permutationsin thissubcase.

SubcaseB: Theelementspreceding' have exactly one H�I -pattern.This givesa H�I�Y -patternwherethe
3 in the patternis ' . We mustalsoavoid the H�I�Y -patternin the elementsfollowing ' . Summingover M
andusingLemma1 andTheorem1, we get { \�a [eF} [ +1MjqhI76+1'�q®M±q®YZ6PI \Da e a 2 goodpermutationsin this
subcase.
Case II: The H�YUI -patternhasthe first elementpreceding' , the last elementfollowing ' , and ' asthe
middle element. The elementspreceding' mustbe '�qlH70P'�q¬I$0�4�4�40O'�qlH � I�0O'�q¬M , where '�q:M
immediatelyprecedes' in ) . See[B1] for a moredetailedargumentasto why this mustbetrue.

SubcaseA: Theelementspreceding' haveexactlyone H�I -pattern.Thisgivesa H�I�Y -patternwherethelast
elementof thepatternis ' . Wemustalsoavoid boththe H�I�Y andthe H�YUI patternin theelementsfollowing
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' . Summingover M andusingLemma1 andLemma2 we have { \Da .eF}b² +NM±q�YZ6PI \Da e a . goodpermutations
in this subcase.
SubcaseB: The H�I�Y -patternconsistsof elementsfollowing ' . We musthave theelementspreceding'
in ) be decreasingto avoid another H�I7Y -pattern. Further, the elementsfollowing ' mustnot containaH�YZI -pattern. Using Theorem1 andsummingover M , we get a total of { \Da [eF}³2 +N'�qhMfq�I76PI \Da e a [ good
permutationsin thissubcase.

In total, we find that the following recurrenceenumeratesthepermutationsof length ' which contain
exactlyone H�I�Y -patternandone H�YZI -pattern.

� \ * \�
e�}j. � \Da e �

\�a ²�
eF}v. +wIXM
+N'�q�MGq��U6 � '�q�YZ6PI

\Da e a ²
for 'sc¬´ and � . *¬� 2 *�� [ *¬� ² *�g .

Usingfindrec againby typing findrec([2,12,48,160,480,1344,3584],1, 1,n,N )

(wherethelist is thefirst few termsof our recurrencefor 'sc�´ ) wegettherecurrencez \�_ . * 2µ \7_ 2P¶\ z \ ,
with z7. *?I . After reindexing, anotherroutinecalculationshows that z \ *¬� \ . Solving z \ for anexplicit
answer, we find that � \ *L+N'�q�YZ6+1'xqs�D6OI \�a3° .

We conjecturethatthegeneratingfunctionfor thenumberof permutationswith exactlyzeroor exactly
one H�YUI -patternandexactly <KH�I7Y -patternsis ·k+1¸D6P¹$+WH q®I�¸D6Wº _ . , where ·k+1¸D6 is a polynomial.For more
evidence,andfurtherextensionssee[RWZ].
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