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We prave thatthe numberof permutationsvhich avoid 132-patternsandhave exactly one 123-pattern,equals(n —
2)2"~23 forn > 3. Wethengive abijectionontothe setof permutationsvhich avoid 123-patternsandhave exactly
onel32-pattern.Finally, we shav thatthenumberof permutationsvhich containexactly one123-patternandexactly
onel132-patternis (n — 3)(n — 4)2™ %, for n > 5.
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1 Introduction

In 1990,HerbWilf asledthefollowing: How mary permutation®f lengthn avoid agivenpatternp? By
pattern-goiding we meanthefollowing: Let = bea permutatiorof lengthn andlet p = (p1,po, - .., k)
beapermutatiorof lengthk < n (we will call thisapatternof lengthk). Let J beasetof r integers,and
letj € J. Defineplace(j, J) to bel if j is the smallestelementin J, 2 if it is the secondsmallest,...,
andr if it is thelargest. The permutationr avoidsthe patternp if andonly if theredoesnot exist a setof
indicesI = (i1, 42, .. .,i), suchthatp = (place(n(i1), I), place(n(iz), I), ..., place(n (i), I)).

In two beautifulpaperq[B1] and[N]), thenumberof subsequencentainingexactly onel32-pattern
and exactly one 123-patternare enumerated.Noonanshaws in [N] that the numberof permutations
containingexactly one 123-patternis the simple formula % ( n ) . Bonaprovesthat the even simpler

n+3
formula(zﬁ_‘f) enumeratethenumberof permutationgontainingexactly one132-pattern.Bonasresult
provedaconjecturefirst madeby NoonanandZeilbemgerin [NZ].

NoonanandZeilbergerconsideredn [NZ] the numberof permutationof lengthn which containex-
actlyr p-patternsfor » > 1. Bona,in [B2], madefurtherprogressoncerninghenumberof permutations
with exactlyr 132-patternsin this articlewe work towardsthefollowing generalizationHow mary per
mutationsof lengthn avoid patterng;, for s > 0, andcontainr; p;-patternsfor j > 1, r; > 1? We will
first considetthe permutation®f lengthn which avoid 132-patternsput containexactly one123-pattern.
We thendefinea naturalbijection betweenthesepermutationsand the permutationsf lengthn which
avoid 123-patternsput containexactly one132-pattern.Finally, we will calculatethe numberof permu-
tationswhich containone123-patternandone 132-pattern.Theseresultsaddresgjuestiondirst raisedin
[NZ].
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2 Known Results

For completenesgwo resultswhich arealreadyknown aregivenbelow.

Lemma 1: Thenumberof permutationf lengthn with one12-patternisn — 1.

Proof:Inductonn. Thebasecaseis trivial. A permutationg, of lengthn with one12-patternmusthave

n = ¢(1) orn = ¢(2). If n = ¢(1), by inductionwe getn — 2 permutationf n = ¢(2), thenwe must
haven — 1 = ¢(1) (or we would have morethanone 12-pattern). Therestof the entriesof ¢ mustbe
decreasingHencewe get1 morepermutatiorfrom this seconccase for atotal of n — 1.

Lemma 2: Thenumberof permutationsvhich avoidboththe pattern123 and132 is 271,

Proof: Let f,, denotethe numberof permutationsve areinterestedn. Thenf, = > 1, f,—; with

fo = 1. To seethis, let p be a permutatiorof lengthn — 1. Insertthe elementn into the i** positionof

p. Let w bethis new permutatiorof lengthn. To assurehats avoidsthe 132-pattern,we musthave all

entriesprecedingn in w be largerthanthe entriesfollowing n. To assurehat s avoidsthe 123-pattern,
the entriesprecedingn mustbein decreasingrder This argumentgivesthe sumin therecursion.The
recursiorholdsby notingthatif n = 1, thereis onepermutatiorwhich avoidsboth patterns.To complete
theproof notethat f,, = 271,

3 One 123-pattern, but no 132-pattern

Theorem 1. Thenumberof permutationsf lengthn which haveexactly one123-pattern,and avoidthe
132-patternis (n — 2)273.
Proof: Call a permutationgoodif it hasexactly one 123-patternand avoids the 132-pattern,andlet g,
denotethe numberof goodpermutationf lengthn. Let v bea permutationof lengthn — 1. Insertthe
elementn into thei® positionof +. Call this newly constructecpermutationof lengthn, . To assure
that 7 avoids the 132 pattern,we musthave all elementsprecedingn in 7 be larger thanthe elements
following n in 7. For 7 to bea goodpermutationywe mustconsidertwo disjoint cases.
Case|l: Thepattern123 appearsn the elementdollowing n in 7. This forcesthe elementpreceding:
to bein decreasingrder Summingoveri, this caseaccountdor 37" | g,—; permutations.
Case Il: Thepattern123 appearsn the elementgrecedingandincludingn in 7. This forcesthe 3 in
the patternto ben. Hencethe elementpreceding, mustcontainexactly one12-pattern.(Furtherthere
mustbeatleast2 elementsHencei mustbeatleast3). FromLemmal, thisnumberis i — 2. We arealso
forcedto avoid both patternsin the elementdollowing n. Lemma2 impliesthatthereare2”—*~1 such
permutationsSummingover i, this caseaccountgor E?:_Sl (i — 2)2"~=1 +n — 2 permutations.

We have establishedhattherecurrenceelation

n n—1
gn =) gnoit Y (i-2)2""" +n-2
i=1 =3

which holdsfor n > 3 (g0 = 0,91 = 0, go = 0), enumerateshe permutationof lengthn which avoid
the pattern132 andcontainexactly one123-pattern.

One easyway to proceedwould be to find the generatingfunction of g,,. However, in this article
we would like to employ a different, and in mary circumstancesnore powerful, tool. We will use
the Maple procedurdindrec  in Doron Zeilberger's Maple packageEKHAD. (The Maple sharevare

1 Availablefor downloadat www.math.temple.edu/"zeilberg/
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packagegfun could have alsobeenused.) Instructionsfor its useare availableonline. To usefind-
rec we computethe first few termsof g,,. Theseare (for n > 4) 4,12,32,80,192,448,1024. We
type findrec([4,12,32,80,192,448,1024], 0,2,n, N) andaregiventherecurrenceh, =
4(hp—1 — hn—2) for n > 4. Definehg = 0,h1 = 0, hy = 0, andhs = 1, andit is routineto verify that
gn = hy for n > 0. Anotherroutinecalculationshavs usthath,, = (n — 2)2"~3 for n > 3, thereby
proving the statemenof thetheorem.

4 One 132-pattern, but no 123-pattern

Theorem 2: Thenumberof permutationf lengthn which haveexactly one132-pattern,and avoidthe
123-patternis (n — 2)273.

Proof: We prove this by exhibiting a (natural)bijection from the permutationountedin Theorem1 to
the permutationscountedin this theorem. Define S := {x : m avoids 132-patternand containsone
123-patter} andT := {r : = avoids 123-patternand containsone 132-patterr}. We will shav that
| S |=| T |, by usingthefollowing bijection:

Letgp : S — T. Lets € S, andlet abc bethe 123-patternin s. Then¢ actsonthe elementof s as
follows: ¢(z) = z if = & {b, c}, #(b) = ¢, and¢(c) = b. In otherwords,all elementkeeptheir positions
exceptdb andc switchplaces.An easyexaminationof severalcaseshaws thatthis is a bijection,thereby
proving thetheorem.

5 One 132-pattern and one 123-pattern

Theorem 3: Thenumberof permutationsof lengthn which haveexactly one132-patternand one 123-

patternis (n — 3)(n — 4)2" 5.

Proof: We usethe sameinsertiontechniqueasin theproofof Theoreml. Call apermutatiorgoodif it has
exactlyonel123-patternandexactly onel132-patternandlet g,, denotehenumberof goodpermutation®f

lengthn. Let v beapermutatiorof lengthn — 1. Inserttheelementr into theit” positionof . Let = be

this newly constructecpermutationof lengthn. We notethatthe 132-patterncannotconsistof elements
only precedingn. If this werethe case we would have two 123-patternsendingwith n. For = to bea

goodpermutationwe mustconsiderthe following disjoint cases.

Casel: The132-patternconsistsof elementdollowing n. In this caseall elementgpreceding: mustbe

largerthanthe elementdollowing n.

Subcasé\: The123-patternconsistsof elementdollowing n. Summingoveri wegety | g,—; good
permutationsn this subcase.

Subcasé3: Theelementgpreceding: have exactly one 12-pattern. This givesa 123-patternwherethe
3in the patternis n. We mustalsoavoid the 123-patternin the elementdollowing n. Summingover i
andusingLemmal andTheoreml, we get 7" (i — 2)(n — i — 3)2"~~2 goodpermutationsn this
subcase.

Case II: The 132-patternhasthe first elementprecedingn, the lastelementfollowing n, andn asthe
middle element. The elementsprecedingn mustben — 1,n —2,...,n — 1 + 2,n — i, wheren — i
immediatelyprecedes in 7. See[B1] for amoredetailedargumentasto why this mustbetrue.

Subcasé\: Theelementpreceding: have exactly onel2-pattern.Thisgivesa123-patternwherethelast
elemenif the patternis n. We mustalsoavoid boththe 123 andthe 132 patternin theelementgollowing
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n. Summingover4 andusingLemmal andLemma2 we have Z?;f (i — 3)2"~*1 goodpermutations
in thissubcase.
SubcasaéB: The 123-patternconsistsof elementdollowing n. We musthave the elementgrecedingn
in = be decreasingo avoid another123-pattern. Further the elementdollowing n mustnot containa
132-pattern. Using Theorem1 and summingover i, we geta total of 27— (n — i — 2)2"~=3 good
permutationsn this subcase.

In total, we find thatthe following recurrenceenumerateghe permutationof lengthn which contain
exactly onel123-patternandone132-pattern.

n n—4
go=3 gui+ > (2i(n—i—4)+n 32"
=1 i=1

forn >5andg; = g2 =93 =g4 =0.

Usingfindrec  againby typingfindrec([2,12,48,160,480,1344,3584],1, 1nN )
(wherethelist is thefirst few termsof ourrecurrencdor n > 5) we gettherecurrencef,, 1 = @fm
with f; = 2. After reindexing, anotherroutinecalculationshavsthat f,, = g,,. Solving f,, for anexplicit
answerwe find thatg,, = (n — 3)(n — 4)275.

We conjecturghatthe generatindgunctionfor the numberof permutationsvith exactly zeroor exactly
one132-patternandexactly r 123-patternds P(z)/(1 — 22)"*+!, whereP(z) is a polynomial. For more
evidence andfurtherextensionssee[RWZ].
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