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In this paper we considerthe problemof schedulingindependenparalleltasksin parallel systemswith identical
processorsThe problemis NP-hard sinceit includesthe bin packingproblemasa specialcasewhenall taskshave
unit executiontime. We proposeandanalyzea simple approximationalgorithmcalled H,,,, wherem is a positive
integer. Algorithm H,,, hasa moderateasymptotiovorst-casgerformanceatioin therange[l%..l %] forallm > 6;
but thealgorithmhasasmallasymptotiovorst-cas@erformanceatioin therange[1+1/(r+1)..1+1/r], whentask
sizesdo notexceedl /r of thetotal availableprocessorsyherer > 1 is aninteger. Furthermorewe shaw thatif the
tasksizesareindependentdenticallydistributed(i.i.d.) uniformrandomvariables andtaskexecutiontimesarei.i.d.
randomvariableswith finite meanandvariancethentheaverage-casperformanceatio of algorithmH,,, is nolarger
than1.2898680...andfor anexponentialdistribution of tasksizes,it doesnot exceed1.2898305...As demonstrated
by our analyticalaswell asnumericalresults, the average-casperformanceatio improvessignificantlywhentasks
requesfor smallernumbersof processors.

Keywords: approximatioralgorithm,average-casperformanceatio, paralleltaskschedulingprobabilisticanaly-
sis,worst-caseperformanceatio

1 Introduction

In this paper we considerthe problemof schedulingndependenparalleltasksin parallelsystemswith
identical processors.Assumethat we are given a list of n tasksL. = (Ty,Ts,...,T,). EachtaskT;
is specifiedby its executiontime 7;, andits size p;, i.e., T; requiresp; processorgo execute. There
are M identicalprocessorsandary p; processorganbe allocatedto 7;. OnceT; startsto execute,it
runswithout interruptionuntil it completes. Tasksin L are mutually independentthat is, thereis no
precedenceonstraintnor datacommunicatioramongthen tasks.The problemaddressetiereis to find
a nonpreemptie scheduleof L suchthatits makespan(i.e., the total executiontime of the n tasks)is
minimized.

The problemis NP-hard,sinceit includesthe bin packingproblemas a specialcasewhenall tasks
have unit executiontime. Therefore,one practicalway to solve this problemis to designand analyze
approximatiorelgorithmsthatproducenearoptimalsolutions.Let A(L) bethe makesparof theschedule
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generatedy an algorithm A for L, and OPT(L) be the makespanof an optimal scheduleof L. The
quantity

. A(L)
RT¥ = lim [ sup <7>]
A Z— o0 OPT(L)ZZ OPT(L)
is calledthe asymptotic worst-case performance ratio of algorithm A. If thereexist two constants andj
suchthatfor all L, A(L) < a.- OPT(L) + f7*, wherer* = max; <;<,(7;) is thelongestexecutiontime
of then tasksthenRY < «a, ande is calledan asymptotic worst-case performance bound of algorithm
A. Moreover, if for any smalle > 0 andall large Z > 0, thereexistsalist L, suchthatOPT(L) > Z, and

A(L) > (a — €)OPT(L), thenthebounde is calledtight, i.e., Ry = a. Whentasksizesandexecution
timesarerandomvariablesboth A(L) andOPT(L) becomeandomvariablesand

Boo _ 1: E(A(L))
R¥ = JL%[E(OPT(L))]

is calledthe asymptotic average-case performance ratio of algorithm A, where E(-) standsfor the ex-
pectationof arandomvariable.Of course,RY depend®n the probability distributionsof tasksizesand
executiontimes. If thereexistsa constanty suchthatfor all L, E(A(L)) < v - E(OPT(L)) asn — oo,
thenRY < v, andy is calledan asymptotic average-case performance bound of algorithm A.

We noticethatour schedulingproblemdefinedabove lookssimilarto butis quitedifferentfrom thetwo
dimensionatectanglepackingproblem[1, 2, 7, 9], whereeachtaskT; is treatedasarectanglevith width
p; andheightr;. Therectanglepackingmodelimpliesthatprocessorshouldbe allocatedin contiguous
groups.Thatis, the M processorbaveindicesl, 2, 3, ..., M, andtaskT; mustbeallocatep; processors
with indicesy, j + 1, ..., 7 + p; — 1 for somej. Sucha schedulingproblemarisesn parallelsystemdike
lineararrays.Therectangleackingproblemhasbeenextensiely studied whereacomplicatedalgorithm
with asymptoticworst-caseperformanceatio aslow as1.25hasbeenfound[1]. However, contiguous
processomllocationis not requiredin our model,whereary p; processorganbe allocatedto 7;. Our
problemcould be regardedas a resourceconstraintschedulingproblem[3, 6], wherethe resources a
setof processorslt hasapplicationsin parallelcomputingsystemssuchas symmetricsharedmemory
multiprocessoranddistributed computingsystemssuchasbus-connecteaetworks of workstations.In
thesesystemsa processomllocationmechanisnis independenbf the topology of an interconnection
network. Anotherrelatedproblemis schedulingmalleabletaskswhich hasalsobeeninvestigatedn the
literature[8, 10]. In thatproblem,eachtaskrequestdor several possiblenumbersof processorsi.e., a
taskhasadjustablesize,andfor eachsize,an executiontime is alsospecified. The problemhasseveral
variationsdependingn differentwaysin which the executiontime of ataskchangeswvith the numberof
processorsllocatedto it, andthe performanceneasureso be optimized(e.g., makespanaverageflow
time).

The problemwe considerhereis to schedulenonmalleabléaskswith noncontiguouprocessoalloca-
tion. Eventhoughthe complicatedalgorithmin [1] for rectanglepackingcanalsobe appliedto solve our
problem we proposeandanalyzea simpleapproximatioralgorithmcalledH,,,, wherem is apositiveinte-
ger. Algorithm H,,, hasa moderateasymptotiovorst-caseperformanceatio (1.666... < Ry < 1.722...
for all m > 6); but the algorithmhasa smallasymptoticworst-casgerformanceatiol + 1/(r + 1) <
R < 1+ 1/r, whentasksizesdo not exceedM /r, wherer > 1 is aninteger We noticethatthe
capabilityto dealwith smalltasksis importantin real applicationssincemary tasksizesarerelatively
smallascomparedvith the systemsizesothata large scaleparallelsystemcanbe sharedby mary users
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simultaneously However, it is not clearwhetherthe algorithmin [1] hassuchcapability Furthermore,
the simplicity of our algorithmallows us to conductaverage-cas@erformanceanalysis. In particular
we shaw thatif the numbersof processorsequestedy the tasksareindependentidentically distributed
(i.i.d.) randomvariablesuniformly distributedin therange[1..M], andtaskexecutiontimesarei.i.d. ran-
domvariableswith finite meanandvariancethen Ry < 1.2898680..., i.e., E(H,,(L))/E(OPT(L))
is asymptoticallyboundedfrom above by 1.2898680...asn — oo. For an exponentialdistribution of
tasksizes,we have Rffm < 1.2898305.... As demonstratedby our analyticalaswell asnumericalre-
sults,the average-casperformanceatio improvessignificantlywhentasksrequestfor smallernumbers
of processorsWe noticethatthereis lack of suchresultson probabilisticalgorithmanalysis.especially
in multi-dimensionatase44]. The average-casperformancef thealgorithmin [1] is unknown.

Therestof the paperis organizedasfollows. We presentalgorithmH,,, in Section2. Theworst-case
performanceof the algorithmis analyzedin Section3, andits average-cas@erformances studiedin
Sectiond. Finally we give asummaryin Sectionb.

2 The Approximation Algorithm H,,

Our algorithmH,,, for schedulingindependenparalleltasksdivides L into m sublistsLy, Lo, ..., Ly,
accordingo tasksizes(i.e., numbersof processorsequestedby tasks) wherem > 1 is apositive integer.
Forl1 <k <m—1,definely = {T; € L | M/(k+1) < p; < M/k},i.e., L; containsall tasksin L
thathave sizesin theintenval I, = (M/(k + 1), M/k]. DefineL,,, = {T; € L | 0 < p; < M/m}, i.e.,
L,, containsall taskswhosesizesarein therangel,,, = (0, M /m].

Algorithm H,,, producesschedulef the L;’'s sequentiallyand separately To processtasksin Ly,
wherel < k < m — 1, the M processorare partitionedinto £ groups,G1, Gs, -.., G, eachcontains
M /k processors.Eachgroup G; of processorss treatedas a unit, and is assignedo a taskin Ly.
Suchan allocationcanbe implementedusing, for example,the list schedulingalgorithm[4]. Suppose
Ly = (Tf,T#,..., Tk ), whereny, is the numberof tasksin L;. Initially, groupG; is assignedo T,
wherel < j < k, andTf, Ty, ..., Tf areremovedfrom L. Uponthe completionof ataskTf, thefirst
unscheduledaskin Ly, i.e., T,fH, is removedfrom L;, andscheduledo executeon G;. This process
repeatsuntil all tasksin L, arefinished.ThenalgorithmH,, beginsthe schedulingof next sublistLj 1.

For L,,, thereis no needto divide the M processors.The list schedulingalgorithmis againem-
ployedhere. Let L,,, = (T{",T3",...,T;" ). Initially, asmary tasksin L,, arescheduledaspossible,
i.e., tasksT{™, To", ..., T.* starttheir execution,wheres is definedin sucha way thatthe total size of
", Ty, ..., Ty is no larger than M, but the total size of 77", 57, ..., T, | exceedsM. Whena task
finishesthenext taskin L,,, beginsits execution,providedthatthereareenoughidle processorsNotice
thatit is the schedulingof tasksin L,,, thattakesadvantageof noncontiguougrocessoallocation.

3 Combinatorial Analysis

In this section we analyzethe worst-caseperformancef algorithmH,,,. Let H,,, (L) bethe makesparof
the scheduleproducedby algorithmH,,, for L, andOPT(L) bethe makespamf anoptimal scheduleof
L. First,we show thefollowing result.

Theorem 1. For any list L of n tasksand m > 3, we have

H, (L) < I%OPT(L) +(m - 1),
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where 7* is the longest execution time of the n tasks. Furthermore, for mm > 6 and any large Z > 0,
there exists L, such that OPT(L) > Z, and H,, (L) /OPT(L) = 1%. Therefore, for all m > 6, we have
1.666... < R < 1.722....

Proof. Assumethatall tasksin L areexecutedin thetime interval [0, H,,, (L)], andthattasksin Ly are
scheduledn [t tx+1], wherel < k < m, i.e.,thefirsttaskin L, startsattimet;,, andthelastcompletion
time of thetasksin Ly, is t41. Let s; bethestartingtime of thelasttaskTT’fk in L. Definez; =ty — ¢4,
andfor all 2 < k < m, definez, = s — tr, andry = tr+1 — s betheremainingexecutiontime of Ly,
onceTT’fk starts.Clearly, r, < 7*, and

Hno(L) = zn+2za+23+-+2zmt+ratrs+---+ry
< zt+zm+tzs++ 2+ (m=1D1". 1)

We give severallower boundsfor OPT(L). First, tasksin L, have largesizessuchthatnotwo of them
canexecutein parallel. Thereforewe have

OPT(L) > . )

Secondtherecanbe at mosttwo tasksfrom L, that canexecuteat the sametime, andtherecanbe at
mostonetaskfrom L, thatcanexecutesimultaneouslyvith ataskin L;. Thus,

22 — 21

2
OPT(L) > 2 + =2 . 3)

2 2

Third, definethe areaof a taskT; to be p;7;, andthe total areaof Ly to be Ay, = > ;. e, PiTi for
1<k<m,andA = A; + As + --- + A,,,. For corveniencewe assumeahatprocessorequirements
arenormalizedsuchthat0 < p; < 1forall 1 < i < n. Clearly OPT(L) > A. We give alower bound
for A asfollows. For1 < k < m — 1, we noticethatall the k groupsGi, Ga, ..., Gi arebusy until Trlfk
startsits execution.Thatis, duringtime intenval [, sx], atleastk/(k + 1) of the processorsarebusy, i.e.,
wehave A, > (k/(k+1))z. For L,,, we notethatduringtime interval [¢,,,, s.,,], the percentagef busy
processorss atleast(m — 1) /m, i.e., A, > ((m — 1)/m)z,,; otherwise sometasksshouldstartearlier
Hence,

1 2 3 m-—1 m-—1
OPT(L) > 54 + 322 + 1% +- 1+ Zm-1+ Zm- (4)
Now let usconsidertheratio
0= 21+22+23+ -+ 2Zm_1+2m )
max (21, 521 + 22, 321 + 220 + -+ Btz 4+ 2=1g0)°
Letx = 23 + - - - + z,,,. Apparently
21+2z0+x
Q S 1 1 2 3 - (6)
max (zl, 521 + 22, 521 + 522 + Zm)
We give the proof of the following resultin theappendix.
13

aAtate <1—, wherezy,zs,2 > 0. ("

i i ) Ty S )
max (21, 321 + 22, 5721 + 322 + 3x) 18
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CombiningEquationg1)—(7),we getH,,, (L) < 1$20PT(L) + (m — 1)7*.

To shaw thelower boundfor RY , letusconsiderlist L of taskswhich containsn tasksof size +e,
n tasksof size 3 + €, andn tasksof size & — 2¢, wheren is amultiple of 6, ande > 0 is a very smalll
quantity All taskshave unit executiontime. Clearly OPT(L) = n. Algorithm H,, dividesL into L1,
Ly, andLg, andH, (L) = n +n/2 4+ n/6 = 13n. Thus,we canchoosen a suficiently large number
while keepingH,, (L) /OPT(L) = 12. This completeghe proofof thetheorem. [ |

For taskswith smallsizes algorithmH,,, exhibits muchbetterperformancelueto increasingprocessor
utilization, asclaimedby thefollowing theorem.

Theorem 2. For any list L of n tasks, such that p; < M /r for all 4, wherer > 1 isan integer, we have
H,, (L) < (1 + %) OPT(L) + (m —r + 1)7%,

where 7* is the longest execution time of the n tasks. Furthermore, for m > r 4+ 1 and any large Z > 0,
there exists L, such that OPT(L) > Z, and H,,,(L)/OPT(L) = 1 + 1/(r 4+ 1). Therefore, we have
1+1/(r+1) < RF <1+1/r.

Proof. The proofis similar to thatof Theoreml. Sincer > 2, andsublistsLy, L, ..., L,_, areempty
Equation(1) becomes

Ho(L) <z 4+ 2zpp1+ -+ 2m+ (m—r+1)7".
By usingthe arealower boundfor OPT(L), we have

r + r+1 + n m-—1 n m—1
r+1 Er r+2 Zrt m Fm—1 m Zm

(zr+ zrp1 4+ 2m)-

OPT(L)

Y

r

> R

- r+1
The above two inequalitiesgive the asymptoticworst-caseperformanceéboundl + 1/r in thetheorem.
To shawv thelowerboundl + 1/(r + 1) for REY , let usconsideralist L which containsnr tasksof size
1/(r + 1) + ¢, andn tasksof sizel/(r + 1) — re, wheren is amultiple of » + 1, ande is a sufiiciently
smallvalue. All taskshave unit executiontime. Clearly OPT(L) = n. Algorithm H,,, dividesL into

L, andL,4,, andH,, (L) = n + n/(r + 1). Thus,we canchoosen suficiently large while keeping
H,,(L)/OPT(L) =1+ 1/(r +1). n

Whenr > 5, algorithmH,,, hasbetterasymptoticworst-casgerformanceatio thanthe algorithmin

[1].
4 Probabilistic Analysis

Now let usconsidettheaverage-casperformancef algorithmH,,,. For corveniencewe assumehetask
sizesarenormalizedsuchthat) < p; < 1, andthatthe p;’s areindependentdenticallydistributed(i.i.d.)

randomvariableswith acommonprobabilitydensityfunction f (x) in therange(0, 1]. Ourassumptioron
thetaskexecutiontimesis quitegeneralj.e.,ther;’sarei.i.d. randomvariableswith meanu andvariance
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o%, whereu ando areary finite numbersndependenof n. Theprobabilitydistributionsof tasksizesand
executiontimesareindependentf eachother

Theorem 3. WWe have the foll owing asymptotic average-case performance bound for algorithm H,,,:

Z _f d:c+—/ zf(z

it = o [ BnD)]

[ o)

(Note that the bound only depends on f(z).)

Proof. It is clearthatthe meantasksizeis

p= [ 2sya

Sinceatasksizefallsinto I}, with probabllltyfl x)dz, wherel, = (1/(k+1),1/k]foralll < k <
—1,andIl,, = (0,1/m], theexpectechumberof tasksm Ly is

E(ng) = [ s f(w)d:c]n

forall 1 < k < m. Also, theexpectedsizeof tasksin Ly, is

/Ik zf(x)dx

f(x)dx
Iy,

Pr =
Sincetheareaof ataskT; hasexpectationsu, andtasksin L, haveto be executedsequentiallywe have
E(OPT(L)) > max (npy, E(n1)p) = Dnp, (8)
where
1 1
D = max (p, E(n1)/n) = max (/ zf(z)dz, f(:c)dm).
0 3

Let Hy, bethemakesparof thescheduldor L. Then,E(H,,(L)) = E(Hy) + E(Hs)+---+ E(Hy,).
Clearly,

1
f(w)dm] n. 9)

For2 <k <m-—1,wehave E(Hy) = E(z) + E(ry,), and

B() = Bl = |

1
2

E(z) < E(:k) W
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Furthermorer,, is no morethanthe maximumof & randomexecutiontimes. It is well known from order
statisticg[5] thatthe meanof the maximumof ¢ i.i.d. randomvariablesX, X», ..., X, with meany and
variances? is

qg—1
< .
E(maX(XlaXZa JXP))_/J/+ \/2(]——10
Therefore,
E(nk) k-1
E(H < ——
(Hy) < — —nt+pt 51"
1 k—1
= |= 1 —— 0. 1
[k(ka(x)dx)n+ ],u+\/2k—_10 (10)

Finally, we considerH,,,. Since

B(Am) = E(m)pmpt = [ / ) xf(x)da:] -

andtheprocessoutilizationis atleastl — 1/m in thetime interval [¢,,, s ], We get

B, < 247 4 ) =

m

m

m—1

[/Im wf(a:)dw] nu+ E(ry,).

For E(ry,), themaindifficulty is thatwhentaskT," startsexecution,the numberof active tasksstill in
executionis unknown, which could be aslarge asn,,, the total numberof tasksin L,,. SinceE(n,,)
couldbe ©(n), we usethefollowing quite looseupperboundfor E(ry,), thatis, v, is no morethanthe
maximumof n randomexecutiontimes,

E(ry,) < o< pu+ no.

n—1
+7
=H Voan -1 2

E(H,,) < (% [/Im mf(m)dm] n+ 1) o+ \/g 0. (11)

CombiningEquationg9)—(11),we obtain

Thereforewe get

B D) < ( / o) + mizj - /_ f(a)da

1 m—1
m m m—1 k-1 n
_ d — Jo.
+m—1 | zf(x)dx + - )nu+ (;; =T +\/g>a

Noticethat
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for all k > 1. Consequently

mzl ];k \[ /\/>dw<_m'

Theabove calculationgyiverisesto
1 2
>n,u + (%ml-5 + \/g>a

B(Ha(L)) < <,§ ! /_ fads+ - [T apys+ ™

(12)
Using Equationq8) and(12), we obtain
E(H, (L)) 1/ /% m /% m—1
—vmya < —
E(OPT(L)) — D ; ko f@de+ 2= | #f@dz+—
1 2 1.5 1
+_<£ mtt L )z
D\ 3 n 2n ) p
1 5 1
= (Z f da:+—/ zf(z da:)+0( +ﬁ)'
It is clearthatasn — oo, we gettheasymptoticaverage-casperformancéoundin thetheorem. ]

As anexample,let us considerthe uniform distributions, thatis, the p;’'s arei.i.d. randomvariables
uniformly distributedin the range(0,1/r], wherer > 1 is a positive integer Thatis, f(z) = r for
0 < z < 1/r. (NoticethatwhenM is suficiently large,adiscreteuniformdistributionon {1, 2, ..., M /r}
canbetreatedasa continuousuniform distributionon (0, 1/r].)

Theorem 4. If the p;'sbei.i.d. random variables uniformly distributed in the range (0, 1/r], we have
Ry < B, thatis,
E(H,(L)) < B,E(OPT(L)),

2 1 1
Bo=22|" 2 (142 4.1 -
" [ " (*2” *(r—w)]’

asn — oo, where

asm — o0.

Proof. We examinethe numeratorand denominatorof the boundin Theorem3. The denominatoris

simply . )
D = max (/0 zf(z)dw, /% f(x)dm) = 21_r’

1 1
N:T(lg Rhk+1) 2m(m—1)>'

andthenumeratoiis
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Since

L U S
K2(k+1) kK k k+1’
we have
Tl (yily_L, L
— K (k+1) B k2 r o m
Notethat
mfli_i 1 r—1 1 i 1 <7T2 r—1 1 1
2 = 12 72 2 = @ 2
k=r k k:lk k=1 k k:mk 6 k=1 k m

Thus,we have

and

| 1 1 1
N<rl—-—-=—(14=+-- .
_T<6 r ( TEt +(T—1)2>+2m(m—1)>
By choosingn sufficiently large, theaverage-casperformancéoundN/D canbemadearbitrarily close
to B,. [ |
Whenr = 1, theasymptoticaverage-casperformancéoundgivenin Theoremd is B; = 72 /3 —2 =

1.2898680.... To shav the quality of the average-casperformancéoundB,. in Theoremd, we give the
following numericaldata.

B; = 1.2898680...
B, = 1.1594720...
B, = 1.1088121...
B, = 1.0823327...
B; = 1.0661449...
Bs = 1.0552487...
B, = 1.0474219...
Bs = 1.0415306...
By = 1.0369372...
Biy = 1.0332559...

It is clearthatB, < 1+ 1/r for all » > 1, i.e., B, is lessthanthe asymptoticworst-caseperformance
boundin Theorem?2.

Thoughclosedform solutionsarenot available theaverage-casperformancédoundsof algorithmH,,
couldbe calculatedusing Theorem3 numericallyfor arbitraryprobability distribution of tasksizes. For
instancelet usconsidera truncatedexponentialdistribution, i.e.,

/\e—)\z
Tl

f(z) 0<z<1.
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Theorem 5. If the p;’sbei.i.d. random variables exponentially distributed in the range (0, 1], we have
R < By, thatis,
E(H;, (L)) < BAE(OPT(L)),

asn — oo, where
e—M(k+1) _ g=A/k

=1
kZ:lE 1—e 2

By =

— )
e A

1
A 1—e?
asm — 0o.

Proof. It canbe easily verified by straightforward calculationthat the numeratorand denominatotin
Theorem3 are

m—1 X (k+1) _ =Mk 1 1= e~ Mm —A/m
N Z e e m ( e e )7
k=1

1—e 2 +m—1'1—e*’\ A m

and

A l—e X 1—eX A 1—e N
respectiely. By lettingm — oo, theaverage-casperformancéoundN/D canbemadearbitrarily close
to By. |

D = ma (1 e e=A/2 —e"‘) 1 e
= X =

To show the average-casperformancebound By, in Theorem5, we let m = 1024, andchoose) in
suchaway thatthemeantasksize
1 e
P X" 1
takesthe values1/(2r) for r = 1,2,...,10, sothata comparisoncan be madebetweenperformance
boundsof H,,, underthe uniform andthe exponentialdistributions.

A = 0.0001813..., By, = 1.2898305...
A = 3.5935119..., By = 1.2731064...
A = 5.9030000..., By = 1.2145755...
A = 7.9781077..., By = 1.1640016...
A = 9.9954411..., By = 1.1273400...
A= 11.9991145..., By = 1.1021181...
A = 13.9998370..., By = 1.0846745...
A = 15.9999711..., By = 1.0722076...
A = 17.9999950..., By = 1.0629307...
A = 19.9999991..., By = 1.0557653...

As shawn in the above list, By, is slightly smallerthanz?/3 — 2, whenp = 0.5, i.e, 7 = 1, dueto
distributionimbalancen (0, 1]. However, B, is largerthanB, for all » > 1, becausé(n;) is nevernull.
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5 Conclusions

We have studiedthe problemof schedulingindependenhonmalleableparalleltasksin parallelsystems
with identical processors.We proposeda simple approximationalgorithm called H,,,, and performed
combinatorialanalysisfor its worst-casgerformanceandprobabilisticanalysisfor its average-caseer
formance. In particular we proved the following results. (1) The asymptoticworst-caseperformance
ratio Rifisin therange[l%..l %]. (2) If thenumbersf processorsequestedby thetasksareuniformly
distributedi.i.d. randomvariablesandtaskexecutiontimesarei.i.d. randomvariableswith finite mean
andvariance thenthe average-casperformanceatio is Rffm < 1.2898680.... In otherwords,lessthan
22.5%of the allocatedcomputingpower is wasted. (3) Both the worst- and average-cas@erformance
ratiosimprove significantlywhentasksrequesfor smallernumbersof processors(4) Resultssimilar to
(2)-(3)alsohold for the truncatedexponentialdistribution of tasksizes.
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Appendix. Proof of Equation (7)
Thefollowing factis usedin theproof. If
axr +b
9(z) = cx+d’
wherea, b, c,d, z > 0, theng(z) is anincreasing(decreasingjunctionof z if ad — be > 0 (< 0). We
considerthreecases.
Casel. z; isthemaximum. Sincez; > 121 + 22, Wehavezy < 1z;. Sincez; > 121 + 222 + 3z, we
havex < 3(%21 — 223). Hence,

Q = 1+242

Il
[
+
N
(V)
+
[N
/N
| =
|
| ™o
|N
[\V)
N—

< 14 -4
= 1—.

Case 2. 121 + 2 isthe maximum. Sincez; < 1z + 2z, wehave 21 < 2z. Sinceiz + 2z >
3721+ 322 + 2, wegetz < g2z5. Now,

Q_Z1+Zz+ib“ < Zl+%z2
%Zl-I-ZQ - %21 + 22 ’
whichis anincreasingunctionof z;. Hence() takesits maximumvaluel% whenz; = 22.
Case3. 321 + 22; + 2z isthemaximum. Sincejz; + 22 < 321 + 222 + 2z, wegetz > 32,. Note

that
T+ 21+ 29

Q=3 1 2
IT+ 521+ 322

is adecreasindunctionof z. Thus,Q getsits maximumvaluewhenz = %zQ, ie.,

1
21+ 3322
%2’1 + 22

Q<

?

which i i ingfuncti z1. Since,z; < 321 + 229 + S, T = 529, W 21 < 229.
hich is anincreasingfunctionof z;. Since,z; < %z + 22, + 3, and : ehaez <2
Hence() reachests maximumvaluel% whenz; = 225.



