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In this paper, we considerthe problemof schedulingindependentparallel tasksin parallelsystemswith identical
processors.Theproblemis NP-hard,sinceit includesthebin packingproblemasa specialcasewhenall taskshave
unit executiontime. We proposeandanalyzea simpleapproximationalgorithmcalled ��� , where � is a positive
integer. Algorithm ��� hasamoderateasymptoticworst-caseperformanceratio in therange���	�
��
� ��� 
��� �

for all ����� ;
but thealgorithmhasasmallasymptoticworst-caseperformanceratioin therange����������� �	����! ��� ��������� � , whentask
sizesdonot exceed����� of thetotal availableprocessors,where �#"$� is aninteger. Furthermore,we show thatif the
tasksizesareindependent,identicallydistributed(i.i.d.) uniformrandomvariables,andtaskexecutiontimesarei.i.d.
randomvariableswith finite meanandvariance,thentheaverage-caseperformanceratioof algorithm �%� is nolarger
than1.2898680...,andfor anexponentialdistributionof tasksizes,it doesnotexceed1.2898305....As demonstrated
by our analyticalaswell asnumericalresults,theaverage-caseperformanceratio improvessignificantlywhentasks
requestfor smallernumbersof processors.

Keywords: approximationalgorithm,average-caseperformanceratio,paralleltaskscheduling,probabilisticanaly-
sis,worst-caseperformanceratio

1 Introduction
In this paper, we considertheproblemof schedulingindependentparalleltasksin parallelsystemswith
identical processors.Assumethat we are given a list of & tasks ')(+*-,/.102,4310657585709,4:<; . Eachtask ,4=
is specifiedby its executiontime >6= , and its size ?�= , i.e., ,4= requires?�= processorsto execute. There
are @ identicalprocessors,andany ?�= processorscanbe allocatedto ,4= . Once ,4= startsto execute,it
runswithout interruptionuntil it completes.Tasksin ' aremutually independent,that is, thereis no
precedenceconstraintnor datacommunicationamongthe & tasks.Theproblemaddressedhereis to find
a nonpreemptive scheduleof ' suchthat its makespan(i.e., the total executiontime of the & tasks)is
minimized.

The problemis NP-hard,sinceit includesthe bin packingproblemasa specialcasewhenall tasks
have unit executiontime. Therefore,onepracticalway to solve this problemis to designandanalyze
approximationalgorithmsthatproducenearoptimalsolutions.Let AB*C'D; bethemakespanof thescheduleE
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generatedby an algorithm A for ' , and GIHKJL*�'�; be the makespanof an optimal scheduleof ' . The
quantity MONP (RQ7S8TUWV NYX Z2[<\]_^	`_a8b<c�d UIe AB*�'�;GIHKJL*�'�;1fhg
is calledtheasymptotic worst-case performance ratio of algorithm A . If thereexist two constantsi and j
suchthatfor all ' , AB*�'�;%klinmoGIHDJL*�'D;Wpqj/>�r , where>�rs(tTvu1wx.zy{=�y{:_*�>6=|; is thelongestexecutiontime
of the & tasks,then

M NP k}i , and i is calledanasymptotic worst-case performance bound of algorithmA . Moreover, if for any small ~h�Y� andall large ���l� , thereexistsa list ' , suchthat GIHKJL*C'D;���� , andAB*�'�;%��*�i���~z;�GIHKJL*�'�; , thentheboundi is calledtight, i.e.,

M NP (�i . Whentasksizesandexecution
timesarerandomvariables,both AB*�'�; and GIHDJL*�'D; becomerandomvariables,and�MONP (�Q7S8T: V N X�� *�A�*�'�;9;� *|GIHDJO*�'�;9;�g
is calledthe asymptotic average-case performance ratio of algorithm A , where � *�m�; standsfor the ex-
pectationof a randomvariable.Of course,

�M NP dependson theprobabilitydistributionsof tasksizesand
executiontimes. If thereexistsa constant� suchthat for all ' , � *CAB*�'�;9;#k���m � *|GIHDJI*C'D;2; as &���� ,
then

�M NP k�� , and � is calledanasymptotic average-case performance bound of algorithm A .
Wenoticethatourschedulingproblemdefinedabovelookssimilar to but is quitedifferentfrom thetwo

dimensionalrectanglepackingproblem[1, 2, 7, 9], whereeachtask , = is treatedasarectanglewith width? = andheight > = . Therectanglepackingmodelimpliesthatprocessorsshouldbeallocatedin contiguous
groups.Thatis, the @ processorshave indices1, 2, 3, ..., @ , andtask , = mustbeallocate? = processors
with indices� , �spY� , ..., �#p�? = �l� for some� . Suchaschedulingproblemarisesin parallelsystemslike
lineararrays.Therectanglepackingproblemhasbeenextensivelystudied,whereacomplicatedalgorithm
with asymptoticworst-caseperformanceratio aslow as1.25hasbeenfound [1]. However, contiguous
processorallocationis not requiredin our model,whereany ?�= processorscanbe allocatedto ,4= . Our
problemcould be regardedasa resourceconstraintschedulingproblem[3, 6], wherethe resourceis a
setof processors.It hasapplicationsin parallelcomputingsystemssuchassymmetricsharedmemory
multiprocessorsanddistributedcomputingsystemssuchasbus-connectednetworksof workstations.In
thesesystems,a processorallocationmechanismis independentof the topologyof an interconnection
network. Anotherrelatedproblemis schedulingmalleabletaskswhich hasalsobeeninvestigatedin the
literature[8, 10]. In thatproblem,eachtaskrequestsfor several possiblenumbersof processors,i.e., a
taskhasadjustablesize,andfor eachsize,an executiontime is alsospecified.Theproblemhasseveral
variationsdependingon differentwaysin which theexecutiontime of a taskchangeswith thenumberof
processorsallocatedto it, andthe performancemeasuresto be optimized(e.g.,makespan,averageflow
time).

Theproblemwe considerhereis to schedulenonmalleabletaskswith noncontiguousprocessoralloca-
tion. Eventhoughthecomplicatedalgorithmin [1] for rectanglepackingcanalsobeappliedto solveour
problem,weproposeandanalyzeasimpleapproximationalgorithmcalled �#� , where� is apositiveinte-
ger. Algorithm � � hasa moderateasymptoticworst-caseperformanceratio ( ��5 �����<57575 k M N¡W¢ k£��5�¤�¥�¥<58575
for all �¦�£� ); but thealgorithmhasa smallasymptoticworst-caseperformanceratio �hp£��§<*-¨#p£�©;skM N¡ ¢ k)�spª��§1¨ , whentasksizesdo not exceed @�§1¨ , where ¨��«� is an integer. We noticethat the
capability to dealwith small tasksis importantin real applicationssincemany tasksizesarerelatively
smallascomparedwith thesystemsizesothata largescaleparallelsystemcanbesharedby many users
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simultaneously. However, it is not clearwhetherthe algorithmin [1] hassuchcapability. Furthermore,
the simplicity of our algorithmallows us to conductaverage-caseperformanceanalysis. In particular,
we show thatif thenumbersof processorsrequestedby thetasksareindependent,identicallydistributed
(i.i.d.) randomvariablesuniformly distributedin therange¬8��575 @£­ , andtaskexecutiontimesarei.i.d. ran-
domvariableswith finite meanandvariance,then

�M N¡4¢ k®��5 ¥�¯�°�¯���¯��<57585 , i.e., � *��s��*C'D;2;2§ � *|GIHKJO*C'D;2;
is asymptoticallyboundedfrom above by 1.2898680...as &£�±� . For an exponentialdistribution of
tasksizes,we have

�M N¡4¢ k«��5�¥�¯�°�¯�²���³<58575 . As demonstratedby our analyticalaswell asnumericalre-
sults,theaverage-caseperformanceratio improvessignificantlywhentasksrequestfor smallernumbers
of processors.We noticethat thereis lack of suchresultson probabilisticalgorithmanalysis,especially
in multi-dimensionalcases[4]. Theaverage-caseperformanceof thealgorithmin [1] is unknown.

Therestof thepaperis organizedasfollows. We presentalgorithm � � in Section2. Theworst-case
performanceof the algorithmis analyzedin Section3, and its average-caseperformanceis studiedin
Section4. Finally wegiveasummaryin Section5.

2 The Approximation Algorithm H �
Our algorithmH � for schedulingindependentparallel tasksdivides ' into � sublists ' . , ' 3 , ..., 'K�
accordingto tasksizes(i.e.,numbersof processorsrequestedby tasks),where�´��� is apositiveinteger.
For �µk}¶·k��¸�t� , define '�¹�(�º©, =D» '�¼	@�§	*|¶Bp£�©;s½�? = k}@�§�¶{¾ , i.e., 'D¹ containsall tasksin '
thathave sizesin the interval ¿o¹�(�*C@�§	*|¶Àp£�©;�0�@�§�¶�­ . Define 'D�ª(�ºo, =D» '�¼��Á½�? = k�@�§���¾ , i.e.,'K� containsall taskswhosesizesarein therange¿���(�*C�<0�@�§1�Â­ .

Algorithm H � producesschedulesof the ' ¹ ’s sequentiallyandseparately. To processtasksin ' ¹ ,
where �·kÃ¶lkÃ�«�£� , the @ processorsarepartitionedinto ¶ groups, ÄB.�0�ÄO3�0o58575702Ä ¹ , eachcontains@�§�¶ processors.Eachgroup ÄsÅ of processorsis treatedas a unit, and is assignedto a task in ' ¹ .
Suchan allocationcanbe implementedusing, for example,the list schedulingalgorithm[4]. Suppose' ¹ ()*�, ¹. 09, ¹3 0657585709, ¹:�Æ ; , where & ¹ is the numberof tasksin ' ¹ . Initially, group ÄsÅ is assignedto , ¹Å ,
where ��kY�nk}¶ , and , ¹. 09, ¹3 0657585709, ¹¹ areremovedfrom ' ¹ . Uponthecompletionof a task , ¹Å , thefirst
unscheduledtaskin '�¹ , i.e., , ¹¹zÇ . , is removedfrom '�¹ andscheduledto executeon Ä Å . This process
repeatsuntil all tasksin 'D¹ arefinished.ThenalgorithmH � beginstheschedulingof next sublist 'D¹�Ç . .

For 'D� , thereis no needto divide the @ processors.The list schedulingalgorithm is againem-
ployed here. Let 'K�«(È*-, �. 09, �3 0657585709, �: ¢ ; . Initially, asmany tasksin 'K� arescheduledaspossible,
i.e., tasks , �. 02, �3 0o58575709, �É start their execution,where Ê is definedin sucha way that the total sizeof, �. 02, �3 0o58575802, �É is no larger than @ , but the total sizeof , �. 09, �3 0657585709, �É Ç . exceeds@ . Whena task
finishes,thenext taskin ' � beginsits execution,providedthat thereareenoughidle processors.Notice
thatit is theschedulingof tasksin ' � thattakesadvantageof noncontiguousprocessorallocation.

3 Combinatorial Analysis
In this section,we analyzetheworst-caseperformanceof algorithmH � . Let �#��*�'�; bethemakespanof
thescheduleproducedby algorithmH � for ' , and GIHKJL*�'�; bethemakespanof anoptimalscheduleof' . First,weshow thefollowing result.

Theorem 1. For any list ' of & tasks and �)�l² , we have�#�µ*C'D;�k�� �o²�o¯ GIHDJL*�'D;_p�*-�Ë�l��;Ì> r 0
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where >�r is the longest execution time of the & tasks. Furthermore, for �Í�Î� and any large �«��� ,
there exists ' , such that GIHKJL*�'�;Ï��� , and �s��*C'D;�§�GIHKJI*�'�;�(Ã� 3Ð

. Therefore, for all �È�£� , we have��5 �����x58575�k M N¡4¢ k}��5�¤�¥�¥	57585 .
Proof. Assumethatall tasksin ' areexecutedin the time interval ¬ �<0�� � *�'�;Ñ­ , andthat tasksin ' ¹ are
scheduledin ¬ Ò ¹ 09Ò ¹zÇ .Ó­ , where �LkY¶�k$� , i.e.,thefirst taskin ' ¹ startsat time Ò ¹ , andthelastcompletion
timeof thetasksin '�¹ is Ò9¹zÇ . . Let Ê�¹ bethestartingtimeof thelasttask , ¹:�Æ in '�¹ . Define Ô . (�Ò 3 �ÕÒ . ,
andfor all ¥µk�¶nkY� , define Ô1¹À(}Ê©¹I�qÒ9¹ , and ¨�¹�(�Ò9¹zÇ . ��Ê�¹ betheremainingexecutiontime of 'D¹
once, ¹:�Æ starts.Clearly, ¨©¹�k�>�r , and�s��*C'D;Ö( Ô . p$Ô 3 p�Ô Ð p�m6mom©p$Ô©��p�¨ 3 p�¨ Ð p�m6m6m1p�¨©�k Ô . p$Ô 3 p�Ô Ð p�m6mom©p$Ô©��p�*��®���©;Ì> r 5 (1)

Wegiveseverallowerboundsfor GIHKJL*�'�; . First, tasksin ' . have largesizessuchthatnotwo of them
canexecutein parallel.Therefore,we have GIHDJI*C'D;���Ô . 5 (2)

Second,therecanbe at mosttwo tasksfrom 'K3 that canexecuteat the sametime, andtherecanbe at
mostonetaskfrom ' 3 thatcanexecutesimultaneouslywith a taskin ' . . Thus,GIHDJI*C'D;���Ô1.Kp ¥�Ô©3%�qÔ�.¥ ( Ô�.¥ p$Ô©3�5 (3)

Third, definethe areaof a task ,4= to be ? =C>6= , and the total areaof ' ¹ to be A ¹ (Ø×tÙ�Ú�Û b Æ ? =�>6= for�Ükª¶�k}� , and A�(ÝA . pYA 3 p}mom6m�pYA#� . For convenience,we assumethatprocessorrequirements
arenormalizedsuchthat ��½�? = kÞ� for all �µk£ßhk�& . Clearly, GIHDJL*�'D;s�}A . We give a lower bound
for A asfollows. For ��k}¶Õk��¸�Y� , we noticethatall the ¶ groupsÄ . , Ä 3 , ..., ÄÀ¹ arebusyuntil , ¹:�Æ
startsits execution.Thatis, duringtime interval ¬ Ò9¹�0ÓÊ�¹©­ , at least ¶x§	*|¶%p��©; of theprocessorsarebusy, i.e.,
wehave As¹��£*|¶x§	*|¶#pl�©;2;�Ô1¹ . For 'D� , wenotethatduringtime interval ¬ Ò��B0ÓÊ©�Ï­ , thepercentageof busy
processorsis at least *��Ã���©;�§�� , i.e., A#�Þ�}*2*-�Ã����;2§��Õ;�Ô�� ; otherwise,sometasksshouldstartearlier.
Hence, GIHDJI*C'D;�� �¥ Ô . p ¥² Ô 3 p ²à Ô Ð p�m6mom©p ���l�� Ô��#á . p �®�l�� Ô©�B5 (4)

Now let usconsidertheratioâ ( Ô . p$Ô 3 p$Ô Ð p�m6mom©p$Ô©�sá . p�Ô��Tvu�w�ã|Ô1.10 .3 Ô�.äp$Ô�3�0 .3 Ô1.äp 3Ð Ô©3�ptmom6m©p �sá .� Ô �sá .äp �sá .� Ô �Iå 5 (5)

Let æÁ(�Ô Ð p�m6mom©p$Ô � . Apparently,â k Ô�.äp$Ô�3Dp�æTvu1w ã Ô . 0 .3 Ô . p�Ô 3 0 .3 Ô . p 3Ð Ô 3 p Ðç æ å 5 (6)

We give theproof of thefollowing resultin theappendix.Ô�.äp$Ô©3Kp�æTµu�w�ãÑÔ . 0 .3 Ô . p�Ô 3 0 .3 Ô . p 3Ð Ô 3 p Ðç æ å k�� �o²�o¯ 0 where Ô�.©0�Ô�3�09æ·�l�<5 (7)
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CombiningEquations(1)–(7),weget �s��*C'D;�k}� . Ð.9è GIHDJI*C'D;/p�*-�Ë�l��;Ì>�r .
To show thelowerboundfor

M N¡ ¢ , let usconsidera list ' of taskswhichcontains& tasksof size .3 pÕ~ ,& tasksof size .Ð pY~ , and & tasksof size .é �l¥�~ , where & is a multiple of 6, and ~��Þ� is a very small
quantity. All taskshave unit executiontime. Clearly, GIHDJI*C'D;L(�& . Algorithm H � divides ' into ' . ,' 3 , and ' é , and �#��*�'�;#(Þ&Ápl&ê§�¥Ipl&ê§1�Â(®� 3Ð & . Thus,we canchoose& a sufficiently largenumber
while keeping�s��*C'D;2§�GIHKJL*�'�;ë(�� 3Ð . Thiscompletestheproofof thetheorem.

For taskswith smallsizes,algorithm �#� exhibitsmuchbetterperformancedueto increasingprocessor
utilization,asclaimedby thefollowing theorem.

Theorem 2. For any list ' of & tasks, such that ? = k�@�§1¨ for all ß , where ¨���� is an integer, we have

�#��*�'�;�k e �Dp �¨ f GIHDJL*�'D;êp�*�����¨#p��©;�> r 0
where >�r is the longest execution time of the & tasks. Furthermore, for �È�Y¨#p�� and any large ����� ,
there exists ' , such that GIHDJI*C'D;Â�¸� , and �#��*�'�;2§�GIHKJL*�'�;�(ì�spÞ��§<*-¨Op���; . Therefore, we have�Dpt�1§	*-¨Ïp��©;Dk M N¡4¢ k}�Dpt�1§�¨ .

Proof. Theproof is similar to thatof Theorem1. Since ¨Á��¥ , andsublists' . , ' 3 , ..., 'Kí6á . areempty,
Equation(1) becomes � � *�'�;�k�Ô í p$Ô í�Ç .äp�m6mom©p�Ô � p�*-�Ë��¨Ïp��©;Ì> r 5
By usingthearealowerboundfor GIHDJI*C'D; , wehave

GIHKJL*�'�;R� e ¨¨hp��xf Ô�íKp e ¨Ïpt�¨Ïp$¥_f Ô�í2Ç . p�m6mom©p e ������ f Ô��sá . p e ������ f Ô��� ¨¨Ïp�� *�Ô í p$Ô í2Ç .äp�m6mom©p$Ô � ;z5
The above two inequalitiesgive the asymptoticworst-caseperformancebound �#p��1§�¨ in the theorem.
To show thelowerbound �Dpt�1§	*�¨hp��©; for

M N¡ ¢ , let usconsidera list ' which contains&4¨ tasksof size��§	*�¨#p£�©;êpl~ , and & tasksof size �1§	*�¨Ïp£��;ä�q¨1~ , where & is a multiple of ¨sp�� , and ~ is a sufficiently
small value. All taskshave unit executiontime. Clearly, GIHKJL*C'D;À(Ã& . Algorithm H � divides ' into'Kí and 'Dí2Ç . , and �s��*C'D;�(¸&Õp�&ê§	*�¨Opª�©; . Thus,we canchoose& sufficiently large while keeping�#��*�'D;�§�GIHDJI*C'D;ë(ª�Dpt�1§	*�¨%p��©; .

When ¨Á��³ , algorithm �#� hasbetterasymptoticworst-caseperformanceratio thanthealgorithmin
[1].

4 Probabilistic Analysis
Now let usconsidertheaverage-caseperformanceof algorithmH � . For convenience,weassumethetask
sizesarenormalizedsuchthat �µ½l? =ëk�� , andthatthe ?�= ’sareindependent,identicallydistributed(i.i.d.)
randomvariableswith acommonprobabilitydensityfunction îï*�æ{; in therange*C�<0o��­ . Ourassumptionon
thetaskexecutiontimesis quitegeneral,i.e.,the >o= ’sarei.i.d. randomvariableswith meanð andvariance



160 Keqin Liñ 3 , whereð and ñ areany finite numbersindependentof & . Theprobabilitydistributionsof tasksizesand
executiontimesareindependentof eachother.

Theorem 3. We have the following asymptotic average-case performance bound for algorithm �s� :

�MON¡4¢ (òQ8S7T: V N XL� *��s�µ*�'D;2;� *ÑGIHKJO*C'D;9;1g k
�#á .ó¹ d . �¶ÜôÎõÆõÆ2ö õ

îï*-æ{;9÷�ævp ��®�l�sôøõ¢ù æ{îï*-æW;�÷�æ
Tvu�w e ô .ù æ{îï*�æ{;�÷�æ/0 ô .

õú îï*�æ{;�÷�æ f 5
(Note that the bound only depends on îï*-æW; .)
Proof. It is clearthatthemeantasksizeis �?�( ô .ù æ{îï*�æ{;�÷�æ/5
Sincea tasksizefalls into ¿ ¹ with probability û©ü Æ îï*-æ{;9÷�æ , where ¿ ¹ (Î*���§<*C¶Àp��©;�06�1§�¶ ­ for all ��k�¶Õk���l� , and ¿���(�*C�<06�1§���­ , theexpectednumberof tasksin '�¹ is� *-&/¹�;K( X ô ü Æ îï*-æW;�÷�æ g &ä0
for all �OkY¶Âk�� . Also, theexpectedsizeof tasksin 'D¹ is

�?�¹O( ô ü Æ æWîï*-æW;�÷�æ
ô ü Æ îï*�æ{;�÷�æ 5

Sincetheareaof a task , = hasexpectation
�? ð , andtasksin ' . haveto beexecutedsequentially, wehave� *|GIHDJI*C'D;2;��lTvu1wn*-& �? ðä0 � *�& . ;�ð/;K(týv&4ðä0 (8)

where ýÎ(�Tvu1wn* �?{0 � *�& . ;2§1&/;ë(tTvu�w e ô .ù æ{îï*�æ{;9÷�æê0 ô .
õú îï*-æ{;9÷�æ f 5

Let þv¹ bethemakespanof theschedulefor '�¹ . Then, � *C�#�µ*�'�;9;ë( � *�þ . ; p � *�þ 3 ;�p�mom6mÑp � *�þµ�I; .
Clearly, � *Cþ . ;ë( � *-& . ;Ìðÿ( X ô .

õú îï*-æW;�÷�æ g &4ðä5 (9)

For ¥Bkt¶�kl�®�l� , we have � *Cþv¹�;K( � *�Ô1¹�;/p � *-¨�¹�; , and� *�Ô1¹�;�k � *�&/¹�;¶ ðä5
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Furthermore,̈©¹ is no morethanthemaximumof ¶ randomexecutiontimes.It is well known from order
statistics[5] that themeanof themaximumof � i.i.d. randomvariables� . 0�� 3 065757580���� with meanð and
varianceñ 3 is � *-Tvu1w_*�� . 0�� 3 0o5857570�����;2;%k�ðvp �s�l�	 ¥
�s�l� ñ 5
Therefore, � *�þ ¹ ; k � *�&/¹�;¶ ðÜp�ðÜp ¶��l�	 ¥�¶���� ñ

( X �¶ e ô ü Æ îï*�æ{;�÷�æ f &Âpt� g ðÜp ¶B���	 ¥�¶À��� ñ 5 (10)

Finally, we considerþµ� . Since� *�A � ;D( � *�& � ; �? � ðÿ( X ô ü ¢ æ{îï*-æW;�÷�æ g &4ðä0
andtheprocessorutilization is at least �h����§1� in thetime interval ¬ Ò��B0ÓÊo�#­ , we get

� *Cþµ�L;�k � *CA#�O;�h� .� p � *-¨o�O;ë( ������ X ô ü ¢ æWîï*-æW;�÷�æ g &4ðÜp � *-¨o�O;�5
For � *�¨ � ; , themaindifficulty is thatwhentask , �: ¢ startsexecution,thenumberof active tasksstill in
executionis unknown, which could be aslarge as & � , the total numberof tasksin ' � . Since � *�& � ;
couldbe ��*�&/; , we usethefollowing quite looseupperboundfor � *-¨o�O; , that is, ¨o� is no morethanthe
maximumof & randomexecutiontimes,

� *-¨©�L;�k�ðÜp &Á���	 ¥1&Á��� ñ ½�ðvp � & ¥ ñ 5
Therefore,weget � *Cþµ�L;�k e ������ X ô ü ¢ æ{îï*�æ{;�÷�æ g &vp�� f ðÂp � & ¥ ñ 5 (11)

CombiningEquations(9)–(11),we obtain

� *��s�µ*�'D;2;�k e ô .
õú îï*-æW;�÷�æµp �sá .ó¹ d 3 �¶Üô õÆ õÆ2ö õ

îï*-æ{;9÷�æ
p ������sô õ¢ù æ{îï*�æ{;9÷�ævp �Ë�l�& f &4ðÜp e �sá .ó¹ d 3 ¶��l�	 ¥�¶B�l� p � & ¥�f ñ 5

Noticethat ¶����	 ¥�¶B��� ½ � ¶ ¥
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for all ¶��£� . Consequently,�sá .ó¹ d 3 ¶B���	 ¥�¶À��� ½ �#á .ó¹ d 3 � ¶ ¥ ½ ô �3 � æ ¥ ÷�æÿ½ 	 ¥² � .�
 � 5
Theabovecalculationsgiverisesto

� *C�#�µ*�'�;9;�k e �sá .ó¹ d . �¶vôÎõÆ õÆ9ö õ
îï*�æ{;�÷�æµp ������Iô õ¢ù æWîï*-æW;�÷�æµp ���l�& f &4ðÜp e 	 ¥² � .�
 � p � & ¥�f ñ 5

(12)
UsingEquations(8) and(12),we obtain� *��s��*C'D;2;� *ÑGIHKJL*�'�;9; k �ý e �sá .ó¹ d . �¶vô õÆ õÆ9ö õ

îï*-æW;�÷�æµp ��®���sô õ¢ù æWîï*-æ{;9÷�ævp �®�l�& fp �ý e 	 ¥² m � .�
 �& p � �¥�&$f ñð( �ý e �sá .ó¹ d . �¶ ôÎõÆõÆ9ö õ
îï*-æW;�÷�æµp ��®��� ô õ¢ù æWîï*-æ{;9÷�æ f p�� e � .�
 �& p �	 & f 5

It is clearthatas &Õ�¦� , we gettheasymptoticaverage-caseperformanceboundin thetheorem.

As an example,let us considerthe uniform distributions,that is, the ? = ’s are i.i.d. randomvariables
uniformly distributed in the range *��x06��§1¨©­ , where ¨t� � is a positive integer. That is, îï*�æ{;n(´¨ for�µ½$æÿk£��§�¨ . (Noticethatwhen @ is sufficiently large,adiscreteuniformdistributionon º���0Ó¥	0o5857580Ó@�§�¨ ¾
canbetreatedasacontinuousuniform distributionon *C�<06�1§�¨©­ .)
Theorem 4. If the ? = ’s be i.i.d. random variables uniformly distributed in the range *��x06��§1¨©­ , we have�M N¡4¢ k�� í , that is, � *C�#�µ*�'�;9;�k��sí � *|GIHKJO*C'D;2;z0
as &n�Ø� , where �IíÏ(�¥�¨ 3 X�� 3� � �¨ � e �Dp �¥ 3 p�mom6m©p �*-¨I�l��; 3 fhg 0
as �¸�¦� .

Proof. We examinethe numeratoranddenominatorof the boundin Theorem3. The denominatoris
simply ýÎ(�Tvu1w e ô .ù æ{îï*-æW;�÷�æ/0 ô .

õú îï*�æ{;�÷�æ f ( �¥�¨ 0
andthenumeratoris � (t¨ e �#á .ó¹ d í �¶ 3 *C¶Op��©; p �¥1�q*-�����©;�f 5
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Since �¶ 3 *C¶Àp��©; ( �¶ 3 � �¶ p �¶Opt� 0
we have �sá .ó¹ d í �¶ 3 *C¶Àp��©; ( e �#á .ó¹ d í �¶ 3 f � �¨ p �� 5
Notethat �#á .ó¹ d í �¶ 3 ( Nó¹ d . �¶ 3 � í6á .ó¹ d . �¶ 3 � Nó¹ d � �¶ 3 k � 3� � í6á .ó¹ d . �¶ 3 � �� 5
Thus,wehave �#á .ó¹ d í �¶ 3 *C¶Àp��©; k � 3� � �¨ � e �Dp �¥ 3 p�m6m6m1p �*�¨s���©; 3 f 0
and � k�¨ e � 3� � �¨ � e �Dp �¥ 3 ptmom6m©p �*-¨L���©; 3 f p �¥���*����l��; f 5
By choosing� sufficiently large,theaverage-caseperformancebound

� §1ý canbemadearbitrarilyclose
to �sí .

When ¨L(ª� , theasymptoticaverage-caseperformanceboundgivenin Theorem4 is � . ( � 3 §1²%�Õ¥s(��5�¥�¯�°�¯���¯��<57575 . To show thequality of theaverage-caseperformancebound �Ií in Theorem4, we give the
following numericaldata. � . ( ��5 ¥�¯�°�¯���¯��<57585� 3 ( ��58��³�° à ¤�¥��<57585� Ð ( ��58�©��¯�¯x�©¥<��57585� ç ( ��5 ��¯�¥�²�²�¥ ¤�57585��� ( ��5 �����<� à�à °<57585� é ( ��5 � ³�³�¥ à ¯�¤�57585��� ( ��5 � à ¤ à ¥	�©°<57585� è ( ��5 � à �©³�²����<57585��� ( ��5 ��²���°�² ¤�¥	57585� . ù ( ��5 ��²�²�¥�³�³�°<57585
It is clearthat � í ½��Ïp}�1§�¨ for all ¨ÿ�Î� , i.e., � í is lessthanthe asymptoticworst-caseperformance
boundin Theorem2.

Thoughclosedform solutionsarenotavailable,theaverage-caseperformanceboundsof algorithm � �
couldbecalculatedusingTheorem3 numericallyfor arbitraryprobabilitydistribution of tasksizes.For
instance,let usconsidera truncatedexponentialdistribution, i.e.,îï*-æ{;D(���� á��! �h� � á�� 0 �µ½$æ·k���5
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Theorem 5. If the ? = ’s be i.i.d. random variables exponentially distributed in the range *��x06��­ , we have�M N¡ ¢ k��"� , that is, � *C�#�µ*�'�;9;%k#��� � *ÑGIHKJL*�'�;9;�0
as &n�Ø� , where

� � (
Nó¹ d . �¶ m � á$�&% a ¹zÇ . c � � á��'%Ó¹�h� � á���� � � á$��h� � á��

0
as �¸�¦� .

Proof. It can be easily verified by straightforward calculationthat the numeratorand denominatorin
Theorem3 are� ( �sá .ó¹ d . �¶ m�� á$�&% a ¹zÇ . c � � á$�&%Ó¹�h� � á�� p ��Ë�l� m ��h� � á$� e �h� � á$�&%��� �(� á��&%2�� f 0
and ý�(tTvu�w e �� � � á$��h� � á$� 0 � á$�&% 3 � � á���h� � á�� f ( �� � � á$��h� � á$� 0
respectively. By letting � �¦� , theaverage-caseperformancebound

� §1ý canbemadearbitrarilyclose
to � � .

To show the average-caseperformancebound �"� in Theorem5, we let � ()�o��¥ à
, andchoose� in

sucha way thatthemeantasksize �?�( �� � � á$��h� � á��
takes the values �1§	*|¥1¨�; for ¨�( ��0�¥<0657585706�©� , so that a comparisoncan be madebetweenperformance
boundsof �#� undertheuniformandtheexponentialdistributions.

� (t�x5 �����<�©¯<�©²<5758570 � � (ª��5�¥�¯�°�¯�²���³	57575
� (t²x5 ³�°�²�³<���©°<5758570 � � (ª��5�¥�¤1²x�o��� à 57575
� (�³<5 °���²��������<5758570 � � (ª��5�¥	� à ³�¤�³�³	57575
� (�¤	5 °�¤1¯<�©� ¤�¤�5758570 � � (ª��57�o� à ���x�o�<57575
� (t°x5 °�°�³ à�à ����5758570 �"�B(ª��57�©¥�¤�² à ���<57575
� (ª����5 °�°�°x��� à ³	5758570 �"�B(ª��57�o��¥<���©¯<��57575
� (ª�o²x5 °�°�°�¯�² ¤��<5758570 �"�B(ª��5 ��¯ à � ¤ à ³	57575
� (ª�©³<5 °�°�°�° ¤�����5758570 �"�B(ª��5 � ¤�¥�¥���¤1�<57575
� (ª��¤	5 °�°�°�°�°�³��<5758570 �"�B(ª��5 ����¥�°�²�� ¤�57575
� (ª�o°x5 °�°�°�°�°�°x��5758570 �"�B(ª��5 ��³�³ ¤1� ³�²<57575

As shown in the above list, � � is slightly smallerthan � 3 §1²v��¥ , when
�?�(È�<5�³ , i.e, ¨l(�� , due to

distribution imbalancein *C�<0o��­ . However, � � is largerthan � í for all ¨B�}� , because� *-&ê.6; is nevernull.
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5 Conclusions
We have studiedthe problemof schedulingindependentnonmalleableparalleltasksin parallelsystems
with identical processors.We proposeda simple approximationalgorithm called �#� , andperformed
combinatorialanalysisfor its worst-caseperformanceandprobabilisticanalysisfor its average-caseper-
formance. In particular, we proved the following results. (1) The asymptoticworst-caseperformance
ratio

M N¡W¢ is in therange¬8� 3Ð 5857� . Ð.9è ­ . (2) If thenumbersof processorsrequestedby thetasksareuniformly
distributedi.i.d. randomvariablesandtaskexecutiontimesarei.i.d. randomvariableswith finite mean
andvariance,thentheaverage-caseperformanceratio is

�M N¡4¢ kÞ��5 ¥�¯�°�¯���¯��<57585 . In otherwords,lessthan
22.5%of the allocatedcomputingpower is wasted. (3) Both the worst- andaverage-caseperformance
ratiosimprovesignificantlywhentasksrequestfor smallernumbersof processors.(4) Resultssimilar to
(2)–(3)alsohold for thetruncatedexponentialdistributionof tasksizes.
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Appendix. Proof of Equation (7)
Thefollowing factis usedin theproof. If ) *�æ{;K(+* æµp-,. æ�p$÷ 0
where * 0/,10 . 0�÷x02æ$�ª� , then

) *-æW; is an increasing(decreasing)functionof æ if * ÷���, . �Þ� ( ½ª� ). We
considerthreecases.

Case 1. Ô . is the maximum. SinceÔ . � .3 Ô . pqÔ 3 , wehave Ô 3 k .3 Ô . . SinceÔ . � .3 Ô . p 3Ð Ô 3 p Ðç æ , we
have æÕk çÐ * .3 Ô . � 3Ð Ô 3 ; . Hence, â ( �Dp Ô 3Ô . p æÔ .( �Dp Ô 3Ô�. p à ² e �¥ � ¥² m Ô 3Ô�. f( �Dp ¥² p �° m Ô 3Ô .k �Dp ¥² p �° m �¥( � �o²�o¯ 5

Case 2.
.3 Ô . p£Ô 3 is the maximum. Since Ô . k .3 Ô . p£Ô 3 , we have Ô . k ¥�Ô 3 . Since .3 Ô . p�Ô 3 �.3 Ô . p 3Ð Ô 3 p Ðç æ , weget æÿk ç � Ô 3 . Now,â ( Ô�.äp$Ô�3Dp�æ.3 Ô . p$Ô 3 k Ô�.äp . Ð� Ô©3.3 Ô . p�Ô 3 0

which is anincreasingfunctionof Ô . . Hence
â

takesits maximumvalue � . Ð.9è when Ô . (£¥�Ô 3 .
Case 3.

.3 Ô . p 3Ð Ô 3 p Ðç æ is the maximum. Since .3 Ô . plÔ 3 k .3 Ô . p 3Ð Ô 3 p Ðç æ , we get æ�� ç � Ô 3 . Note
that â ( æ�plÔ1.äp$Ô�3Ðç æµp .3 Ô . p 3Ð Ô 3
is a decreasingfunctionof æ . Thus,

â
getsits maximumvaluewhen æÁ( ç � Ô�3 , i.e.,â k Ô . p . Ð� Ô 3.3 Ô . p$Ô 3 0

which is an increasingfunctionof Ô�. . Since, Ô�.µk .3 Ô1.�p 3Ð Ô�3%p Ðç æ , and æ�( ç � Ô�3 , we have Ô�.µkÞ¥�Ô�3 .
Hence

â
reachesits maximumvalue � . Ð.�è when Ô�.h(£¥�Ô�3 .


