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Thelattice
���

of all permutationsona � -elementsethasbeenshown to bebounded[5], whichis astrongconstructive
propertycharacterizedby the fact that

� �
admitswhatwe call an interval doublingscheme. In this paperwe char-

acterizeall interval doublingschemesof thelattice
� �

, a resultthatgivesa niceprecisionon theboundednatureof
thelatticeof permutations.This theoremis adirectcorollaryof two strongproperties(Proposition3 andTheorem3)
thatarealsogivenwith their proofs.

Keywords: Permutations,lattice, boundedlattice, interval doubling schemes,arrow relations, linear extension,
tableaux.

1 Introduction
Permutationson a � -elementsetplay a fundamentalrole in numerousfields,especiallyin computersci-
enceandpureor appliedmathematics.The main reasonfor the importanceof permutationsin applied
mathematicsis that they appearlike a fundamentalordinalmodelsincetheset ��� of all permutationson
a � -elementsetis clearly in a bijective correspondencewith thesetof all linearorderson a setwith the
samecardinality. GuilbaudandRosenstiehlhaveprovedin 1963thatthesetof all permutationsonafinite
setis a lattice[15]: indeedthetranspositionswhich reverseneighboursin a permutation(andwhich give
rise,asageneratingsystem,to thesymmetricgroup� � ) definethecoverrelationof anorderrelation �
	�� ,
theso-calledweakBruhatorderon � � , which is a lattice(Björner[4]). Thelattice( � �� �
	�� ) of permuta-
tions,alsocalledPermutoedron, hasbeenstudiedby severalauthors(seee.g. Barbut andMonjardet[1],
Chameni-Nembua[6], Le Contede Poly-Barbut [16, 17], EdelmanandGreene[11], Markowsky [19]).
Recently, DuquenneandCherfouh[10] (and,independentlyandin a moregeneralcontext, Le Contede
Poly-Barbut [18]) haveprovedthatthis latticeis semidistributive. Thispropertyhasbeenreinforcedin [5]
whereit is provedthat thelatticeof permutationsis bounded(seeDay [8] for theoriginsof this concept
andfor anumberof characterizations),whichmeansthatthePermutoedroncanbeobtainedfrom thetwo-
elementlattice ��������� ����� ��� by a (finite) sequenceof doublingsof convex sets(thedefinitionof this
constructive operationcanbe foundfor instancein [2] or in [14]). Anothercharacterizationof bounded
latticesis expressedin termsof � -table, a (particularlyrich lattice encoding)conceptdefinedfrom the
arrow relations. A lattice is boundedif andonly if its � -tableadmitswhatwe call an interval doubling
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scheme[14]. In [2], theauthorshaveshown how all interval doublingschemesof a boundedlattice  are
in a 1-1 correspondencewith all differentwaysto construct from the two-elementlatticeby the dou-
bling operationmentionedabove. Theseinterval doublingschemesarealsoin a 1-1correspondencewith
all linearextensionsof theposetof join-irreduciblecongruencesandwith all linearextensionsof theposet!�"

with respectto the #%$'&)(*��+ definedin [12] (seethis referenceandalso[9] for moredefinitionsand
detailson this subject).Theaim of this paperis to provide a simplecharacterizationof all interval dou-
bling schemesof thelatticeof permutations(Corollary2). Thischaracterizationis obtainedasacorollary
of two results:Proposition3 which characterizestheorderrelationbetweenall join-irreduciblepermuta-
tions(anddually betweenall meet-irreduciblepermutations)in termsof arrow relations,andTheorem3
thatgeneralizesour characterizationresultto a largerclassof lattices.

In thefollowingsection,wegiveall necessarynotionsonlatticesandonthearrow relations,andprovide
someusefulpreliminariesaboutpermutations.Section3 presentstheresultswith their proofs.

2 Preliminaries
A partially orderedset(or poset) �,  ��� is a lattice if any pair �.- 0/�� of elementsof  hasa leastupper
bound(alsocalledjoin) denotedby -21 / andagreatestlowerbound(alsocalledmeet) denotedby -43 / .
Theorderrelation � on  is thetransitiveclosureof thecover relation 5 of  , which is definedby -65 /
if -87 / andthereexists no 9;:< suchthat -87�9;7 / . We thensaythat - is covered by / (or /
covers - ). An element= (resp. > ) of  is a join- (resp.meet-) irreducibleof  if it cannotbeobtainedas
the join (resp.meet)of elementsof  distinct from = (resp. from > ). Equivalently, anelement= (resp.> ) of  is a non-zero(resp.non-unit)join- (resp.meet-)irreducibleif it covers(resp. is coveredby) a
uniqueelementin  , which is thendenotedby =@? (resp. >BA ). Thesetof non-zerojoin- (resp.non-unit
meet-)irreduciblesof a lattice  is denotedby

!�"
— or

!
if noconfusionarises— (resp. C " or C ). We

will alsoidentify any lattice �,  ��� with its underlyingset  andall latticeswill berepresentedby their
diagram, i.e. by thetransitivereductionof their coverrelation,directedfrom bottomto top.

For otherdefinitionsaboutlatticesnot recalledhere,seefor instancethe booksby Barbut andMon-
jardet[1], Birkhoff [3] or Davey andPriestley [7].

Let DE�F� ��HGI�JKJKJL � � be a setwith � elements.A permutationon D is a bijection M on D that we
denoteMN�8MPO JKJKJ MRQ JKJLJ MR� . For ST� ��.JLJKJL �U$ �� MRQ and MVQ A O aresaidadjacentin thepermutationM . We
denoteby ��� the setof all permutationson D . It is clearthat ��� is in a bijective correspondencewith
the setof all linear orders on a setwith cardinality � . According to this bijection, we will freely mix
thesetwo notions,consideringa permutationM asthelinearorder MW�X�Y�,MRQ  M[Z���\ � �]ST7^=B�]� � and
applyingall ordinal notationsandconceptsto permutations.In the following, an orderedpair �,MRQ  M[Z��
will ratherbewritten M Q M Z .

For apermutationM , wenote�_�,M`� thesetof all agreementsof M , i.e. thesetof all orderedpairs �,M Qa M Z �
of M satisfying M Q 7]M Z . Theset #6�,M`� of all disagreementsof M is definedasthesetof all orderedpairs�,M Q0 M Z � of M satisfying M Z 7bM Q . An orderrelationbetweenthepermutationsof � � is definedby Mc�bd
if �e�,dV�gfh�e�iMR� (or equivalently if #6�iMR�gfj#6�kdV� ). For this order relation (which equalsthe weak
Bruhatorderon the setof permutations),the set ��� of permutationsis a lattice with the naturalorder� 	 �l� ��JLJKJ +[�i+nm � � JLJKJ � asleastelementandthedualorder � 	 �o�b� JLJKJ +p�i+q$ � � JLJKJK� asgreatestelement.The
cover relation 5 on ��� is definedby Mr5sd if thereexistsa uniqueorderedpair �,MRQ  MRQ A O.� of elements
of D that areadjacentin M and d andthat satisfy dt�hu Mwv_�,MRQ  MVQ A O.�yx�zN�,MRQ A O  MVQ{� . If a permutation



A characterizationfor all intervaldoublingschemesof thelattice of permutations 179M admitsanagreementmadeof two adjacentelementsM Q and M Q A O (i.e. Mc�|M O`J�J.J M Q M Q A O`J�J.J M � withM Q 7%M Q A O ), we saythat M hasa increasing(in S ) anddually, if M admitsa disagreementmadeof two
adjacentelementsM Q and M Q A O (i.e. M8�}M ORJ.J�J M Q M Q A O`J.J�J M � with M Q A O 7~M Q ), we saythat M hasan
decreasing(in S ).

Theirreduciblepermutationsarecharacterizedby meansof theincreasingsanddecreasingsasfollows:
apermutationis join-irreducible(resp.meet-irreducible)if andonly if it admitsauniquedecreasing(resp.
increasing).

Remark 1 Anyjoin-irr educiblepermutation� canbedenotedby ���b�o� �<�]�e��� � � ( �  ��:UD ), where�r�]�e� and �r�b� � aretheleft andright factorsof � compatiblewith theorder ��	�� , andwhere ��� is the
uniquedecreasingof � . Dually, anymeet-irreduciblepermutation� will bewritten �w�<#w� #��s�2��� � � ,
with #����2� and #��s� � the left and right factors of � compatiblewith the order � 	 � andwhere ���
is the uniqueincreasingof � . It is clear that a join-irr educible(resp. meet-irreducible)permutationis
completelydeterminedby � or by � (resp.by # or by # ).

Remark 2 Theuniquelower cover of a join-irr educiblepermutation�g���_� �|���e��� � � is thepermu-
tation � ? �t�e��� � , obtainedby changingtheuniquedecreasing��� of � into theincreasing��� . Dually,
the uniqueupper cover of the meet-irreduciblepermutation �~��#�� #����2�a� � � is the permutation� A �t�q��� � , obtainedby changingtheuniqueincreasing��� of � into thedecreasing��� .
Thefollowing factis well known:

Remark 3 � ! ���X� C��*�{� G � $;�k��m � �0� .
The original definition of boundedlatticescanbe found for instancein [12]. Thereexists a simple

characterizationof theselatticesdue to Day [8] and expressedin [14] in termsof arrow relationsor
equivalently, in termsof � -table, averyusefultool for thedescriptionof numerouspropertieson lattices.
We startwith thedefinition of thesenotions,introducedby Wille andthe”DarmstadtSchool” (see[13]
and[20]).

Definition 1 Let = bea join-irr educibleand > a meet-irreducibleof a lattice  . Thethreearrowrelations�
, � and � aredefinedasfollows:

(a) = � > if > is maximalin �.��:B ;\�=���c� � .
(b) =���> if = is minimalin ����:U c\ �¡��N> � .
(c) =���> if = � > and =4�4> .

Equivalently, = � > if andonly if =r���> and =N��> A and,dually, =w�w> if andonly if =r���> and= ? �c> .
Moreover it is usefulto definethefollowing ”strict” arrow relations:

Definition 2 Let  , = and > beasabove.

(d) = �£¢ > if = � > and =U��4> .

(e) =�� ¢ > if =��2> and =U�� > .

It is obviousthatrelations� , � , �£¢ and � ¢ donot intersect.Thisallowsusto definea fundamentalconcept
of latticetheory, the � -table( � for Arrow) of a lattice(Wille andthe”DarmstadtSchool”,1983).
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Definition 3 Let �,  ���n�r bea latticeand
!

and C its setsof join-irr educiblesandof meet-irreducibles
respectively. The � -tableof  — denotedby � " — is equalto thetuple � " ��� !  C  �  �  � ¢  � ¢ � .

Accordingto its definition, the � -tableof a lattice  canalwaysbe describedby a two-dimensional
table,whoserowsareindexedby thejoin-irreduciblesof  , andwhosecolumnsareindexedby its meet-
irreducibles. Eachcell �K=  >U� in the � -tablecontainsa cross ¤ if =<�h> , and an arrow

� ¢
, � ¢ , or �

accordingto theadequatecase.Thecell �K=  >�� containsthesymbol ¥ if �K=  >�� doesnotsatisfyany of the
previousconditions.

Obviously thereexistsmany waysto presentthe � -tableof a lattice  , accordingto theorderschosen
on
!

and C for theindexing of rows andcolumnsof the � -table.This naturallyleadsto thesimpleand
fundamentalnotionof tableau, thatwedefinebelow:

Definition 4 A tableau¦ of lattice  is a triple ¦]�|�,� " a§q¨�a§q© � where � " is the � -tableof  and §T¨
and §q© two linear orders respectivelydefinedon

!
and C anddefining(fromthetop to thebottomand

fromtheleft to theright) thetwoordersof the”r ows” andof the”columns” of tableau¦ .

Sothe � -tableof  canbedescribedby �a� ! ��ª�¤^� C���ª«� equivalentsuchtableauxanda tableauis com-
pletelydeterminedby thetwo orders§ ¨ and § © . Figure1 shows(thediagramof) thelatticeof permuta-
tions �[¬ andits � -table,givenby a tableau.

Remark 4 Each row andeach columnof this tableaucontainsat leastone � .
In theintroduction,we haverecalledthatthePermutoedronis semidistributive. Let usrecall thata lattice is saidsemidistributive if for all elements- 0/� 9:6 , -_3 / �r-o3�9 implies -l3 / �]-l3'� / 1�9*� and-T1 / �]-T149 implies -
1 / �b-
1�� / 349Y� ). Thefollowing characterizationof theselatticesis well known:

Proposition1 A finitelattice  is semidistributiveif andonlyif thetwofollowingconditionsaresatisfied:

1. For any =�: ! , thereexistsa unique>®:UC such that =��4> .

2. For any >®:�C , there existsa unique=�: ! such that =��4> .

Thisresultmeansthat  is semidistributiveif andonly if the � -tableof  containsaunique� oneachline
andon eachcolumn. Accordingto Remark4, this fact implies that

!
and C have thesamecardinality

andthat thesetwo setsarein a bijective correspondenceinducedby therelation � . Theorem2 givesthe
expressionof thisbijectionin thecaseof thesemidistributive latticeof permutations.
The characterizationof boundedlattices given in Theorem1 clearly shows that a boundedlattice is
semidistributive. We begin with onedefinition.

Definition 5 Let  bea semidistributivelattice and ¦t���,� " a§ ¨ a§ ©�� a tableauof its � -table. We say
that ¦ is an interval doublingschemeof  if it satisfiesthetwo followingconditions:

1. The � ! � doublearrows � areon theprincipal diagonalof ¦ .

2. All arrows
�@¢

arebelowthis diagonalandall arrows � ¢ areabove.

For anillustrationof thatdefinitionseeFigure2.

Theorem1 (Geyer, 1994)A lattice  is boundedif and only if its � -table admitsat leastoneinterval
doublingscheme.
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1 3 2 4

2 3 1 4

2 1 3 4

1 2 3 4

1 4 2 3

1 2 4 3

3 4 1 2

3 1 4 2

1 3 4 2

2 4 1 3

2 1 4 3

4 1 2 3

4 2 3 1

2 4 3 1 4 2 1 3

2 3 4 1

3 4 2 1

3 2 4 1

3 2 1 4

4 3 1 2

4 1 3 2

4 3 2 1

1 4 3 2

¯�°�±
3421 4231 3241 2431 4312 4213 3214 2413 4132 3142 1432

1243 ² ³ ´�µ ³ ³ ³ ´�µ ³ ³ ´�µ ³
1324 ³ ² ³ ´�µ ³ ´�µ ³ ´�µ ³ ³ ³
1342 ³ ¶ µ ² · ³ · ´ µ · ³ ³ ³
1423 ¶�µ ³ · ² ³ ³ · ´�µ ³ · ³
2134 ³ ³ ³ ³ ² ³ ³ ³ ´�µ ´�µ ´�µ
2314 ³ ³ ³ ³ ¶�µ ² ³ ´�µ · · ·
2341 ³ ³ ³ ³ ¶ µ ¶ µ ² · · · ·
2413 ¶�µ ³ · ³ ¶�µ ³ · ² · · ·
3124 ³ ¶�µ ³ · ³ · ³ · ² ³ ´�µ
3412 ³ ¶ µ ¶ µ · ³ · · · ¶ µ ² ·
4123 ¶ µ ³ · ¶ µ ³ ³ · · ³ · ²

Fig. 1: Thelattice
��¸

of permutationsand(a tableauof) its ¹ -table.

! v C � � no
��

no � . . . �
Fig. 2: An interval doublingscheme
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Clearly, the tableauin Figure 1 is an interval doubling schemeof the lattice � ¬ . It is completely
determinedby thechosenlinearorderon

!
(which is the lexicographicalorderon

!
) since,for this linear

order, thereexistsauniquelinearorderon C allowing to getall � of the � -tableon its principaldiagonal.
In [5], theauthorhasshown theboundednatureof thePermutoedronby showing thattheuniquetableau
givenby thelexicographicalorderon

!
andallowing thealignmentof the � on thediagonalis aninterval

doublingschemeof � � . Ouraimhereis to characterizeall intervaldoublingschemesof thePermutoedron.
To doso,weusethefollowing characterizationof thearrow relationsin thelattice � � (whoseproof,easy,
is left to thereader):

Proposition2 Let ���]���p� � � bea join-irr educibleand �6�]�2��� � � a meet-irreducibleof thelattice � � .
1. �6�c�}ºl» #6�¼�[�TfN#��k���½ºl» �_�k���Tf;�e�k�p� .
2. � � �Fºo»¾���V:U#6�k�p� and #6�k�p�qf;#6�k� A � .
3. ��4�Fºo» ����:��e�k��� and �_�k���Tf;�e�k� ? � .
4. ��4�Fºo»¾���V:U#6�k�p� , ����:U�e�k��� , #6�k�p�qf;#6�,� A � and �_�k���Tfc�e�k� ? � .

3 The results
Wehaveseenthatasemidistributivelatticeis characterizedby theexistenceof aunique� oneachline and
on eachcolumnof its � -table,this relation � inducingin the latticea bijective correspondencebetween
thesets

!
and C . Without proof,we give thefollowing theoremandcorollarywhich make this bijection

explicit in thecaseof thePermutoedron.For theproofsee[5].

Theorem2 1. Let �B�]�e��� � � bea join-irr educibleand � a meet-irreducibleof lattice � � . Then

��2�¿ºo» �6�r���P� � � ÀÁSy�0Â Ã �8��Ä0�.-U:U�%\ �67N- � z���-U: �%\ �Å7^- ���ÆbÇ�8� Ä �.-U:U�%\ -67N� � z���-U: �%\ -�7N� ��.Æ Ç
2. Let ���r�2�a� � � bea meet-irreducibleand � a join-irr educibleof lattice � � . Then

���4�}ºl» ���]���R� � � ÀÁSy�0Â Ã �|�~Äa�.-U:U��\ -�7w� � z���-U: �|\ -U7;� �* 7 Ç�|� Ä �.-U:U��\È�U7c- � z���-U: �|\��R7c- �� 7 Ç
Corollary 1 Therelation � inducesa bijectionbetweenthesetsof join-irr educiblesandmeet-irreducibles
of � � (semidistributivity of � � ).
Definition 6 In a semidistributivelattice, themeet-irreducibleimage of thejoin-irr educibleelement= in
thebijection � will bedenotedby > Z andconversely, the join-irr educibleimage of themeet-irreducible
element> will bedenotedby =.É .

We shallnow prove a strongpropertyof thearrow relationsin thelatticeof permutations,thatwill be
usedto characterizeall interval doublingschemesof � � .
Proposition3 Let � bea join-irr educibleof ��� and �pÊ its image in thebijection � . Thefollowing asser-
tionsare satisfied:
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1. Ë���Ì�: !  �k��Ì � ¢ � Ê ºl» ��7
	��4�pÌÍ� .
2. Ë��[Ì�:�C  �¼�IÎe� ¢ �[Ìºl» �[Ì[7
	��e��� .

Proof: To provepoint 1, weset: ÏÐÐ
Ñ ÐÐÒ ���r���p� � �� Ê �t���P� � �� AÊ �]���*� ��pÌ��r�eÌÍÓ*� & � Ì

We thenconsiderthefollowing conditions:ÏÑ Ò �,(I�[�*�6:U#6�k��ÌÍ��iÔÈ�pË�-U:��  �k�67c-Å�[»Õ-U:U�_ÌK��,Ö��[Ë�-�: �  �k-67c�o�[»×-U: � Ì �
andweprovetheequivalenceof thethreefollowing conditions:ÏÑ Ò �kSØ�[��7 	 �4�pÌ�kSySØ��Ö�ÙÚ�[Û�Sy��S�ÙÚ��Ó��,(I�  �iÔÈ�V(*�[Ûl�,Ö��V(*&ÚÜÁÓ�(*��SØÓÚÝ�SyÜÚÛ�kSySySØ���pÌ � ¢ � Ê

�kSØ�n�[»Þ�,S{SØ�q\q��7
	�����Ì implies ���6:�#6�k��ÌÍ� . Condition(a) is satisfiedandimplies ��:U�eÌÍÓ and �6:B& � Ì .
Let -':w� besuchthat �'7]- . Sowe have -��g:g#6�¼�[� , hence-@�½:w#��¼�pÌK� . Thenif -g:w& � Ì , we
have ��-U:U�e�k� Ì � , which is impossible.If -B�]Ó , then �Å:B� Ì Ó implies ���cÓ , andso -Å�rÓ�:Å�*� � ,
which contradicts-':�� . Finally, -w:g�eÌ andcondition(b) is satisfied.Now for condition(c), let
usconsider-b: � suchthat -b7|� . We have �*-;:c#6�k�p� andso �*-b:c#6�k��ÌÍ� . If -;:c�_ÌKÓ then-��W:c�_�¼�pÌK� , which is impossible.If -N�~& then �]:N& � Ì implies &w�X� , hence-N��&w:c�e��� ,
whichcontradicts-6: � . Finally, -6: � Ì andcondition(c) is satisfied.�kSySØ�n�[»Þ�kSySySØ��\ Let ussupposethatall conditions(a), (b) and(c) aresatisfied.We provethatthis implies�i�eÌÍÓ*� & � Ì �2�y�pÌ � � Ê �{�j���P� � �4� , i.e. (Proposition2) that we have �*�8:<#��¼�pÌK� and �_�k� AÊ �Åf�_�¼�pÌK� . Condition(a) gives �*�':�#6�k��ÌÍ� . It remainsto provethat �e�k� AÊ �Áf]�_�¼�pÌÍ� . Let uscompute
theset �_�k� AÊ � of all agreementsof � AÊ �r���*� � :�_�k� AÊ �4���.-��½\�-c:;� and -;7�� � z½�.��-N\U-;: � and �;7�- � z'�.- / \U-;:c� q/ : � and-U7 /�� . We now provethat �e�,� AÊ �qfc�_�¼�pÌK� .ß �.-@�½\�-;:c� and -;7�� � : we have �;7�- since -;:N� andon the otherhand, -;:c� and-b7|� imply (Theorem2) -b:c� . Thuscondition(b) implies -b:c�_Ì . Since �W:;�eÌÍÓ (by

condition(a))and -U7N� , weobtain -@��:U�e�k��ÌÍ� .ß �.��-N\�-;: � and �;7�- � : we have -;78� since -;: � andon the otherhand, -c: � and�c7|- imply -;: � (Theorem2). Thuscondition(c) gives -N: � Ì and,since �;:^& � Ì by
condition(a),we have ��-U:U�e�k��ÌÍ� .



184 NathalieCaspardß �.- / \p-c:;� T/ : � and -;7 /�� : -;:b� �/ : � and -;7 / imply �b7�-b7 / 7|� . So
we have on onehand -b:b� and -b7X� that leadto -b:c� (Theorem2) andsince �b7|- ,
we obtain -N:W�eÌ accordingto (b). On theotherhand,we have / : � and �^7 / that lead
to / : � andsince / 7r� , we obtain / : � Ì by condition(c). Finally, -½:g�_Ì �/ : � Ì and-67 / andso - / :U�e�k��ÌÍ� .�kSySyS��P�[»à�kSØ�T\ This facttrivially holdsin any semidistributive lattice.

We have just giventheproofof point 1. of theproposition.Theproof of point2. is dual.

Beforewe establishthe characterizationresultfor all interval doublingschemesof the Permutoedron
(Corollary 2) describingall possibleconstructionsof � � by doublingsof convex setsstartingfrom the
two-elementlattice (detailson this subjectare given in [2]), we first prove the more generaltheorem
below.

For a semidistributive lattice  anda linearorder § ¨ on
!

, we denoteby §
á© theuniquelinearorder
on C suchthatthetableau¦b�|�,� " 0§ ¨ 0§
á© � hasall � on theprincipaldiagonal.

Theorem3 Let  bea semidistributivelatticesatisfyingconditions1. and2. of Proposition3 andlet §T¨
bea linear orderon thejoin-irr educibleelementsof  . Thefollowingconditionsare equivalent:

1. ¦]�8�i� " a§q¨�a§Tá© � is an intervaldoublingschemeof lattice  .

2. § ¨ is a linear extensionof � !  � " � and §
á© is a linear extensionof �iC .â " � .
Proof: ��J �[» G : Let § ¨ bea linearorderon

!
. Thetableau¦s���i� " a§ ¨ a§Tá© � satisfiesthealignment

of the � on theprincipaldiagonal.If § ¨ is not a linearextensionof � !  � " � , thereexists =  =�Ìn: ! such
that = § ¨�=�Ì and =*Ì`7 " = . But =�ÌR7 " = implies = �@¢ >�Zaã (Proposition3). Thus, = and =*Ì satisfy = § ¨ =*Ì and= �£¢ >�Zaã , and ¦ is not aninterval doublingscheme.

Dually, we would show thata tableau¦|���,� " 0§q¨p0§ á© � is not an interval doublingschemeassoon
as §Tá© is not a linearextensionof �iC �â " � .G£J �[» � : Let § ¨ bea linearextensionof � !  � " � . Let usassumethat thetableau¦<���,� " 0§ ¨ 0§
á© �
is not aninterval doublingscheme.Sothereexists =  =�ÌV: ! suchthat = §T¨ =*Ì and(= � ¢ > Z ã or =*Ì�� ¢ > Z ).
In this case,§Tá© is not a linearextensionof �{C �â " � . Indeed,= §T¨ =*Ì implies =*ÌP�7 " = by hypothesis.But
this lastconditionimplies ='�� ¢ > Z ã (Proposition3). Sowe have =*Ìp� ¢ > Z , which, accordingto thesame
proposition,implies > Z 7 " > Z ã and,since = §q¨ =*Ì implies > Z�§Tá© > Z ã , §Tá© is not a linear extensionof�iC �â " � .

Theannouncedresultis now a directcorollaryof Proposition3 andTheorem3.

Corollary 2 (Characterization) Let § ¨ be a linear order on the join-irr educiblepermutationsof the
Permutoedron. Thefollowing conditionsare equivalent:

1. ¦]�8�i�Á	�� a§q¨�a§Tá© � is an intervaldoublingschemeof lattice � � .
2. §T¨ is a linear extensionof � !  �
	��£� and §Tá© is a linear extensionof �iC .â 	��£� .
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2341 3412 4123

2314 3124 2413 1342 1423

2134 1324 1243

9 10 11

4 5 6 7 8

2 31

4312 4231 3421

4132 4213 3142 2431 3241

1432 2143 321411

5 4 8 7

96

1 2 3

10

Fig. 3: A linearextensionäPå of æ ¯�çHèné.êÚë for whichthelinearorder äPìí on
±

is nota linearextensionof æ ±Wç�îné�ê.ë .
Figure3 showsthatfor agivenlinearextension§q¨ of thejoin-irreduciblesof lattice � ¬ , thelinearorder§Tá© on themeet-irreduciblesis not necessarilya linearextensionof �iC .â 	��£� andsothetheoremis not

trivial. Indeed,if we numeratethe join-irreduciblepermutationsfrom 1 to 11 asshown on thefigure,a
linearextensionof � !  �
	 ê � is then: � 7 G 7�ï�78ðw7|ñ67�ò67�óU7�ô67|õ�7 � �67 ��� , whereasthe
correspondinglinearorder § á© on C is not a linearextensionof �iC .â 	��£� (observepermutations6 and
8).

4 Conclusion

Wehaverecalledthatall intervaldoublingschemesof aboundedlattice  arein bijectionwith all different
ways to construct  startingfrom the two-elementlattice by doublingsof convex sets. The result of
characterizationof all interval doublingschemesof thePermutoedronappearsthereforelike a significant
steptowardsa betterunderstandingof the constructive propertiesof this lattice. Moreover, in [5], the
authorhasconjecturedthatall (finite) Coxeterlattices(containingtheinfinite family of lattices( � � � �Iö�÷ )
could themselvesbe boundedlattices. In this case,the questionwould ariseto know if thereexists a
similar characterizationresultabouttheinterval doublingschemesof theselattices.

At last,wehaveprovedProposition3 in aparticularclassof lattices(semidistributivelatticessatisfying
both conditionsof Proposition3) and we are interestedto determineif this classis maximal for this
propertyon thearrow relations.
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hum.111(1990),73-82.



A characterizationfor all intervaldoublingschemesof thelattice of permutations 187

[17] C. Le ContedePoly-Barbut, Le diagrammedutreillis permutòedreestintersectiondesdiagrammes
de2 produitsdirectsd’ordrestotaux,Math. Inf. Sci.Hum.112(1990),49-53.

[18] C.Le ContedePoly-Barbut,Surlestreillis deCoxeterfinis,Math.Inf. Sci.Hum., 125(1994),41-57.

[19] G. Markowsky, PermutationLatticesRevisited,Math.Soc.Sciences27 (1994),59-72.

[20] R. Wille, Subdirectdecompositionof conceptlattices,AlgebraUniversalis17 (1983),275-287.



188 NathalieCaspard


