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In this paper, theauthorpresentsa method,basedon WZ theory, for finding rapidly converging seriesfor universal
constants.Thismethodis analogousbut differentfrom AmdeberhanandZeilberger’s method.
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In [1] Amdeberhanand Zeilberger have given a generalmethod,basedon WZ theory, for finding
rapidly converging seriesfor universalconstants.We give another, somewhatdifferentmethodhere. In
theform thatweshallgive to themethod,thesummandwill satisfyafirst orderhomogeneousrecurrence
but thesumwill satisfya first orderinhomogeneousrecurrence.Whatwe obtainareremarkablefamilies
of representationsof theconstants,onefor each����� . If we look at eq. (5) below, for instance,we see
thattheconstant���	��
 is equalto any oneof infinitely many series,onefor each� , oneof whichconverges
geometricallyrapidly.

1 General formulation
Let �� ������� satisfyafirst orderrecurrenceof theform���  ��� �� �������������  ��� �� ������� �!�#"%$  �����&�%�	�(')$  ��� ���*� (1)

where � � �+� � arepolynomials,and ,.-0/�132&4 $  �������#"�� for nonnegative � . Define5  ���#"76198 � �� ��� �!�  �:"����;��� <��+=!�3>3>;> �?�
which is assumedto beconvergentfor nonnegative � .

By summing(1) over �@�A� wefind that���  ��� 5  �������B�  ��� 5  �C�%�	�#"D'E$  ���+�F�*> (2)
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Thiscanbe“solved” by theusualmethods.If we defineH  ���#"�IKJ �LM+N � O ' � � 0P ���� 0P �RQ � (3)

thenafterthechangeof dependentvariable
5  ���#" H  ���TS  ��� in (2) it takestheformS  ���%�	�('US  ���#"V' $  ���+���� �  ��� H  ���%�	� >

Thuswehave S  ���#"V'WIBJ �6M+N � $ .P �+�F�� � .P � H .P �%�	� ��S  ���?�
andso 5  ���X" H  ���WYZ [ 5  ���\'UIKJ �6M+N � $ 0P �+���� � 0P � H 0P �%�	��] ^_ �
which is to saythat 6198 � �� ��� �!�X" H  ��� YZ [ 6198 � �� ��� �!�(' IKJ �6M+N � $ .P � �F���� .P � H .P �%�	� ] ^_ >

We areinterestedin theconstant ` " 6198 � �� �!� ���*�
so,solvingfor it, wehaveourmainresultwhich is` " IBJ �6M+N � $ .P �+�F�� � 0P � H 0P �%�	� � �H  ��� 61	8 � �� ��� ���*> (4)

We notethattheleft sideis independentof � , hencewe have aninfinite numberof representationsof the
constant̀ , onefor each�:"����;��� <��3>;>3> .

Herearetwo examples,in oneof which
`

turnsout to be ���R�R
 andin theotherit is a! =F� .
1. Take �� �������X"��cb �	�B �\�&�c�d�	�?b � . Then �� ��������"D� �B �e���9� � andthereforetheconstant̀ " ���9��
 .

By Zeilberger’salgorithm, � satisfiestherecurrence' gf ����<�� �� ���������  ���%�	�ih �� ���%�F� ����"�$  ��� �j���9�\'U$  �������?�
where $  ��� ���k"  =��@�A=l�m<���� �� ������� . Thuswe have $  ��� �F�E"  =��@��=�� �B �@�n�9�*b � , � �  ���E"' f ��'o< , ���  ���X"  ���%�	� h . By (3) wefindH  ���X"�IKJ �LM+N � O f	P ��<.P ���9� h Q "  <R���?b��b p >
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Substitutingall of this in (4), wehavefinally=qI6M+N � �P �!r � MM�s � ��b p <R���*b 6198 � �cb � �&�o�C�%�	�?b � " ���
 (5)

In (5), when ��"t� we have theusualseriesfor a! <�� , andwhen“ ��"vu ” we have a muchmore
rapidlyconvergent(known) representation,namely���
 "%= 46M+N � �P � r � MMws > (6)

But (5) holdsfor every �x�A� . Indeed,when �y"D� it statesthat6198 � �� �  �&�%�	� � " ���= ')=!>
Bill Gosperhasalsofound(p.c.) theidentity (5) by hismethodof “path-invariantmatrix hacking.”

2. Now take �� �������#"��wb h �B �j��<R�C�%�	�?b h . ThenZeilberger’salgorithmfindstherecurrence' 
z =�����<F�  =��C�%�	� �� �������('A� 
! <R���%�	� h  ���%�	�i{ �� �����������#"�$  ��� �j���9�('U$  �������?�
wherenow $  ���+���#"  <R�C�%�	� }|�
 � � ��~����d��<����<  �����9�  <R�C���9�?b h >
We simply substituteall of this into (4) andfind thatfor each�:"����;����<B�3>;>3> , we haveI6M+N �  'j�	� M+� � �|�
;P�� ')=�< P � | � 0P '��	�?b hfz < P '��	� �  = P �?b �  'j�9� I ��b h  <R���*b h =����?b 6198 � �cb h �j��<R�C�%�	�?b h " a! =F� (7)

In (7), when ��"t� we have theusualseriesfor a! =F� , andwhen“ ��"vu ” we have a muchmore
rapidlyconvergentrepresentation,namelya! =F�#" 46M+N �  'j�	� M+� � �|�
;P�� 'U=F< P � | � 0P 'A�9�?b hfe < P '��	� �  = P �?b > (8)

But (7) holdsfor every �x�A� . Indeed,when �y"D� it statesthat6198 � �� h  �j���9� h  �&��<�� h " <��=�< ' =f a� =��?�
andwhen �y"�< it takestheform6198 � �+ �&���9�  �j��<F�  �j��=F�  �&� f �  �j� | �T� h " |� 
 ~ a� =F�\' �;�F=�~ |��~F=�� f >
Although the termsof (8) vanishexponentiallyrapidly, roughly like < � J M , thoseof the seriesof
Amdeberhan-Zeilberger[1] go to 0 evenmorerapidly, like �9�F< f J M .
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