Discrete Mathematics and Theoretical Computer Science DMTCS vol. 12:5, 2010, 125–138

Some properties of semiregular cages

Camino Balbuena^† Xavier Marcote^‡ Diego González-Moreno^§

Departament de Matemàtica Aplicada III, Universitat Politècnica de Catalunya, Barcelona, Spain

received 28^{th} November 2008, revised 5^{th} March 2010, accepted 5^{th} November 2010.

A graph with degree set {r, r + 1} is said to be semiregular. A semiregular cage is a semiregular graph with given girth g and the least possible order. First, an upper bound on the diameter of semiregular graphs with girth g and order close enough to the minimum possible value is given in this work. As a consequence, these graphs are proved to be maximally connected when the girth g ≥ 7 is odd. Moreover an upper bound for the order of semiregular cages is given and, as an application, every semiregular cage with degree set {r, r + 1} is proved to be maximally connected for g ∈ {6, 8}, and when g = 12 for r ≥ 7 and r ≠ 20. Finally it is also shown that every ({r, r + 1}; g)-cage is 3-connected.

Keywords: cage, degree set, girth, connectivity

1 Introduction

Throughout this work only undirected simple graphs without loops or multiple edges are considered. Unless stated otherwise, we follow [13] for terminology and definitions not explicitly given here.

Let G be a graph with set of vertices V (G) and set of edges E(G). Given a proper subset X of V (G), let [X, V (G) \ X] denote the set of edges with one end in X and the other in V (G) \ X. We denote by N(v) the neighborhood of a vertex v, the degree of a vertex v is |N(v)| = d(v), and the minimum degree of G is denoted by δ(G). The edge degree of uv ∈ E(G) is equal to d(u) + d(v) − 2, and ξ(G) stands for the minimum edge degree of G. The distance d(u, v) between two vertices u and v is the length of a shortest path between them. The eccentricity of a vertex u is the largest distance between u and any other vertex of the graph. The diameter of G is denoted by diam(G) and is the maximum of the eccentricities of the vertices of the graph. The connectivity and edge connectivity of G, denoted respectively by κ(G), λ(G), are linked by the Whitney inequality κ(G) ≤ λ(G) ≤ δ(G). A graph G is maximally connected if κ(G) = δ(G), and maximally edge connected if λ(G) = δ(G). A restricted edge cut of a graph G is a set of edges whose deletion yields a nonconnected graph without isolated vertices. A graph G is said to be optimally restricted edge connected if the minimum cardinality of a restricted edge cut is equal to ξ(G), the minimum edge degree of G.

†m.camino.balbuena@upc.edu ‡francisco.javier.marcote@upc.edu §da.gonzalez@upc.edu

1365–8050 © 2010 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

126 Camino Balbuena, Xavier Marcote, Diego González-Moreno

The degree set D of a graph G is the set of distinct degrees of the vertices of G. A (D; g)-graph is a graph with degree set D and girth g. The frequency of each degree in D is the number of vertices of the graph having this degree. A (D; g)-cage is a (D; g)-graph with the least possible order. A biregular cage is a (D; g)-cage with degree set D = {r, m}, m > r. A semiregular cage is a biregular cage with degree set D = {r, r + 1}.

The concept of (D; g)-cages was proposed by Chartrand, Gould, and Kapoor [12]. If D = {r}, (D; g)- cages coincide with (r; g)-cages, which have been intensely studied since their introduction by Tutte [28]. See the survey by Wong [29] or the book by Holton and Sheehan [21] or the recent survey by Exoo and Jajcay [17]. The existence of (r; g)-cages was proved by Erdős and Sachs in the early 1960s [16], and using this result Chartrand, Gould and Kapoor [12] proved the existence of (D; g)-cages.

Construction of (D; g)-cages is a challenging topic as well as a very difficult task. This goal has only been achieved for a few pairs (D; g), and most of them correspond to the case D = {r}. Even the problem of determining the value of the order of a (D; g)-cage, denoted by n(D; g), is a difficult one and is open for most of degree sets D and girths g. A natural approach is to try to estimate upper and lower bounds as close as possible for n(D; g) (written n(r; g) instead of n({r}; g) when D = {r}).

For the case of (r; g)-cages, Lazebnik, Ustimenko and Woldar [23], improving a previous result of Sauer [26], obtained the following upper bound for n(r; g):

Theorem 1.1 [23] Let r ≥ 2 and g ≥ 5 be integers, and let q denote the smallest odd prime power verifying r ≤ q. Then n(r; g) ≤ 2rq^{3g4 −a}, (1) where a = 4,^{11}_4 ,^7_2 ,^{13}_4 for g ≡ 0, 1, 2, 3 (mod 4) respectively.

Recently, the above result has been improved for g = 6, 8, 12 in several references listed in the following theorem.

Theorem 1.2 Let q ≥ 2 be a prime power and g = 6, 8, 12.

(i) [1, 6] n(q; 6) ≤ 2(q^2 − 1);

(ii) [6] n(q − 1; 6) ≤ 2(q^2 − q − 2);

(iii) [2] n(k; 6) ≤ 2(qk − 2) for all k ≤ q − 1;

(iv) [7] n(k; 8) ≤ 2q(qk − 1) for all k ≤ q;

(v) [18] n(q; 8) ≤ 2q(q^2 − 2) if q is a square;

(vi) [3] n(k; 12) ≤ 2kq^2(q^2 − 1) for all k ≤ q.

As far as the lower bounding of n(D; g) is concerned, Downs, Gould, Mitchem and Saba [14] obtained the following bound, by counting the vertices emerging from a vertex with maximum degree. Theorem 1.3 [14] Let D = {a_1, a_2, . . . , a_k} be a set of positive integers with 2 ≤ a_1 < a_2 < · · · < a_k, and g ≥ 3. Then

n(D; g) ≥ n_0(D; g) =

1 +^t ∑ i=1 a_k(a_1 − 1)^{i−1} if g = 2t + 1,

1 +^{t−1} ∑ i=1 a_k(a_1 − 1)^{i−1} + (a_1 − 1)^{t−1} if g = 2t. (2)

Some properties of semiregular cages 127

Expression (2) is easily seen to hold when D = {r} by replacing both a_k and a_1 with r.

A (D; g)-cage satisfying n(D; g) = n_0(D; g) is called a minimal (D; g)-cage. Kapoor, Polimeni and Wall [22] proved that (D; 3)-cages are minimal, i.e., n(D; 3) = n_0(D; 3) = 1 + a_k.

Chartrand, Gould and Kapoor [12] proved that ({2, m}; g)-cages are minimal. They also proved that n({r, m}; 4) = n_0({r, m}; 4) = r + m for any r ≥ 2. Moreover, Downs, Gould, Mitchem and Saba [14] proved that n({3, m}; 5) = n_0({3, m}; 5) = 1 + 3m and n({3, m}; 7) = n_0({3, m}; 7) = 1 + 7m, for m ≥ 4; and n({3, m}; 9) = n_0({3, m}; 9) = 1 + 15m, for m ≥ 6. Araujo, Balbuena, and Valenzuela [5] provided some constructions of ({r, m}; g)-cages in the case g ∈ {5, 7, 11}, when r − 1 is a prime power, k an even integer and m = k(r − 1).

Yuansheng and Liang [30] proved that n({r, m}; 6) ≥ 2(rm − m + 1), and they conjectured that n({r, m}; 6) = 2(rm − m + 1). Moreover, they proved that the conjecture is true when m − 1 is a prime power and also for any m and r = 3, 4, 5. Constructions of minimal ({r, m}; 6)-cages when r − 1 is a prime power and m = k(r − 1) + 1 for k ≥ 2 are also provided [4]. For the case where the girth is even and greater than 6, no new results have been achieved.

In the Table 1 we present some of the known exact values of n({r, m}; g).

n({r, m}; g) g = 5 g = 6 g = 7 g = 8 g=9 g = 11 r = 3 3m + 1 4m + 2 7m + 1 8m +^m_3 + 5 1 + 15m m ≥ 4 m ≥ 4 m ≥ 4 m = 3k m ≥ 6 [14] [30] [14] [5] [14] r = 4 4m + 1 6m + 2 m ≥ 5 m ≥ 5

[19] [19] 5 ≤ r < m 2(rm − m + 1) m − 1 = p^α [4, 30]

3 ≤ r < m 1 + rm 2(rm − m + 1) 1 + m(r^2 − r + 1) 1 + m^{(r−1)5 −1}_{r−2} r − 1 = p^α m = k(r − 1) m = k(r − 1) + 1 m = k(r − 1) m = k(r − 1) k ≥ 2 even k ≥ 2 [4], or k ≥ 2 even k ≥ 2 even [5] m = kr, k ≥ 2 [5] [5] [5]

Tab. 1: Exact values of n({r, m}; g) ( p^α denotes a prime power).

Concerning other structural properties of interest of (D; g)-cages, some results for (r; g)-cages have been extended by Balbuena and Marcote [10, 11].

Theorem 1.4 [11] Let D = {a_1, a_2, . . . , a_k} with 2 ≤ a_1 < a_2 < · · · < a_k, and let g_1, g_2 be two integers such that 3 ≤ g_1 < g_2. Then n(D; g_1) < n(D; g_2) provided that any of the following conditions hold:

(i) g_1 = 3;

(ii) some a_i ∈ D is even and has frequency at least two;

(iii) every a_i ∈ D is even;

(iv) some a_i ∈ D is odd and g_1 ≥ k − 1;

(v) k ≤ 5;

(vi) some a_i ∈ D is odd for i ≥ ⌊(k + 8)/3⌋ and has frequency at least 3.

128 Camino Balbuena, Xavier Marcote, Diego González-Moreno

Theorem 1.5 [10] Let D = {r, m} with 2 ≤ r < m, and let G be a (D; g)-cage. Then the diameter of G is at most g if one of the following assertions hold:

(i) r is even and the frequency of r is at least two;

(ii) m = r + 1.

Apart from the order and the diameter, also the connectivity of (D; g)-cages is a basic goal to approach. In the following theorem we list some useful known sufficient conditions on the diameter of a graph in terms of the girth to guarantee optimal results for some parameters accounting for its connectivity. Theorem 1.6 Let G be a graph with minimum degree δ ≥ 2, diameter diam(G) and girth g. Then,

(i) [27] if diam(G) ≤ 2⌊(g − 1)/2⌋ − 1, then κ(G) = δ;

(ii) [27] if diam(G) ≤ 2⌊(g − 1)/2⌋, then λ(G) = δ;

(iii) [8] if diam(G) ≤ g − 2, then G is optimally restricted edge connected.

Going back to the framework of (D; g)-cages, the connectivity of semiregular cages was studied by Balbuena et al. [9]. They proved the following result.

Theorem 1.7 [9] Every ({r, r + 1}; g)-cage is maximally edge connected. And every ({3, 4}; g)-cage is maximally connected.

This paper is devoted to semiregular cages, and is organized as follows. In Section 2 we prove that the diameter of an ({r, r + 1}; g)-graph whose order is close enough to the (minimal) bound n_0({r, r + 1}; g) has diameter at most g − 2. As an application every ({r, r + 1}; g)-graph with odd girth and order close enough to n_0({r, r + 1}; g) is shown to be maximally connected. In Section 3 we present an upper bound on the order of a semiregular cage. Finally, Section 4 deals with the connectivity of semiregular cages. With the help of the aforementioned new upper bound on n({r, r + 1}; g), semiregular cages are proved to be maximally connected when g = 6, 8, and when g = 12 for r ≥ 7 and r ≠ 20. Furthermore, it is also shown that every ({r, r + 1}; g)-cage with r ≥ 4 and g ≥ 6 is 3-connected, extending a previous result obtained by the authors in [9] for r = 3.

2 Diameter of ({r, r + 1}; g)-graphs with small order

In what follows an upper bound on the diameter of semiregular graphs with small order is given.

Theorem 2.1 Let G be an ({r, r +1}; g)-graph with r ≥ 2 and g ≥ 6 on at most n_0({r, r +1}; g)+r −1 vertices. Then the diameter is at most diam(G) ≤ g − 2.

Proof: Let us first prove the following claim.

Claim: No two vertices of degree r + 1 are adjacent.

Suppose that there exists an edge xy ∈ E(G) such that d(x) = d(y) = r + 1, then if g is odd it follows

|V (G)| ≥ 1 + (r + 1)

(g−3)/2 ∑ i=0 (r − 1)^i +

(g−5)/2 ∑ i=0 (r − 1)^i

= n_0({r, r + 1}; g) +

(g−5)/2 ∑ i=0 (r − 1)^i

Some properties of semiregular cages 129

which is a contradiction to the hypothesis. And if g is even then

|V (G)| ≥ 2 + 2r

g/2−2∑

i=0 (r − 1)^i

= 1 + r

g/2−2∑

i=0 (r − 1)^i + (r − 1)^{g/2−1} + 2

g/2−2∑

i=0 (r − 1)^i

= n_0({r, r + 1}; g) +

g/2−2∑

i=0 (r − 1)^i

which is again a contradiction to the hypothesis. Then any two vertices of degree r + 1 are at distance at least two. �

To continue the proof, first suppose that G contains two vertices u and v of degree r such that d(u, v) ≥ g − 1. Let us consider the graph G^′ = G ∪ {uv}. If G^′ contains a vertex of degree r, then G^′ is an ({r, r + 1}; g)-graph having two vertices of degree r + 1 at distance one, contradicting the Claim. If there are no vertices of degree r in G^′, then G^′ is an (r + 1; g)-graph and

|V (G^′)| = |V (G)| ≥ n(r + 1; g) > n_0({r, r + 1}; g) + r − 1.

Therefore d(u, v) ≤ g − 2 for all two vertices u, v of degree r. Next let us see that any vertex u of degree r + 1 has eccentricity at most ⌈(g + 1)/2⌉.

Let us consider the subgraph H induced by the sets of vertices

(g−1)/2⋃

i=0 N_i(u), if g is odd,

g/2−1⋃

i=0 N_i(e), if g is even,

e being an edge incident with u. Then

|V (H)| ≥

1 + (r + 1)

(g−1)/2 ∑ i=1 (r − 1)^{i−1} = n_0({r, r + 1}; g), if g is odd,

2 g/2−1∑

i=0 (r − 1)^i +

g/2−2∑

i=0 (r − 1)^i = n_0({r, r + 1}; g), if g is even.

Clearly if |V (G)| = |V (H)|, then G = H and so for all x ∈ V (G), d(u, x) ≤ (g − 1)/2 when g is odd, and d(u, x) ≤ g/2 for g even; hence the theorem is valid. Thus assume that |V (G)| > |V (H)| and let R = V (G) \ V (H). If some vertex s ∈ R is not joined to some vertex in H, then |V (R)| ≥ d(s) + 1 ≥ r + 1, which means that |V (G)| ≥ |V (H)| + |R| ≥ n_0({r, r + 1}; g) + r + 1, a contradiction to the hypothesis. Therefore, any vertex of R is joined to some vertex of H yielding for all x ∈ V (G):

d(u, x) ≤ { (g + 1)/2, for g odd, g/2 + 1, for g even,

hence the claimed eccentricity of u holds.

Therefore the diameter of G is at most g − 2. �

The next result follows combining Theorem 1.6 and Theorem 2.1.

130 Camino Balbuena, Xavier Marcote, Diego González-Moreno

Theorem 2.2 Let G be an ({r, r + 1}; g)-graph with r ≥ 2. Then G is maximally connected if g ≥ 7 is odd and the order is at most n_0({r, r + 1}; g) + r − 1.

In [10] was proved that all minimal ({r, m}; g)-cages are 2-connected. Hence Theorem 2.2 is an improvement of this result when m = r + 1 and the order is close enough to the minimal bound.

3 Upper bounds on the order of ({r, r + 1}; g)-cages

Note that n({r, r + 1}; g) < n(r + 1; g) for every g ≥ 4. Indeed, if G is an (r + 1; g)-cage with g ≥ 4, then for every v ∈ V (G) the graph G − v is an ({r, r + 1}; g^′)-graph with g^′ ≥ g, hence n({r, r + 1}; g) ≤ n({r, r + 1}; g^′) ≤ |V (G)| − 1 < n(r + 1; g), the first inequality due to Theorem 1.4. Next an upper bound for n({r, r + 1}; g) is given. Theorem 3.1 Let r ≥ 2 and g ≥ 6 be two integers. Then

n({r, r + 1}; g) ≤ n(r + 1; g) −

{_{(r+1)r(g−3)/2 −2}

r−1 if g is odd,

2r^{(g−2)/2} −2

r−1 if g is even and n(r + 1; g) > n_0(r + 1; g).

Moreover if g is even and n(r + 1; g) = n_0(r + 1; g), then n({r, r + 1}; 6) = 2r^2 and n({r, r + 1}; g) ≤ 1 + 2r^{(g−6)/2}(r^2 − 1) for g = 8, 12.

Proof: Let G be an (r + 1; g)-cage. Let us distinguish two cases.

Case 1. g ≥ 7 odd. In this case note that G is not a minimal cage, since minimal cages for g odd only exist when r + 1 = 2 (cycles), g = 3 (complete graphs), and g = 5 and r + 1 = 3, 7 (and possibly) 57; see [20]. This means that the diameter is diam(G) ≥ (g + 1)/2.

Let u ∈ V (G) be a vertex of maximum eccentricity, and let us consider the following sets of neighbors:

N_i(u) = {z ∈ V (G) : d(u, z) = i}, i = 0, 1, . . . , diam(G).

Note that N_0(u) = {u} and N_1(u) = N(u). Now consider the induced subgraph T spanned by the vertices within distance μ ≤ (g − 3)/2 from u. Since G has girth g, it is clear that T is a tree.

Observe that d_T (z) = r + 1 for all z ∈ N_i(u) with i ≤ (g − 5)/2, d_T (z) = 1 for all z ∈ N_{(g−3)/2}(u), and the order of T is

|V (T )| = g−3 2∑ i=0 |N_i(u)| = 1 + (r + 1) g−5 2∑ i=0 r^i =

(r + 1)r^{(g−3)/2} − 2 r − 1 . Let G^∗ = G − V (T ). Notice that both N_{(g−1)/2}(u) and N_{(g+1)/2}(u) are proper subsets of V (G^∗).

Furthermore d_G∗ (z) = r if z ∈ N_i(u) with i = (g − 1)/2 and d_G∗ (z) = r + 1 if z ∈ N_i(u) with i > (g − 1)/2. Then G^∗ is an ({r, r + 1}; g^∗)-graph with g^∗ ≥ g and from Theorem 1.4 it follows

n({r, r + 1}; g) ≤ n({r, r + 1}; g^∗) ≤ |V (G^∗)| = |V (G)| − |V (T )|

= n(r + 1; g) −

(r + 1)r^{(g−3)/2} − 2 r − 1 .

Some properties of semiregular cages 131

Case 2. g ≥ 6 even. Let e = uv ∈ E(G) and

N_i(e) = {z ∈ V (G) : d({u, v}, z) = i}, i = 0, 1, . . . , l, with l ≥ g 2 − 1.

Consider the subgraph T induced by the vertices within distance μ ≤ (g − 4)/2 from e. Since G has girth g, then T is a tree. Notice that d_T (z) = r + 1 for all z ∈ N_i(e) with i ≤ (g − 6)/2 and d_T (z) = 1 for all z ∈ N_{(g−4)/2}(e). The order of T is

|V (T )| = 2(1 + r + r^2 + . . . + r^{(g−4)/2}) = 2 g−4 2∑ i=0 r^i =

2r^{(g−2)/2} − 2

r − 1 .

We need to distinguish two subcases.

Subcase 2.1: Suppose that G is not a minimal cage of even girth, hence n(r + 1; g) > n_0(r + 1; g). Let G^∗ = G − V (T ). Note that in this case N_{(g−2)/2}(e) and N_{g/2}(e) are proper subsets of G^∗.

Furthermore, d_G∗ (z) = r if z ∈ N_{(g−2)/2}(e) and d_G∗ (z) = r + 1 if z ∈ N_i(e) for i > (g − 2)/2. Hence G^∗ is an ({r, r + 1}, g^∗)-graph with girth g^∗ ≥ g and from Theorem 1.4 it follows

n({r, r + 1}; g) ≤ n({r, r + 1}; g^∗) ≤ |V (G^∗)| = |V (G)| − |V (T )|

= n(r + 1; g) −

2r^{(g−2)/2} − 2 r − 1 . Subcase 2.2: Suppose that G is a minimal cage of even girth.

Note that in this case diam(G) = g/2 with g = 6, 8, 12 and n(r + 1; g) = n_0(r + 1; g). If g = 6, G is the incidence graph of a projective plane ∏ = (P, L) of order r, then all the lines L ∈ L have r + 1 points and every point p ∈ P is incident with r + 1 lines. Let L_p be the set of lines incident with the point p, and let A be a line such that p /∈ A. Let B ∈ L_p and denote by q the point {q} = A ∩ B.

Let us remove from the projective plane ∏ the point p and all the lines of the set L_p − B, and also remove the line A and all its points except the point q. Denote by

∏_∗

the obtained incidence structure, i.e.,

∏_∗ = (P \ ({p} ∪ (A − q)), L \ ((L_p − B) ∪ {A})). Hence

∏_∗

has r^2 + r + 1 − (r + 1) = r^2 points and r^2 + r + 1 − (r + 1) = r^2 lines.

Observe that

∏_∗

has exactly r − 1 lines of cardinality r + 1, which are all the lines through point q except line B, which has cardinality r because B has lost the point p. The rest of the lines have cardinality r since they have lost the point that shared with A (different from q). Moreover,

∏_∗ has exactly r − 1 points incident with r + 1 lines, which are all the points of B different from q. Each of the remaining points p^′ is incident with r lines because it has lost the line through point p and p^′.

Therefore the incidence graph corresponding to

∏_∗ is an ({r, r+1}; 6)-graph with 2r^2 vertices. Taking into account the lower bound n({r, r + 1}; 6) ≥ 2r^2 proved by Yuansheng and Liang [30] we get that n({r, r + 1}; 6) = 2r^2.

For g = 8, 12, we proceed as in the paper [3]. Let T_{uv} be the induced subgraph spanned by the vertices within distance μ ≤ (g − 6)/2 from the edge e = uv. Let u_1 ∈ N(u) − v and v_1 ∈ N(v) − u. Let H_{u1v1}

132 Camino Balbuena, Xavier Marcote, Diego González-Moreno

z∗ u1 v1

u v

Fig. 1: The deleted vertices in the (4, 8)-cage are shown in the box. The resulting graph is a ({3, 4}; 8)-graph on 49 vertices.

be the following subset of vertices

H_{u1 v1} = g−2 2⋃ j=^{g−4}_2

N_j (e) ∩ (N_{j−1}(u_1) ∪ N_{j−1}(v_1)).

Let z^∗ ∈ N_{(g−6)/2}(e) − (N_{(g−8)/2}(u_1) ∪ N_{(g−8)/2}(v_1)), which can be chosen because r + 1 ≥ 3. Let G^∗ = G − (V (T_{uv} ) − z^∗) − V (H_{u1 v1} ), see Figure 1.

Note that d_G∗ (z^∗) = r and d_G∗ (z_i) = r + 1 for every z_i ∈ N_G∗ (z^∗). Every other vertex of G^∗ has degree r, since each remaining vertex v ∈ N_{(g−4)/2}(e) has lost exactly one neighbor in T_{uv}, and each vertex w ∈ N_{(g−2)/2}(e) has lost exactly one neighbor belonging to either N_{(g−4)/2}(u_1) or N_{(g−4)/2}(v_1). Hence G^∗ is an ({r, r + 1}; g^∗)-graph with girth g^∗ ≥ g. Moreover, the order of G^∗ is:

|V (G^∗)| = n_0(r + 1; g) − ( 2 r^{(g−4)/2} − 1 r − 1 − 1 ) − 2(r^{(g−6)/2} + r^{(g−4)/2})

= 2r^{(g−2)/2} − 2r^{(g−6)/2} + 1 = 2r^{(g−6)/2}(r^2 − 1) + 1.

In either case the theorem is valid. �

In [4, 30] was obtained that n({r, m}; 6) = 2(rm − m + 1) for all m > r ≥ 3 with m − 1 a prime power. When m = r + 1 we have n({r, r + 1}; 6) = 2r^2. In the above Theorem 3.1, this result has been extended for every r for which there exists a projective plane.

Some properties of semiregular cages 133

4 Vertex connectivity

Every ({r, r + 1}; g)-cage with r ≥ 2 has been shown to be 2-connected [9]. The main objective of this section is to contribute to answer this question by further approaching the connectedness of semiregular cages. To do that we will use the following known result.

Theorem 4.1 [25] Let G be a connected graph with minimum degree δ ≥ 3, girth g, and order n. Let k be an integer such that 2 ≤ k ≤ δ. Then, G is k-connected if

n ≤ N (δ, g, k) =

2^{δ(δ−1)(g−1)/2 −2} δ−2 − k if g is odd;

4^{(δ−1)g/2−1} δ−2 − k if g is even.

We also use the following result due to Dusart [15] on the existence of prime powers in short intervals of integers.

Theorem 4.2 [15] Let r be a positive integer.

(i) If r ≥ 3275 then the interval [r, r(1 +^1_{2ln2 (r)} )] contains a prime number. (ii) If 6 ≤ r ≤ 3276 then the interval [r,^{7r}_6 ] contains a prime power. Using Theorem 4.1 and Theorem 4.2 we obtain the next theorem.

Theorem 4.3 Let G be an ({r, r + 1}; g)-cage with r ≥ 3 and g ≥ 6. Then G is maximally connected provided that any of the following conditions hold.

(i) g = 6, 8.

(ii) g = 12 and r ≥ 7, r ≠ 20.

Proof: By Theorem 4.1, it is enough to show that |V (G)| ≤ N (r, g, r). Let us distinguish the following cases.

Case (a): Suppose that n(r + 1; g) = n_0(r + 1; g).

Then g = 6, 8, 12. For every r ≥ 3 if g = 6, 8, and for every r ≥ 7 if g = 12 it follows from Theorem 3.1 that:

n({r, r+1}; g) ≤ { 2r^2 if g = 6 1 + 2r^{(g−6)/2}(r^2 − 1) if g = 8, 12 } ≤ N (r, g, r) = 4

(r − 1)^{g/2} − 1 r − 2 −r. Then the result follows from Theorem 4.1. Note that case (a) holds if r is a prime power.

Case (b): Suppose n(r + 1; g) > n_0(r + 1; g) with r ∈ {q − 1, q − 2}, where q denotes a prime power, and g = 6, 8, 12.

134 Camino Balbuena, Xavier Marcote, Diego González-Moreno

Observe that r ≥ 6. First suppose that r + 1 = q where q ≥ 7 is a prime power. Both Theorem 3.1 and Theorem 1.2 yield

n({q − 1, q}; g) ≤ n(q; g) − 2

(q − 1)^{(g−2)/2} − 1 q − 2 ≤ 2q^{(g−6)/2}(q^2 − 1) − 2

(q − 1)^{(g−2)/2} − 1 q − 2 = 2q^2 − 2q − 2 if g = 6 2q^3 − 2q^2 − 2 if g = 8 2q^5 − 2q^4 + 4q^3 − 8q^2 + 4q − 2 if g = 12.

Now, it is easy to verify that n({q − 1, q}; g) ≤ N (q − 1, g, q − 1) if q ≥ 7 for g = 6, 8, and if q ≥ 13 when g = 12.

Second, suppose that r + 1 = q − 1 where q is a prime power; hence r ≥ 14 and q ≥ 16 can be assumed. Again from Theorem 3.1 and Theorem 1.2 it follows

n({q − 2, q − 1}; g) ≤

2q^2 − 4q − 2 if g = 6; 2q^3 − 4q^2 + 4q − 6 if g = 8; 2q^5 − 4q^4 + 12q^3 − 36q^2 + 46q − 22 if g = 12.

Now, it is easy to verify that n({q − 2, q − 1}; g) ≤ N (q − 2, g, q − 2) if q ≥ 16 for g = 6, 8, and if q ≥ 23 for g = 12.

Case (c): Suppose n(r + 1; g) > n_0(r + 1; g), with r + 1 ≤ q − 2, where q denotes a prime power, and g = 6, 8, 12.

Note that we may assume that r + 1 ∉ {q^′ − 1, q^′, q^′ + 1} for every prime power q^′, (otherwise Cases (a) or (b) hold). Then r + 1 ≥ 21 and hence 1 +^1_{2ln2(r+1)} ≤^7_6 , thus by Theorem 4.2 we may assume that q ≤ ⌊^7_6 (r + 1)⌋. Again from Theorem 3.1 and Theorem 1.2 it follows that

n({r, r+1}; g) ≤

2⌊^7_6 (r + 1)⌋(r + 1) − 4 − 2(r + 1) if g = 6; 2⌊^7_6 (r + 1)⌋(⌊^7_6 (r + 1)⌋(r + 1) − 1) − 2(r^2 + r + 1) if g = 8.

2⌊^7_6 (r + 1)⌋^2(⌊^7_6 (r + 1)⌋^2 − 1)(r + 1) − 2(r^4 + r^3 + r^2 + r + 1) if g = 12.

As in the above cases, it is very easy to verify that n({r, r + 1}; g) ≤ N (r, g, r) for g = 6, 8; and for g = 12 if r ≠ 20.

As a consequence of the above three cases, the result is valid. �

4.1 Semiregular cages are 3-connected

In this section we prove that most of ({r, r + 1}; g)-cages are 3-connected. Theorem 4.4 Every ({r, r + 1}; g)-cage with r ≥ 3 and g ≥ 6 is 3-connected.

Some properties of semiregular cages 135

y_3 y_2 x_2 = y_1 x_1

y^′_3 y^′_2 x^′_2 = y^′_1 x^′_1

H H^′

E^′

Fig. 2: Construction of G^∗ .

Proof: The results holds for r = 3 by [9], hence asssume r ≥ 4 for the rest of the proof. Let G be an ({r, r + 1}; g)-cage satisfying the hypothesis. We can suppose that G is 2-connected following [9]. Let S = {x, y} be a cutset of G that minimizes the order of the smallest component of the graph obtained by deleting from G a 2-cutset. Let H be a smallest component of G − S, notice that |N(x) ∩ V (H)| ≥ 2 and |N(y) ∩ V (H)| ≥ 2, otherwise if N(x) ∩ V (H) = {z} the set {z, y} would be a cut set that leaves a component with fewer vertices than H contradicting the choice of S, and the same occurs if |N(y) ∩ V (H)| = 1. Furthermore, since g ≥ 6 it follows that |N(x) ∩ N(y)| ≤ 1. Let us denote N(x) ∩ V (H) = {x_1, x_2, . . . , x_α} and N(y) ∩ V (H) = {y_1, y_2, . . . , y_β}, and suppose α ≤ β without loss of generality. Let H^′ be a copy of H with V (H) ∩ V (H^′) = ∅, and for every v ∈ V (H) let v^′ denote its copy in H^′. Let G^∗ be a new graph obtained from the union of H and H^′ and by adding the following edges:

E^′ = {x_1x^′_1, x_2x^′_2, . . . , x_αx^′_α, y_1y^′_2, y_2y^′_3, . . . , y_β y^′_1}.

Observe that if N(x) ∩ N(y) ∩ V (H) = {z}, then the vertices z and z^′ are both incident with two new added edges (see Figure 2). Hence, each vertex in G^∗ has the same degree it had in G and |V (G^∗)| = 2|V (H)| ≤ |V (G)| − 2.

Now, let us show that g(G^∗) = g^∗ ≥ g. Let C be a cycle of G^∗. Since E^′ is an edge cut of G^∗ then |E(C) ∩ E^′| is an even number.

(a) If |E(C) ∩ E^′| = 0, then C corresponds with a cycle of G, therefore C has length at least g.

(b) Suppose |E(C) ∩ E^′| = 2. If x_ix^′_i and x_j x^′_j are in E(C) for some distinct i, j, then the length l(C) of C is:

l(C) ≥ d_H (x_i, x_j ) + d_H′ (x^′_i, x^′_j ) + 2 = 2d_H (x_i, x_j ) + 2 ≥ 2(g − 2) + 2 = 2g − 2 > g.

And the same occurs if y_iy^′_{i+1} and y_j y^′_{j+1} are in E(C) for some different i, j. Finally, if x_ix^′_i and y_j y^′_{j+1} are in E(C), then

l(C) ≥ d_H (x_i, y_j ) + d_H′ (x^′_i, y^′_{j+1}) + 2 = d_H (x_i, y_j ) + d_H (x_i, y_{j+1}) + 2 ≥ d_H (y_j , y_{j+1}) + 2 ≥ (g − 2) + 2 = g.

136 Camino Balbuena, Xavier Marcote, Diego González-Moreno

(c) Suppose |E(C) ∩ E^′| ≥ 4. If C contains an (x_i, x_j )-path or an (y_s, y_t)-path, then analogously to (b),

l(C) ≥ (g − 2) + 4 > g.

The unique remaining case to consider is when C contains neither an (x_i, x_j )-path nor an (y_s, y_t)- path. Let us consider an (x_i, y_j )-path in H and an (x^′_s, y^′_t)-path in H^′. Observe that we can assume that at most one of the conditions i = s, j = t holds; otherwise we consider other (x^′_h, y^′_p)-path in H^′ instead of the path (x^′_s, y^′_t), as s ≠ h and t ≠ p. When i = s (j ≠ t) we have

l(C) > d_H (x_i, y_j ) + d_H′ (x^′_i, y^′_t) + 4 = d_H (x_i, y_j ) + d_H (x_i, y_t) + 4 ≥ d_H (y_j , y_t) + 4 ≥ (g − 2) + 4 > g.

Analogously in case j = t (i ≠ s). When i ≠ s and j ≠ t, since the union of an (x_i, y_j )-path, an (x_s, y_t)-path and the edges x_ix, xx_s, y_j y, yy_t contains a cycle that corresponds with a cycle in G, it follows that l(C) ≥ (g − 4) + 4 = g.

We have already seen that g(G^∗) = g^∗ ≥ g stands for the girth of G^∗. Next we consider the degree set of G^∗.

If G^∗ contains some vertex with degree r and some vertex with degree r + 1, then G^∗ is an ({r, r + 1}; g^∗)-graph with fewer vertices than G, contradicting Theorem 1.4. Hence the graph G^∗ may be assumed to be a regular graph. If G^∗ is an (r + 1; g^∗)-graph, then the graph G^∗ − v where v ∈ V (G^∗) is an ({r, r + 1}; g^∗)-graph with fewer vertices than G, yielding a contradiction to Theorem 1.4. Hence G^∗ is an (r; g^∗)-graph. Let us show that G^∗ has diam(G^∗) ≥ g − 1. We distinguish three cases.

Case 1. N(x) ∩ N(y) ∩ V (H) ≠ ∅, α ≥ 2 and β ≥ 3.

Since g > 4 then N(x) ∩ N(y) ∩ V (H) = {x_α} = {y_β} may be assumed. Note that

d_H (x_i, y_j ) ≥ g − 4, for every x_i ≠ y_j

since, when i ≠ α and j ≠ β, an (x_i, y_j )-path in H joint with the edges x_ix, xx_α, x_αy, yy_j of G contains a cycle in G of length at least g; and when i = α or j = β, d_H (x_i, x_j ) ≥ g − 2. Then (for some y_k ≠ y_1):

dG∗ (y1, y^′_1) = min{dH (y1, xj ) + 1 + d_H′ (x^′_j , y^′_1), dH (y1, y_k) + 1 + d_H′ (y^′_{k+1}, y^′_1), 1 + d_H′ (y^′_2, y^′_1)} ≥ min{2(g − 4) + 1, 2(g − 2) + 1, 1 + g − 2} = g − 1,

since g ≥ 6, 2(g − 4) + 1 ≥ g − 1.

Some properties of semiregular cages 137

Case 2. N(x) ∩ N(y) ∩ V (H) = ∅, α ≥ 2 and β ≥ 3.

Then (for some y_k ∉ {y_1, y_3}):

d_G∗ (y_3, y^′_2) = min{d_H (y_3, y_1) + 1, d_H (y_3, x_i) + 1 + d_H′ (x^′_i, y^′_2), d_H (y_3, y_k) + 1 + d_H′ (y^′_{k+1}, y^′_2)} ≥ min{g − 2 + 1, d_H (y_3, y_2) + 1, 2(g − 2) + 1} = g − 1.

Case 3. α = β = 2.

Hence λ(G^∗) ≤ |E^′| = 4. If r ≥ 5 then λ(G^∗) < r and by Theorem 1.6(ii),

diam(G^∗) ≥ { g − 1 if g is even, g if g is odd.

The same occurs if λ(G^∗) < r = 4. If r = 4 = λ(G^∗), since the set E^′ is a restricted edge cut because g > 4, then Theorem 1.6(iii) implies diam(G^∗) ≥ g − 1 as the minimum edge degree of G^∗ is equal to 2(r − 1) = 6.

Therefore G^∗ contains two vertices z_1 and z_2 such that d_G∗ (z_1, z_2) ≥ g − 1. By joining the edge z_1z_2 to G^∗, the graph G^∗ ∪ {z_1z_2} is an ({r, r + 1}; g^∗)-graph with fewer vertices than G and g^∗ ≥ g, yielding a contradiction. �

Acknowledgments

This research was supported by the Ministerio de Educación y Ciencia, Spain, and the European Regional Development Fund (ERDF) under project MTM2008-06620-C03-02/MTM; and by Catalonian Government 1298 SGR2009. We would like to thank the anonymous referees for their suggestions and comments.

References

[1] M. Abreu, M. Funk, D. Labbate, V. Napolitano, On (minimal) regular graphs of girth 6, Australasian Journal of Combinatorics 35 (2006), 119–132.

[2] G. Araujo-Pardo and C. Balbuena, Constructions of small regular graphs of girth 6, Networks (2010), Networks, n/a. doi: 10.1002/net.20392.

[3] G. Araujo-Pardo, C. Balbuena, T. Héger, Finding small regular graphs of girth 6, 8 and 12 as subgraphs of cages, Discrete Math. 310(8) (2010), 1301–1306.

[4] G. Araujo, C. Balbuena, P. García-Vázquez, X. Marcote, J.C. Valenzuela, On the order of ({r, m}, g)-cages of even girth, Discrete Math. 308(12) (2008), 2484–2491.

[5] G. Araujo-Pardo, C. Balbuena, J.C. Valenzuela, Constructions of bi-regular cages, Discrete Math. 309(6) (2009), 1409–1416.

[6] C. Balbuena, Incidence matrices of projective planes and other bipartite graphs of few vertices, SIAM Journal on Discrete Math. 22(4) (2008), 1351–1363.

138 Camino Balbuena, Xavier Marcote, Diego González-Moreno [7] C. Balbuena, A construction of small regular graphs of girth 8, Discrete Math. Theor. Comput. Sci. 11(2) (2009), 33–46.

[8] C. Balbuena, P. García-Vázquez, X. Marcote, Sufficient conditions for λ^′-optimality in graphs with girth g, J.

Graph Theory 53(1) (2006), 73–86.

[9] C. Balbuena, D. González-Moreno, X. Marcote, On the connectivity of semiregular cages, Networks 56(1) (2010), 81–88.

[10] C. Balbuena and X. Marcote, Diameter and connectivity of (D; g)-cages, Int. J. Comp. Math. (2010), DOI:

10.1080/00207160.2010.504828.

[11] C. Balbuena and X. Marcote, Monotonicity of the order of (D; g)-cages, submitted. [12] G. Chartrand, R.J. Gould, S.F. Kapoor, Graphs with prescribed degree set and girth, Period Math, Hungar 6 (1981), 261–266.

[13] G. Chartrand and L. Lesniak, Graphs and digraphs, 3rd ed., Chapman and Hall, London, 1996. [14] M. Downs, R.J. Gould, J. Mitchem, F. Saba, (D; n)-cages, Congr. Numer. 32 (1981), 179–193. [15] P. Dusart, The k^{th} Prime is Greater Than k(lnk + lnlnk − 1) for k ≥ 2, Math. Comp. 68 No. 225 (1999), 411–415.

[16] P. Erdős and H. Sachs, Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl, Wiss. Z. Univ.

Halle Math.-Nat. XII/3 12 (1963), 251–258.

[17] G. Exoo and R. Jajcay, Dynamic cage survey, Electron J Combin 15 (2008), #DS16. [18] A. Gács and T. Héger, On geometric constructions of (k, g)-graphs, Contributions to Discrete Mathematics, 3(1) (2008), 63–80.

[19] D. Hanson, P. Wang, and L.K. Jorgensen, On cages with given degree sets, Discrete Math. 101 (1992), 109–114. [20] A. J. Hoffman and R.R. Singleton, On Moore graphs with diameters 2 and 3, IBM J. Res. Dev. 4 (1960), 497–504.

[21] D.A. Holton and J. Sheehan, The Petersen graph, Chapter 6: Cages, Cambridge University (1993). [22] S.F. Kapoor, A.D. Polimeni, C.E. Wall, Degree sets for graphs, Fund. Math. 95 (1977) 189–194. [23] F. Lazebnik, V.A. Ustimenko, A.J. Woldar, New upper bounds on the order of cages, Electronic Journal of Combinatorics 14 R13 (1997), 1–11.

[24] N.B. Limaye, D.G. Sarvate, (D; n)-cages with |D| = 2, 3, 4, Congr. Numer. 133 (1998) 7-20. [25] X. Marcote, C. Balbuena, I. Pelayo, On the connectivity of cages with girth five, six and eight, Discrete Math.

307 (2007), 1441–1446.

[26] Sauer, N. Extremaleigenschaften regulärer Graphen gegebener Taillenweite, I and II, Sitzungsberichte Österreich. Acad. Wiss. Math. Natur. Kl., S-B II, 176 (1967), 9–25; 176 (1967), 27–43.

[27] T. Soneoka, H. Nakada, M. Imase, and C. Peyrat, Sufficient conditions for maximally connected dense graphs, Discrete Math. 63 (1987), 53–66.

[28] W.T. Tutte, A family of cubical graphs, Proc. Cambridge Phil. Soc. (1947), 459–474. [29] P. K. Wong, Cages - A Survey, J. Graph Theory 6 (1982), 1–22.

[30] Y. Yuansheng and W. Liang, The minimum number of vertices with girth 6 and degree set D = {r, m}, Discrete Math. 269 (2003), 249–258.