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We prove that the incidence chromatic number of every3-degenerated graphG is at most∆(G) + 4. It is known that
the incidence chromatic number of every graphG with maximum average degreemad(G) < 3 is at most∆(G)+3.
We show that when∆(G) ≥ 5, this bound may be decreased to∆(G) + 2. Moreover, we show that for every graph
G with mad(G) < 22/9 (resp. withmad(G) < 16/7 and∆(G) ≥ 4), this bound may be decreased to∆(G) + 2
(resp. to∆(G) + 1).

Keywords: incidence coloring,k-degenerated graph, planar graph, maximum average degree

1 Introduction
The concept of incidence coloring was introduced by Brualdi and Massey (3) in 1993.

Let G = (V (G), E(G)) be a graph. Anincidencein G is a pair(v, e) with v ∈ V (G), e ∈ E(G), such
thatv ande are incident. We denote byI(G) the set of all incidences inG. For every vertexv, we denote
by Iv the set of incidences of the form(v, vw) and byAv the set of incidences of the form(w,wv). Two
incidences(v, e) and(w, f) areadjacentif one of the following holds:(i) v = w, (ii) e = f or (iii) the
edgevw equalse or f .

A k-incidence coloringof a graphG is a mappingσ of I(G) to a setC of k colors such that adjacent
incidences are assigned distinct colors. Theincidence chromatic numberχi(G) of G is the smallestk
such thatG admits ak-incidence coloring.

For a graphG, let ∆(G), δ(G) denote the maximum and minimum degree ofG respectively. It is easy
to observe that for every graphG we haveχi(G) ≥ ∆(G) + 1 (for a vertexv of degree∆(G) we must
use∆(G) colors for coloringIv and at least one additional color for coloringAv). Brualdi and Massey
proved the following upper bound:

Theorem 1 (3) For every graphG, χi(G) ≤ 2∆(G).

Guiduli (4) showed that the concept of incidence coloring is a particular case of directed star arboricity,
introduced by Algor and Alon (1). Following an example from (1), Guiduli proved that there exist graphs
G with χi(G) ≥ ∆(G) + Ω(log ∆(G)). He also proved that For every graphG, χi(G) ≤ ∆(G) +
O(log ∆(G)).

Concerning the incidence chromatic number of special classes of graphs, the following is known:
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• For everyn ≥ 2, χi(Kn) = n = ∆(Kn) + 1 (3).

• For everym ≥ n ≥ 2, χi(Km,n) = m + 2 = ∆(Km,n) + 2 (3).

• For every treeT of ordern ≥ 2, χi(T ) = ∆(T ) + 1 (3).

• For every Halin graphG with ∆(G) ≥ 5, χi(G) = ∆(G) + 1 (8).

• For everyk-degenerated graphG, χi(G) ≤ ∆(G) + 2k − 1 (5).

• For everyK4-minor free graphG, χi(G) ≤ ∆(G) + 2 and this bound is tight (5).

• For every cubic graphG, χi(G) ≤ 5 and this bound is tight (6).

• For every planar graphG, χi(G) ≤ ∆(G) + 7 (5).

The maximum average degreeof a graphG, denoted bymad(G), is defined as the maximum of the
average degreesad(H) = 2 · |E(H)|/|V (H)| taken over all the subgraphsH of G.

In this paper we consider the class of3-degenerated graphs (recall that a graphG is k-degenerated
if δ(H) ≤ k for every subgraphH of G), which includes for instance the class of triangle-free planar
graphs and the class of graphs with maximum average degree at most 3. More precisely, we shall prove
the following:

1. If G is a3-degenerated graph, thenχi(G) ≤ ∆(G) + 4 (Theorem 2).

2. If G is a graph withmad(G) < 3, thenχi(G) ≤ ∆(G) + 3 (Corollary 5).

3. If G a graph withmad(G) < 3 and∆(G) ≥ 5, thenχi(G) ≤ ∆(G) + 2 (Theorem 8).

4. If G is a graph withmad(G) < 22/9, thenχi(G) ≤ ∆(G) + 2 (Theorem 11).

5. If G is a graph withmad(G) < 16/7 and∆(G) ≥ 4, thenχi(G) = ∆(G) + 1 (Theorem 13).

In fact we shall prove something stronger, namely that one can construct for these classes of graphs
incidence colorings such that for every vertexv, the number of colors that are used on the incidences of
the form(w,wv) is bounded by some fixed constant not depending on the maximum degree of the graph.

More precisely, we define a(k, `)-incidence coloringof a graphG as ak-incidence coloringσ of G
such that for every vertexv ∈ V (G), |σ(Av)| ≤ `.

We end this section by introducing some notation that we shall use in the rest of the paper.
Let G be a graph. Ifv is a vertex inG andvw is an edge inG, we denote byNG(v) the set of neighbors

of v, by dG(v) = |NG(v)| the degree ofv, by G \ v the graph obtained fromG by deleting the vertexv
and byG \ vw the graph obtained fromG by deleting the edgevw.

Let G be a graph andσ′ apartial incidence coloring ofG, that is an incidence coloring only defined on
some subsetI of I(G). For every uncolored incidence(v, vw) ∈ I(G) \ I, we denote byFσ′

G (v, vw) the
set offorbidden colorsof (v, vw), that is:

Fσ′

G (v, vw) = σ′(Av) ∪ σ′(Iv) ∪ σ′(Iw).
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Fig. 1: Configurations for the proof of Theorem 2

We shall often say that we extend such a partial incidence coloringσ′ to some incidence coloringσ of
G. In that case, it should be understood that we setσ(v, vw) = σ′(v, vw) for every incidence(v, vw) ∈ I.

We shall make extensive use of the fact that every(k, `)-incidence coloring may be viewed as a(k′, `)-
incidence coloring for anyk′ > k.
Drawing convention. In a figure representing a forbidden configuration, all the neighbors of “black” or
“grey” vertices are drawn, whereas “white” vertices may have other neighbors in the graph.

2 3-degenerated graphs
In this section, we prove the following:

Theorem 2 Every 3-degenerated graphG admits a(∆(G)+4, 3)-incidence coloring. Therefore,χi(G) ≤
∆(G) + 4.

Proof: Let G be a 3-degenerated graph. Observe first that if∆(G) ≤ 3 then, by Theorem 1,χi(G) ≤
2∆(G) < ∆(G) + 4 ≤ 7 and every(∆(G) + 4)-incidence coloring ofG is obviously a(∆(G) + 4, 3)-
incidence coloring.

Therefore, we assume∆(G) ≥ 4 and we prove the theorem by induction on the number of vertices
of G. If G has at most 5 vertices thenG ⊆ K5. Since for everyk > 0, χi(Kn) = n, we obtain
χi(G) ≤ χi(K5) = ∆(K5) + 1 = 5, and every5-incidence coloring ofG is obviously a(∆(G) + 4, 3)-
incidence coloring. We assume now thatG hasn + 1 vertices,n ≥ 5, and that the theorem is true for all
3-degenerated graphs with at mostn vertices.

Let v be a vertex ofG with minimum degree. SinceG is 3-degenerated, we havedG(v) ≤ 3. We
consider three cases according todG(v).

dG(v) = 1:
Let w denote the unique neighbor ofv in G (see Figure 1.(1)). Due to the induction hypothesis, the
graphG′ = G \ v admits a(∆(G) + 4, 3)-incidence coloringσ′. We extendσ′ to a(∆(G) + 4, 3)-
incidence coloring ofG. Since|Fσ′

G (w,wv)| = |σ′(Iw) ∪ σ′(Aw)| ≤ ∆(G)− 1 + 3 = ∆(G) + 2,
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there is a colora such thata /∈ Fσ′

G (w,wv). We then setσ(w,wv) = a andσ(v, vw) = b, for any
color b in σ′(Aw).

dG(v) = 2:
Let u, w be the two neighbors ofv in G (see Figure 1.(2)). Due to the induction hypothesis, the
graphG′ = G \ v admits a(∆(G) + 4, 3)-incidence coloringσ′. We extendσ′ to a(∆(G) + 4, 3)-
incidence coloringσ of G as follows. We first setσ(v, vu) = a for a colora ∈ σ(Au) (if dG(u) =
1, we have the case1). Now, if |σ′(Aw)| ≥ 2, there is a colorb ∈ σ′(Aw)\{a} and if |σ′(Aw)| = 1,
since|Fσ

G(v, vw)| = |σ′(Iw) ∪ {a}| ≤ ∆(G) − 1 + 1 = ∆(G), there is a colorb distinct froma
such thatb /∈ Fσ

G(v, vw). We setσ(v, vw) = b.

We still have to color the two incidences(u, uv) and (w,wv). Sincea ∈ σ′(Au), we have
|Fσ

G(u, uv)| = |σ′(Iu)∪σ′(Au)∪{a, b}| ≤ ∆(G)−1+3+2−1 = ∆(G)+3. Therefore, there is
a colorc such thatc /∈ Fσ

G(u, uv). Similarly, sinceb ∈ σ(Aw), we have|Fσ
G(w,wv)| ≤ ∆(G) + 3

and there exists a colord such thatd /∈ Fσ
G(w,wv). We can extendσ′ to a(∆(G)+4, 3)-incidence

coloringσ of G by settingσ(u, uv) = c andσ(w,wv) = d.

dG(v) = 3:
Let u1, u2 andu3 be the three neighbors ofv in G (see Figure 1.(3)). Due to the induction hypoth-
esis, the graphG′ = G \ v admits a(∆(G) + 4, 3)-incidence coloringσ′.

Observe first that for everyi, 1 ≤ i ≤ 3, since|Fσ′

G (v, vui)| ≤ ∆(G) − 1 and since we have
∆(G) + 4 colors, we have at least five colors which are not inFσ′

G (v, vui). Moreover, if|Aui
| < 3

then any of these five colors may be assigned to the incidence(v, vui) whereas we have only three
possible choices (among these five) if|Aui

| = 3. In the following, we shall see that having only
three available colors is enough, and therefore assume that|σ′(Aui)| = 3 for everyi, 1 ≤ i ≤ 3.

We define the setsB andBi,j as follows:

- ∀ i, j, 1 ≤ i, j ≤ 3, i 6= j, Bi,j := (σ′(Iui) ∪ σ′(Aui)) ∩ σ′(Auj )

- B :=
⋃

1≤i,j≤3 Bi,j , i 6= j.

We consider now four subcases according to the degrees ofu1, u2 andu3:

1. ∀ i, 1 ≤ i ≤ 3, dG(ui) < ∆(G).
In this case, since we have 3 colors for the incidence(v, vui) for everyi, 1 ≤ i ≤ 3, we can
find 3 distinct colorsa1, a2, a3 such thatai /∈ Fσ′

G (v, vui). We setσ(v, vui) = ai for everyi,
1 ≤ i ≤ 3.

We still have to color the three incidences(ui, uiv), 1 ≤ i ≤ 3. Sinceai ∈ σ(Aui), we have
|Fσ

G(ui, uiv)| = |σ(Iui
)∪σ(Aui

)∪{a1, a2, a3}| ≤ ∆(G)−2+3+3−1 = ∆(G)+3 for every
i, 1 ≤ i ≤ 3. So, there exist three colorsb1, b2, b3 such thatbi /∈ Fσ

G(ui, uiv), 1 ≤ i ≤ 3.
We can extendσ′ to a(∆(G) + 4, 3)-incidence coloringσ of G by settingσ(ui, uiv) = bi for
everyi, 1 ≤ i ≤ 3.

2. Only one of the verticesui is of degree∆(G).
We can suppose without loss of generality thatdG(u1), dG(u2) < ∆(G) and dG(u3) =
∆(G).



Maximum average degree and incidence chromatic number 207

Since|σ′(Iu3)∪σ′(Au3)| = ∆(G)−1+3 = ∆(G)+2 and|σ′(Au1)| = 3, we haveB3,1 6= ∅.
Let a1 ∈ B3,1. Since|σ′(Aui

)| = 3 for everyi, 1 ≤ i ≤ 3, there exist two distinct colorsa2

anda3 distinct froma1 such thata2 ∈ σ′(Au2) anda3 ∈ σ′(Au3). We setσ(v, vui) = ai for
everyi, 1 ≤ i ≤ 3.

We still have to color the three incidences of form(ui, uiv). Sincea1 ∈ B3,1 anda3 ∈
σ′(Au3) we have:

|Fσ
G(u3, u3v)| = |σ′(Iu3) ∪ σ(Au3) ∪ {a1, a2, a3}|

≤ ∆(G)− 1 + 3 + 3− 1− 1 = ∆ + 3

and sinceai ∈ σ′(Aui
) for everyi = 1, 2 we have:

|Fσ′

G (ui, uiv)| = |σ′(Iui
) ∪ σ′(Aui

) ∪ {a1, a2, a3}|

≤ ∆(G)− 2 + 3 + 3− 1 = ∆ + 3.

Therefore, there exist three colorsb1, b2, b3 such thatbi /∈ Fσ
G(ui, uiv)∪{a1, a2, a3}, 1 ≤ i ≤

3. We can extendσ′ to a(∆(G) + 4, 3)-incidence coloringσ of G by settingσ(ui, uiv) = bi

for everyi, 1 ≤ i ≤ 3.

3. Only one vertex among theui’s is of degree less than∆(G).
We can suppose without loss of generality thatdG(u1) < ∆(G) anddG(u2) = dG(u3) =
∆(G).
Similarly to the previous case, we haveB2,1 6= ∅ andB3,2 6= ∅. We consider two cases:

B2,1 6= B3,2

Let a1 ∈ B2,1, a2 ∈ B3,2 \ {a1} anda3 ∈ σ′(Au3) \ {a1, a2}. We setσ(v, vui) = ai for
everyi, 1 ≤ i ≤ 3.
We still have to color the three incidences(ui, uiv), 1 ≤ i ≤ 3. Sincea1 ∈ σ′(Au1) we
have:

|Fσ
G(u1, u1v)| = |σ′(Iu1) ∪ σ(Au1) ∪ {a1, a2, a3}|

≤ ∆(G)− 2 + 3 + 3− 1 = ∆(G) + 3

and sinceai ∈ Bi+1,i for i = 1, 2 andaj ∈ σ′(Auj
) for j = 2, 3, we have:

|Fσ
G(ui, uiv)| = |σ′(Iui

) ∪ σ(Aui
) ∪ {a1, a2, a3}|

≤ ∆(G)− 1 + 3 + 3− 1− 1 = ∆(G) + 3.

Therefore, there exist three colorsb1, b2, b3 such thatbi /∈ Fσ
G(ui, uiv), 1 ≤ i ≤ 3. We

can extendσ′ to a (∆(G) + 4, 3)-incidence coloringσ of G by settingσ(ui, uiv) = bi

for everyi, 1 ≤ i ≤ 3.

B2,1 = B3,2

Let a1 ∈ B2,1 = B3,2, a2 ∈ σ′(Au2) \ {a1} anda3 ∈ σ′(Au3) \ {a1, a2}. We set
σ(v, vui) = ai for everyi, 1 ≤ i ≤ 3.
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We still have to color the three incidences(ui, uiv), 1 ≤ i ≤ 3. Sincea1 ∈ σ′(Au1) we
have:

|Fσ
G(u1, u1v)| = |σ′(Iu1) ∪ σ(Au1) ∪ {a1, a2, a3}|

≤ ∆(G)− 2 + 3 + 3− 1 = ∆(G) + 3

and sincea1 ∈ B2,1 = B3,2 andaj ∈ σ′(Auj
) for j = 2, 3, we have:

|Fσ
G(ui, uiv)| = |σ′(Iui) ∪ σ(Aui) ∪ {a1, a2, a3}|

≤ ∆(G)− 1 + 3 + 3− 1− 1 = ∆(G) + 3.

Therefore, there exist three colorsb1, b2, b3 such thatbi /∈ Fσ
G(ui, uiv), 1 ≤ i ≤ 3. We

can extendσ′ to a (∆(G) + 4, 3)-incidence coloringσ of G by settingσ(ui, uiv) = bi

for everyi, 1 ≤ i ≤ 3.

4. dG(u1) = dG(u2) = dG(u3) = ∆(G).
Similarly to the case(b) we haveBi,j 6= ∅ for everyi andj, 1 ≤ i, j ≤ 3 and thus|B| ≥ 1.
We prove first that in this case|B| ≥ 2. Suppose that|B| = |{x}| = 1; in other words,
((σ′(Iui

) ∪A′
ui

) ∩A′
uj

) = {x} for everyi andj, 1 ≤ i, j ≤ 3. Thus we have:

|σ′(Au1) ∪ σ′(Iu1) ∪ σ′(Au2) ∪ σ′(Au3)| = ∆(G)− 1 + 3 + 3 + 3− 1− 1

= ∆(G) + 6. (1)

But the relation (1) is in contradiction with the fact thatσ′ is a (∆(G) + 4, 3)-incidence
coloring and we then get|B| ≥ 2.
Let a1 anda2 be two distinct colors inB. We can suppose without loss of generality that
a1 ∈ B2,1 anda2 ∈ B3,2.
We consider the two following subcases:

B1,3 \ {a1, a2} 6= ∅
Let a3 be a color inB1,3 \ {a1, a2}. We setσ(v, vui) = ai for everyi, 1 ≤ i ≤ 3.
Sinceai ∈ Bj,i = (σ′(Iuj ) ∪ σ′(Auj )) ∩ σ′(Aui), j = i + 1 mod3, andai ∈ σ′(Aui)
for everyi, 1 ≤ i ≤ 3, we have:

|Fσ
G(ui, uiv)| = |σ′(Iui

) ∪ σ′(Aui
) ∪ {a1, a2, a3}|

≤ ∆(G)− 1 + 3 + 3− 1− 1 = ∆(G) + 3.

Therefore, there exist three colorsb1, b2, b3 such thatbi /∈ Fσ
G(ui, uiv), 1 ≤ i ≤ 3. We

can extendσ′ to a (∆(G) + 4, 3)-incidence coloringσ of G by settingσ(ui, uiv) = bi

for everyi, 1 ≤ i ≤ 3.
B1,3 \ {a1, a2} = ∅

SinceB1,3 6= ∅ we can suppose without loss of generality thata2 ∈ B1,3. Let a3 ∈
σ′(Au3) \ {a1, a2}. We setσ(v, vui) = ai for everyi, 1 ≤ i ≤ 3.
Sinceai ∈ Bj,i = (σ′(Iuj ) ∪ σ′(Auj )) ∩ σ′(Aui), j = i + 1 mod3, andai ∈ σ′(Aui)
for i = 1, 2, we have:

|Fσ
G(ui, uiv)| = |σ′(Iui

) ∪ σ′(Aui
) ∪ {a1, a2, a3}|
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≤ ∆(G)− 1 + 3 + 3− 1− 1 = ∆(G) + 3

and sincea2 ∈ σ′(Iu1) ∪ σ′(Au1) anda1 ∈ σ′(A− u1) we have:

|Fσ
G(u1, u1v)| = |σ′(Iu1) ∪ σ′(Au1) ∪ {a1, a2, a3}|

≤ ∆(G)− 1 + 3 + 3− 1− 1 = ∆(G) + 3.

Therefore, there exist three colorsb1, b2, b3 such thatbi /∈ Fσ
G(ui, uiv), 1 ≤ i ≤ 3. We

can extendσ′ to a (∆(G) + 4, 3)-incidence coloringσ of G by settingσ(ui, uiv) = bi

for everyi, 1 ≤ i ≤ 3.

It is easy to check that in all cases we obtain a(∆(G) + 4, 3)-incidence coloring ofG and the theorem is
proved. 2

Since every triangle free planar graph is3-degenerated, we have:

Corollary 3 For every triangle free planar graphG, χi(G) ≤ ∆(G) + 4.

3 Graphs with bounded maximum average degree
In this section we study the incidence chromatic number of graphs with bounded maximum average
degree. The following result has been proved in (5).

Theorem 4 Everyk-degenerated graphG admits a(∆(G) + 2k − 1, k)-incidence coloring.

Since every graphG with mad(G) < 3 is 2-degenerated, we get the following:

Corollary 5 Every graphG with mad(G) < 3 admits a(∆(G) + 3, 2)-incidence coloring. Therefore,
χi(G) ≤ ∆(G) + 3.

Concerning planar graphs, we have the following:

Observation 6 (2) For every planar graphG with girth at leastg, mad(G) < 2g/(g − 2).

Hence, we obtain:

Corollary 7 Every planar graphG with girth g ≥ 6 admits a(∆(G) + 3, 2)-incidence coloring. There-
fore,χi(G) ≤ ∆(G) + 3.

Proof: By Observation 6 we havemad(G) < 2g/(g − 2) ≤ (2 × 6)/(6 − 2) = 3 and we get the result
from Corollary 5. 2

If the graph has maximum degree at least 5, the previous result can be improved:

Theorem 8 Every graphG with mad(G) < 3 and∆(G) ≥ 5 admits a(∆(G)+2, 2)-incidence coloring.
Therefore,χi(G) ≤ ∆(G) + 2.

Proof: Suppose that the theorem is false and letG be a minimal counter-example (with respect to the
number of vertices). We first show thatG must avoid all the configurations depicted in Fig. 2.
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Fig. 2: Forbidden configurations for the proof of Theorem 8

(1) Let w denote the unique neighbor ofv in G. Due to the minimality ofG, the graphG′ = G\v admits
a (∆(G) + 2, 2)-incidence coloringσ′. We extendσ′ to a(∆(G) + 2, 2)-incidence coloringσ of G.
Since|Fσ

G(w,wv)| = |σ′(Iw) ∪ σ′(Aw)| ≤ ∆(G)− 1 + 2 = ∆(G) + 1, there is a colora such that
a /∈ Fσ

G(w,wv). We setσ(w,wv) = a andσ(v, vw) = b, for any colorb in σ′(Aw).

(2) Let w1, w2 denote the two neighbors ofv in G. Due to the minimality ofG, the graphG′ = G \ v
admits a(∆(G) + 2, 2)-incidence coloringσ′. We extendσ′ to a(∆(G) + 2, 2)-incidence coloring
σ of G.

Since|Fσ
G(w1, w1v)| = |σ′(Iw1) ∪ σ′(Aw1)| ≤ ∆(G) − 1 + 2 = ∆(G) + 1 and since we have

∆(G) + 2 possible colors, there is a colora such thata /∈ Fσ
G(w1, w1v). We setσ(w1, w1v) = a.

If |σ′(Aw2) \ {a}| ≥ 1 then there is a colorb ∈ σ′(Aw2) \ {a} and if σ′(Aw2) = {a}, since
|Fσ

G(v, vw2)| = |σ′(Iw2)∪{a}| ≤ 3+1 = 4 ≤ ∆(G)−1, there is a colorb such thatb /∈ Fσ
G(v, vw2).

We setσ(v, vw2) = b.

Now, if |σ′(Aw1) \ {b}| ≥ 1 then there is a colorc ∈ σ′(Aw1) \ {b} and if σ′(Aw1) = {b}, since
|Fσ

G(v, vw1)| = |σ(Iw1) ∪ {b}| ≤ ∆(G) + 1, there is a colorc such thatc /∈ Fσ
G(v, vw1). We set

σ(v, vw1) = c.

Since|Fσ
G(w2, w2v)| = |σ′(Iw2) ∪ σ(Aw2) ∪ {c}| ≤ 3 + 2 + 1 = 6 ≤ ∆(G) + 1, there is a colord

such thatd /∈ Fσ
G(w2, w2v) and we setσ(w2, w2v) = d.

(3) Let ui, 1 ≤ i ≤ 5, denote the five neighbors ofv andwi denote the other neighbor ofui in G (see
Figure 2.(3)). Due to the minimality ofG, the graphG′ = G \ v admits a(∆(G) + 2, 2)-incidence
coloringσ′. We extendσ′ to a(∆(G) + 2, 2)-incidence coloringσ of G.

Let ai = σ′(wi, wiui), 1 ≤ i ≤ 5. Since we have∆(G) + 2 ≥ 7 colors, there is a colorx distinct
from ai for everyi, 1 ≤ i ≤ 5.

Since|Fσ′

G (ui, uiwi)| = |σ′(Iwi)| ≤ ∆(G) we have two possible colors for the incidence(ui, uiwi)
for everyi, 1 ≤ i ≤ 5. So, we can suppose thatσ′(ui, uiwi) 6= x for everyi, 1 ≤ i ≤ 5. We set
σ(ui, uiv) = x for everyi, 1 ≤ i ≤ 5.

SinceFσ
G(v, vui) = {x, σ′(ui, uiwi)} for everyi, 1 ≤ i ≤ 5, and since we have at least7 colors,

there is5 distinct colorsc1, c2 ,. . ., c5 such thatci /∈ {x, σ′(ui, uiwi)}, 1 ≤ i ≤ 5, and we set
σ(v, vui) = ci for everyi, 1 ≤ i ≤ 5.
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It is easy to check that in every case we have obtained a(∆(G) + 2, 2)-incidence coloring ofG, which
contradicts our assumption.

We now associate with each vertexv of G an initial charged(v) = dG(v), and we use the following
discharging procedure: each vertex of degree at least5 gives1/2 to each of its2-neighbors.

We shall prove that the modernized degreed∗ of each vertex ofG is at least3 which contradicts
the assumptionmad(G) < 3 (since

∑
u∈G d∗(u) =

∑
u∈G d(u)). Let v be a vertex ofG; we con-

sider the possible cases for old degreedG(v) of v (sinceG does not contain the configuration 2(1), we
havedG(v) ≥ 2):

dG(v) = 2.
SinceG does not contain the configuration 2(2) the two neighbors ofv are of degree at least5.
Therefore,v receives1/2 from each of its neighbors so thatd∗(v) = 2 + 1/2 + 1/2 = 3.

3 ≤ dG(v) ≤ 4.
In this case we haved∗(v) = dG(v) ≥ 3.

dG(v) = 5.
SinceG does not contain the configuration 2(3) at least one of the neighbors ofv is of degree at
least3 andv gives at most4× 1/2 = 2. We obtaind∗(v) ≥ 5− 2 = 3.

dG(v) = k ≥ 6.
In this casev gives at mostk × (1/2) so thatd∗(v) ≥ k − k/2 = k/2 ≥ 6/2 = 3.

Therefore, every vertex inG gets a modernized degree of at least3 and the theorem is proved. 2

Remark 9 The previous result also holds for graphs with maximum degree 2 and for graphs with maxi-
mum degree 3 (by the result from (6)) but the question remains open for graphs with maximal degree 4.

As previously, for planar graphs we obtain:

Corollary 10 Every planar graphG of girth g ≥ 6 with ∆(G) ≥ 5 admits a(∆(G) + 2, 2)-incidence
coloring. Therefore,χi(G) ≤ ∆(G) + 2.

For graphs with maximum average degree less than 22/9, we have:

Theorem 11 Every graphG withmad(G) < 22/9 admits a(∆(G)+2, 2)-incidence coloring. Therefore,
χi(G) ≤ ∆(G) + 2.

Proof: It is enough to consider the case of graphs with maximum degree at most4, since for graphs with
maximum degree at least5 the theorem follows from Theorem 8. Suppose that the theorem is false and
let G be a minimal counter-example (with respect to the number of vertices and edges). Observe first that
we have∆(G) ≥ 3 since otherwise we obtain by Theorem 1 thatχi(G) ≤ 2∆(G) ≤ ∆(G)+2 and every
(∆(G) + 2)-incidence coloring ofG is obviously a(∆(G) + 2, 2)-incidence coloring.

We first show thatG cannot contain any of the configurations depicted in Figure 3.

(1) This case is similar to case 1 of Theorem 8.
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Fig. 3: Forbidden configurations for the proof of Theorem 11

(2) Let x (resp.y) denote the other neighbor ofu (resp.v) in G. Due to the minimality ofG, the graph
G′ = G\uv admits a(∆(G)+2, 2)-incidence coloringσ′. We extendσ′ to a(∆(G)+2, 2)-incidence
coloringσ of G.

Supposeσ′(u, ux) = a, σ′(v, vy) = b, σ′(x, xu) = c andσ′(y, yv) = d.

Suppose first that|{a, b, c, d}| = 4. In that case, we setσ(u, uv) = d andσ(v, vu) = c.

Now, if |{a, b, c, d}| ≤ 3, we setσ(u, uv) = e andσ(v, vu) = f for anye, f /∈ {a, b, c, d}.

(3) Let u1, u2 andu3 denote the three neighbors ofv andwi denotes the other neighbor ofui, 1 ≤ i ≤ 3,
in G. Due to the minimality ofG, the graphG′ = G \ v admits a(∆(G) + 2, 2)-incidence coloring
σ′. We extendσ′ to a(∆(G) + 2, 2)-incidence coloringσ of G.

Suppose thatai = σ′(wi, wiui), 1 ≤ i ≤ 3. Since we have∆(G) + 2 ≥ 5 colors, there is a colorx
distinct fromai for everyi, 1 ≤ i ≤ 3.

Since|Fσ′

G (ui, uiwi)| = |σ′(Iwi
)| ≤ ∆(G) we have at least two colors for the incidence(ui, uiwi)

for everyi, 1 ≤ i ≤ 3. Thus, we can supposeσ′(ui, uiwi) 6= x for everyi, 1 ≤ i ≤ 3. We then set
σ(ui, uiv) = x for everyi, 1 ≤ i ≤ 3.

SinceFσ
G(v, vui) = {x, σ′(ui, uiwi)} for everyi, 1 ≤ i ≤ 3, and since we have at least5 colors,

there are3 distinct colorsc1, c2 et c3 such thatci /∈ {x, σ′(ui, uiwi)}, 1 ≤ i ≤ 3. We then set
σ(v, vui) = ci for everyi, 1 ≤ i ≤ 3.

Therefore, in all cases we obtain a(∆(G) + 2, 2)-incidence coloring ofG, which contradicts our
assumption.

We now associate with each vertexv of G an initial charged(v) = dG(v), and we use the following
discharging procedure: each vertex of degree at least3 gives2/9 to each of its2-neighbors.

We shall prove that the modernized degreed∗ of each vertex ofG is at least22/9 which contradicts the
assumptionmad(G) < 22/9. Let v be a vertex ofG; we consider the possible cases for old degreedG(v)
of v (sinceG does not contain the configuration 3(1), we havedG(v) ≥ 2):

dG(v) = 2.
SinceG does not contain the configuration 3(2) the two neighbors ofv are of degree at least3.
Therefore,v receives then2/9 from each of its neighbors so thatd∗(v) = 2 + 2/9 + 2/9 = 22/9.
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Fig. 4: Forbidden configurations for the proof of Theorem 13

dG(v) = 3.
SinceG does not contain the configuration 3(3), v is adjacent to at most two2-vertices andv gives
at most2× 2/9 = 4/9. We obtaind∗(v) ≥ 3− 4/9 = 23/9 ≥ 22/9.

dG(v) = 4.
In this case,v gives at most4× 2/9 = 8/9 so thatd∗(v) ≥ 4− 8/9 = 28/9 ≥ 22/9.

Therefore, every vertex inG gets a modernized degree of at least3 and the theorem is proved. 2

By considering cycles of length̀6≡ 0 (mod 3), we get that the upper bound of Theorem 11 is tight.
As previously, for planar graphs we obtain:

Corollary 12 Every planar graphG of girth g ≥ 11 admits a(∆(G) + 2, 2)-incidence coloring. There-
fore,χi(G) ≤ ∆(G) + 2.

Finally, for graphs with maximum average degree less than 16/7, we have:

Theorem 13 Every graphG with mad(G) < 16/7 and∆(G) ≥ 4 admits a(∆(G) + 1, 1)-incidence
coloring. Therefore,χi(G) = ∆(G) + 1.

Proof: Since for every graphG, χi(G) ≥ ∆(G)+1, it is enough to prove thatG admits a(∆(G)+1, 1)-
incidence coloring. Suppose that the theorem is false and letG be a minimal counter-example (with
respect to the number of vertices). We first show thatG cannot contain any of the configurations depicted
in Figure 4.

(1) This case is similar to case 1 of Theorem 8.

(2) Let ui, i = 1, 2, be the two neighbors ofv andwi denote the other neighbor ofui in G. Due to the
minimality of G, the graphG′ = G \ v admits a(∆(G) + 1, 1)-incidence coloringσ′. We extendσ′

to a(∆(G) + 1, 1)-incidence coloringσ of G.

Suppose thatσ′(w1, w1u1) = a, σ′(u1, u1w1) = b, σ′(w2, w2u2) = c andσ′(u2, u2w2) = d. Since
|Fσ′

G′(w1, w1u1) ∪ {c}| = |σ′(Iw1) \ {a} ∪ σ′(Aw1) ∪ {c}| ≤ ∆(G) − 2 + 1 + 1 = ∆(G), we can
suppose thata 6= c. We then setσ(v, vu1) = a andσ(v, vu2) = c.

Now, sinceFσ
G(u1, u1v) ∪ Fσ

G(u2, u2v) = {a, b, c, d} and since we have at least∆(G) + 1 ≥ 5
colors, there is a colorx such thatx /∈ {a, b, c, d}. We then setσ(u1, u1v) = σ(u2, u2v) = x.
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(3) Let ui, 1 ≤ i ≤ 3 be the three neighbors ofv, xi denote the other neighbor ofui andwi denote the
other neighbor ofxi in G. Due to the minimality ofG, the graphG′ = G \ {v, u1, u2, u3} admits a
(∆(G) + 1, 1)-incidence coloringσ′. We extendσ′ to a(∆(G) + 1, 1)-incidence coloringσ of G.

Suppose thatσ′(wi, wixi) = ai andσ′(xi, xiwi) = bi for everyi, 1 ≤ i ≤ 3. Since|Fσ′

G (wi, wixi)∪
{b1}| = |σ′(Iwi

)\{ai}∪{bi, b1}| ≤ 2+2 = 4 for i = 2, 3, and since we have∆(G)+1 ≥ 5 colors,
we can suppose thata2 6= b1 6= a3. We then setσ(ui, uixi) = ai andσ(ui, uiv) = b1 for everyi,
1 ≤ i ≤ 3.

SinceFσ
G(v, vuj) ∪ Fσ

G(xj , xjuj) = {b1, bj , aj} for j = 2, 3, there are two distinct colorsc2 andc3

such thatcj /∈ {b1, bj , aj}, j = 2, 3. We setσ(v, vuj) = σ(xj , xjuj) = cj , j = 2, 3.

Now, sinceFσ′

G (v, vu1) ∪ Fσ′

G (x1, x1u1) = {a1, b1, c2, c3} and since we have at least5 colors, there
is a colorc1 such thatc1 /∈ {a1, b1, c2, c3}. We then setσ(v, vu1) = σ(x1, x1u1) = c1.

Therefore, in all cases we obtain a(∆(G) + 1, 1)-incidence coloring ofG, which contradicts our
assumption.

We now associate with each vertexv of G an initial charged(v) = dG(v), and we use the following
discharging procedure:

(R1) each vertex of degree3 gives2/7 to each of its2-neighbors which has a 2-neighbor adjacent to a
3-vertex and gives 1/7 to its other 2-neighbors.

(R2) each vertex of degree at least 4 gives 2/7 to each of its 2-neighbors and gives 1/7 to each 2-vertex
which is adjacent to one of its 2-neighbors.

We shall prove that the modernized degreed∗ of each vertex ofG is at least16/7 which contradicts the
assumptionmad(G) < 16/7. Let v be a vertex ofG, we consider the possible cases for old degreedG(v)
of v (sinceG does not contain the configuration 4(1), we havedG(v) ≥ 2):

dG(v) = 2. In this case we consider five subcases:

1. v has two 2-neighbors, sayz1 andz2. Let yi be the other neighbor ofzi, i = 1, 2, in G. Since
G does not contain the configuration 4(2), yi is of degree∆(G) ≥ 4 for i = 1, 2. Eachyi,
i = 1, 2, gives1/7 to v so thatd∗(v) = 2 + 1/7 + 1/7 = 16/7.

2. v is adjacent to a3-vertexz1 and a2-vertex which is itself adjacent to a3-vertex. In this case
v receives2/7 from z1 and we haved∗(v) = 2 + 2/7 = 16/7.

3. v is adjacent to a3-vertexz1 and a2-vertex which is itself adjacent to a vertexz2 of degree at
least4. In this casev receives1/7 from z1 and1/7 from z2 so thatd∗(v) = 2 + 1/7 + 1/7 =
16/7.

4. v is adjacent to two3-vertices that both gives1/7 to v so thatd∗(v) = 2+1/7+1/7 = 16/7.

5. One of the two neighbors ofv is of degree at least4. In this casev receives at least2/7 so that
d∗(v) ≥ 2 + 2/7 = 16/7.

dG(v) = 3.
Let u1, u2 andu3 be the three neighbors ofv. We consider two subcases according to the degrees
of ui’s.
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1. One of theui’s is of degree at least3, sayu1. In this casev gives at most2/7 to u2 and2/7
to u3 so thatd∗(v) ≥ 3− 2/7− 2/7 = 17/7 ≥ 16/7.

2. All the ui’s are of degree2. Let xi be the other neighbor ofui in G, 1 ≤ i ≤ 3.

(a) One of thexi’s is of degree at least3, sayx1. In this casev gives1/7 to u1, at most2/7
to u2 and at most2/7 to u3. We then haved∗(v) ≥ 3− 1/7− 2/7− 2/7 = 16/7.

(b) All the xi’s are of degree2. Let wi be the other neighbor ofxi in G, 1 ≤ i ≤ 3. Since
G does not contain the configuration 4(2) we havedG(wi) ≥ 3 for everyi, 1 ≤ i ≤ 3,
and sinceG does not contain the configuration 4(3), at most one of thewi’s, 1 ≤ i ≤ 3,
can be of degree3. Thus, we can suppose without loss of generality thatdG(w1) and
dG(w2) ≥ 4. In this case,v gives1/7 to w1, 1/7 to w2 and at most2/7 to w3. We then
haved∗(v) ≥ 3− 1/7− 1/7− 2/7 = 17/7 ≥ 16/7.

dG(v) = k ≥ 4.

In this case,v gives at mostk × (2/7 + 1/7) = 3k/7 so thatd∗(v) ≥ k − 3k/7 = 4k/7 ≥ 16/7.

Therefore, every vertex inG gets a modernized degree of at least16/7 and the theorem is proved.2

Considering the lower bound discussed in Section 1, we get that the upper bound of Theorem 13 is
tight.

Remark 14 For every graphG, thesquareof G, denoted byG2, is the graph obtained fromG by linking
any two vertices at distance at most 2. It is easy to observe that providing a(k, 1)-incidence coloring ofG
is the same as providing a properk-vertex-colouring ofG2, for everyk (by identifying for every vertexv
the color ofAv in G with the color ofv in G2). By considering the cycleC4 on 4 four vertices (note that
C2

4 = K4) we get that the previous result cannot be extended to the case∆ = 2. Consider now the graph
H obtained from the cycleC5 on five vertices by adding one pending edge with a new vertex. SinceH2

contains a subgraph isomorphic toK5, we similarly get that the previous result cannot be extended to the
case∆ = 3.

As previously, for planar graphs we obtain:

Corollary 15 Every planar graphG of girth g ≥ 16 and with∆(G) ≥ 4 admits a(∆(G) + 1, 1)-
incidence coloring. Therefore,χi(G) = ∆(G) + 1.
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