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For ary fixedparametet > 1, at—spanneiof agraphG is aspanningsubgraphin whichthedistancebetweerevery
pair of verticesis at mostt timestheir distancen G. A minimumt—spanneis a t—spannewith minimumtotal edge
weight or, in unweightedgraphs,minimum numberof edges. Generalt—spannersandtheir variantshave multiple
applicationsn thefield of communicatiometworks, distributedsystemsandnetwork design.In this paperwe prove
the N'P-hardnessf finding minimumt—spannersor planarweightedgraphsanddigraphsif ¢ > 3, andfor planar
unweightedgraphsanddigraphsif ¢ > 5. We thusextendresultson that problemto the interestingcasewherethe
instancesreknown to be planar We alsointroducethe relatedproblemof finding minimum planar t—spannersind
concludeits A“P-hardnes$or similar fixedvaluesof ¢.

Keywords: graphspannersplanargraphs N ’P—completeness

1 Introduction

A t—spannernf agraphG is aspanningsubgraphS in which the distancebetweerevery pair of vertices
is atmostt timestheirdistancein G. Themainideaof this conceptis to find a subgraptof agivengraph
G thatis sparsebut still guaranteea so—calledstretch factor onthevertex—to—\ertex distance®f G. The
stretchfactorwill be boundedby a constantindependenof the size of G. Obsene thatthe minimum
spanningreedoesnot necessarilyneetthis specification.

The conceptof spannerdiasbeenintroducedby Peley andUliman in [12], wherethey usedspanners
to synchronizeasynchronousetworks. Oneof mary otherapplicationgor spannerarecommunication
networks, whereoneis interestedn finding a sparsesubnetvork that neverthelesgguaranteegsonstant
delayfactors.A suney of someresultson the existenceandefficient constructibilityof (sparseypanners
is givenin [11]. Furtherresultsanddiscussiongoncerning—spannerandvariantsthereofcanbefound
in [13].

In mostapplicationsthe sparsenessf a spanneis crucial. The problemof finding t—spannersvith a
minimum numberof edgeshasbeenshavn to be A“P-hardfor mostvaluesof ¢ by Caiin [2]. Therefore,
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subsequengfforts have concentratean finding spannershat are maybenot minimum, but sufiiciently
sparsgseefor example[1]). Very recently [14] have proventhe N"P—hardnessf the problemeven for
restricted unweightedgraphclassesuchaschordal,split, bipartite,or degree-constraingraphs.Several
authorsconsidervariantsof ¢—spannersin [3], CaiandCorneildealwith treet—spannergi.e. t—spanners
thataretrees)andalsoexaminethe compleity statusof the correspondinglecisionproblem. Liestman
andShermeintroducethenotionof additivespannersyhichemploy anadditive insteadof multiplicative
stretchfunctiononthedistanceg8].

Herewe considergenerakpannersn planar graphs(eitherweightedor unweighteddirectedor undi-
rected),.e. we restrictthe setof inputinstancesWe thereby(partially) settlea questiorraisedin [2]. We
alsointroducethe notion of planar t—spannersThesearesubgraphswhich arenot only t—spannershut
alsoplanar no matterwhetherthe original graphis planaror not.

This paperis organizedasfollows: After introducingsomebasicnotationandthe examinedproblems,
our resultsof N’P—completenesare statedin Sect.2. Proofsof thesein unweightedweighted,and
directedgraphsmake up for Sects3, 4, and5, respectiely.

2 Problems and Results

In whatfollows G = (V, E;w) (respectiely, G = (V, A;w)) denotesa simple, weightedundirected
(directed)graphwith vertex setV, edgesetFE (arcsetA), andedgeweightsw : E — IRT (w : A — RY).
If all edgeshave unitweight,i.e. all weightsareequalto 1, the graphis saidto be unweightedA directed
graph(digraph) is saidto be anorientedgraph,if it doesnot containa cycle of two arcs. For simplicity,
we will usetheterminologyfor undirectedgraphsthroughoutmostof this paper Thetermsarenaturally
extendedo digraphs.Sincespannersf eachconnectedomponentanbe determinedndependentlywe
only considerconnectedyraphs.Thelengthof a pathis the sumof theweightsof its edges The distance
betweertwo verticesu andv in G, i.e. thelengthof the shortes{directed)path,is denotedy d¢ (u, v).

2.1 Minimum t—=Spanners in Planar Graphs

Definition 1 (t—spanner) For any parametert > 1, a spanningsubgaphS = (V, E';w) withE' C E
is a t—spannepf an edge-weightedyraph G = (V, E; w), if ds(u,v) < t - dg(u,v) forall u,v € V.

Theparametet is calledstretch factor. We saythatanedgee € E is coveted (by anedgef € S), if in
S thereexistsa pathof lengthat mostt - w(e) (andcontainingf) thatconnectghe endpointsof e. Note
thatin unweightedyraphsevery t—spanneis alsoa | t|-spannemwhile thereis no suchcorrespondence
weightedgraphsgvenif all edgeshave integerweights.In orderto prove thata givenspanningsubgraph
is a t—spannerwe do not have to considerall pairwisedistanceof the vertices. It is sufficient to only
look atedgesf theoriginal graphthatarenot partof the spanningsubgraph(see[3]).

A t—spanners calleda minimumé—spanneof aweightedgraphG, if it hasminimumtotal edgeweight
amongall t—-spannersf G. Thecorrespondinglecisionproblemis definedasfollows:

Minimum t—SpannerProblem (MinS;)
Given: A graphG with associate@positive) edgeweightsanda positive value W .
Problem: DoesG containat—spannewith total edgeweightat mosti ?

Olviously, for an unweightedgraph,the only 1-spanneis the graphitself. For a weightedgraph,
Hakimi and Yau [4] proved thatthereis a unique 1-spannegwith a minimal numberof edges. From
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[3], we know that this mustalso be the unigue minimum 1-spannerandthatit canbe determinedn
polynomialtime. The N"P—completenessf MinS; for the remainingvaluesof ¢+ hasbeenestablishedin
[2] and[3]. Herewe will shav thatthe problemremains\P—completefor mostvaluesof ¢t whenG is
restrictedto be planar In particular we prove thefollowing theorem.

Theorem 2
1. For anyfixedintegert > 5, MinS; is N"P—completdor undirected unweightedplanar, biconnected
graphs.
2. For anyfixedinteger t > 3, MinS; is N"P—completefor undirected weighted planar, biconnected
graphswith edge weightsequalto 1 or 2.
3. For anyfixedintegert > 5 (t > 3), MinS, is N'P—completefor unweightedweighted)planar
orientedgraphs.

The proofs of the three partsof the theoremare given in the next sections. All threeof themare
transformationgrom the PlanarSatisfiability Problemwith threeliteralsin eachclauseandthey canbe
viewedasmodificationsof eachother At theendof Sect4 it will beeasyto seehow our constructiorcan
be adjustedo allow arbitraryrationalvaluesof ¢ > 3 in theweightedcase.ThusTheorem2 alsoholds
for rationalstretchfactors.

2.2 Minimum Planar t—-Spanners

Insteadof restrictingtheinputgraphwe now considerestrictionsonthespanningsubgraplby introducing
planart—spanners:

Definition 3 (planar t—spanner) For any parametert > 1, a spanningsubgaph S = (V, E'; w) with
E' C E is a planart—spannenf a weightedgraph G = (V, E;w), if ds(u,v) < t - dg(u,v) for all
u,v € V,andS is planar.

The correspondingVinimum Planar t—SpannerProblemis denotedby MinPS,. First, considerthe
unweighteccase:Usingalineartime planaritytest,it is clearthatMinP$S, is in P for unweightedgraphs.
Ontheotherhand,it is N’P—completeto decidewhetheranunweightedgraphcontainsa treet—spanner
i.e. at—spannewhichis atree,if ¢ > 4 [3]. Obsenre thatspanningreesare planarspanningsubgraphs
with the leastpossiblenumberof edges.

For weightedgraphsthe situationis different: As mentionedabore, the uniquel—spannewith a mini-
mal numberof edgesalsois the unigueminimum 1-spannerandcanbe determinedn polynomialtime.
Sinceall edgeweightsare positive, and every subgraphof a planargraphis planat a minimum planar
1-spannehasa minimal numberof edges. Thereforea minimum planarl-spannehasto be identical
to the minimum 1-spanngrandwe canconcludethatMinPS; is in P for weightedgraphsby testingthe
minimum 1-spannefor planarity

In [3], the N'P—completenessf the Treet—SpanneProblemfor ¢ > 1 in weightedgraphsis proven.
By a closelook at the transformatiorusedthereandby an appropriatechoiceof the boundon the total
weight of a planart—spannerthe proof canbe modifiedto shav the N’P—completenessf MinPS for
t > 1 in weightedundirectedyraphs.Altogether we getthefollowing corollary:

Corollary 4
1. For anyfixedrational numbert > 4, MinPS is N"P—completdor unweightedyraphs.

2. For anyfixedrational numbert > 1, MinPS is N'P—completdor weightedgraphs.
ObsenethatMinS; andMinPS; arethe samefor planarinstances.
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MinS;, generalgraphs || MinPS;, generalgraphs|| Min(P)S;, planargraphs
[2,3]
t unweighted| weighted || unweighted] weighted [ unweighted| weighted
1 P P P
(1,2) P NPC P NPC P ?
[2,3) NPC NPC ? NPC ? ?
[3,4) NPC NPC ? NPC ? NPC
[4,5) NPC NPC NPC NPC ? NPC
[5, 00) NPC NPC NPC NPC NPC NPC

Tab. 1: Thecompl&ity statusof MinS; andMinPS; in undirectedgraphs

2.3 Summary of Results

Table 1 summarizeghe resultsfor the compleity statusof the problemsconsideredn this paperfor
undirectedgraphsin comparisorto MinS; (asshawn in [2] and[3]). Theresultsarelisted for boththe
weightedandthe unweighteccase A questiomrmarkindicateshatthe compleity statusis unknawn.
Very recently Kortsarzhasshown in [5] that, for generalundirected,unweightedgraphsand every
t > 2, the Minimum t—SpannerProblemis as hard to approximateas the Set Cover Problem. The
approximabilitystatusof the problemsconsiderechereis still open. For oneof the opencasesMinS,
onplanargraphsthe |V'|/| E|-approximatioralgorithmof KortsarzandPeley [7] for generalundirected,
unweightedgraphsresultsin a constanapproximatioralgorithmfor planarinputgraphs.

3 MinSt for Unweighted, Planar Graphs

In this section,we prove part1 of Theorem2, soall graphsareunweightedandplanar The otherparts
areprovenalongthe samdines. Part of the proof modifiesideasof [2].

Lett > 5 beanarbitraryfixedinteger Clearly, MinS; is in AP, sincethe testwhethera spanning
subgraphS is at—spannecanbedonein polynomialtime. To shav the “P—completenesae transform
the Planar3—SatisfiabilityProblemto MinS;:

Planar 3—Satisfiability Problem (P3SAT)

Given: A setU of variablesandacollectionC of clauseverU with |c| = 3 for all ¢ € C. Furthermore
thebipartitegraphG = (V, E) whereV = U U C andE = {{z, c} : z or T occursin c} is planar

Problem: Is therea satisfyingtruth assignmentor C'?

The N"P—completenesproof for this problemcanbe foundin [9]. We usethe planarity of the un-
derlying graphof P3SA to constructa planargraphin which we can easily determinethe minimum
t—spanner.

3.1 Forcing Edges into a Minimum t—Spanner

For the constructionof the instanceof MinS;, we usethe fact that we canforce edgesto be in every
minimum ¢t—spanneby addingsomeadditionaledges.This concepthasappearedn [2] andwill beused
extensiely.
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Lemma5 Lete be an arbitrary edge of an unweightecdgraph G, andlet G’ be the graph constructed
from G by addingtwo distinctpaths P, and P, of lengtht (all internal verticesof P, and P, are new
vertices)betweerthe endsof e. Thenfor anyminimumé—spannerS of G’, edge e belongsto S.

The two auxiliary paths P, and P, are calledforcing paths edgee is calledforcededge. A forced
I-components a simplepathof lengthl consistingof | forcededgegogethemwith their forcing paths.A
minimum¢—spannepf aforced/—-componentontainsexactly! - (2- (¢t — 1) + 1) = [(2t — 1) edgesthe
[ forcededgesandt — 1 edgesrom eachforcing path.

3.2 Construction of the Instance

We startfrom the planar embeddedyraphunderlyingthe giveninstance(U, C) of P3SAT, and extend
thevariableandclauseverticesto form variable componentandclausecomponentsThesecomponents
are combinedto form truth assignmentestingcomponentsvhich reflectthe relationshipbetweenthe
satisfiabilityof a clauseandthe existenceof a minimum¢—spannerFinally, we computea boundon the
numberof edgedor the Minimum t—SpanneProblem.

Variable Components. The key ideabehindthe variablecomponentis that eachof its possiblemini-
mum t—spannerseflectsexactly one truth assignmenfor its correspondingariable. For eachvariable
x € U, we constructa variablecomponenf, asfollows. Let k£ bethe numberof (positve andnegative)
occurrencesf thevariablez in all clauses.

1. Createa centralvertex z*.

2. For eachoccurrenceof z in a clausec, createin this ordera block of four new vertices.qrgc), f@,
ng>, andfgc). Theresulting4k new verticesare calledliteral vertices The blocksarearranged
circularly aroundz* accordingto the embeddingf theunderlyinggraphof theinstanceof P3SA.

3. Connecteachpair of neighboringliteral verticesby a forced (¢ — 1)—componensuchthata circle
of 4k forced(t — 1)—componentss formedaltogether

4. Connectz* with all literal verticesby an edge,calledliteral edge. An edge{xgc),x*} is called
positiveliteral edge,an edge{fgc) ,x*} is callednegativeliteral edge.

5. Create4k new auxiliary vertices,one betweeneachpair of neighboringliteral edges. Connect
eachof theseby an auxiliary edgewith z* andby two distinctforced (¢ — 1)—componentsvith
its neighboringliteral vertices. Their literal edgesare then called associatediteral edgesof the
auxiliary edgeandvice versa.

Figurel illustratesthis construction For readability the symbolicrepresentatioin Figurel(b)is used
lateronwhenlargerportionsof the grapharedrawn. Thefollowing lemmashawvsthattheliteral edgesn
aminimumt¢—spanneareconsistentAs a consequencéehe numberof edgesof aminimumi—spannenof
T,is4-3k-(t—1)-(2t—1) + 2k.

Lemma 6 Anyminimumt—spannenfavariablecomponenfy containseitherall positiveor all negative
literal edees.

Proof: Let S beanarbitraryminimum¢—spanneof T,,. ThenS containsall forcededgesandt — 1 edges
from eachforcing path. Obsere thattheseedgestogetherwith eitherall 2% positive or all 2k negative
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@ ®)
— literal edge

auxiliary edge
--- forced (t-1)-component

il

Fig. 1: (a) Partof thevariablecomponent, for thevariablex occurringin clausec, (b) its symbolicrepresentation

literal edgesform a t—spanner.Thus S cancontainat most2k edgesout of the 8% literal andauxiliary
edges.

By constructiorof the variablecomponentpoth associate@uxiliary edgesandboth neighboringneg-
ative (resp.positive) literal edgesare coveredby a positive (resp.negative) literal edgein S. But, by an
auxiliary edgein S, only theassociatetiteral edgesarecovered.

Now assumehat.S containsan auxiliary edge. Then S alsocontainseitherthe next auxiliary edge,
too, or the next not associatediteral edge.In total, this leadsto morethan2k additionaledgesandthus
contradictsthe minimality of S. Similarly, assumeahat .S containstwo inconsistentiteral edges.Then
theremustbe at leastoneauxiliary edgebelongingto S or morethan2k literal edgeso cover all other
edgesAgain, this contradictdhe minimality of S. ThusS containsexactly every otherliteral edge. O

ClauseComponents. Theclausecomponenfor eachclausec € C is basicallya quadrilateraktonsist-
ing of four clauseverticesl, 2, 3, and4, wherethesidesareformedby distinctforced(t — 2)—components.
Verticesl and3 areconnectedby anadditionaledge calledtheclauseedge. SeeFig. 2(a)for anexample.
Our constructioris a bit morecomplex thanactuallyneededn the unweightedcase put will not haveto
bechangednuchwhenbeingmodifiedfor theweightedandthedirectedcase.Obsenethatany minimum
t—spannefor ¢t > 5 of suchanisolatedclausecomponentnustcontainthe clauseedge.

Truth AssignmentTesting Components. We combinethe clausecomponentsvith the variablecom-
ponentsaccordingto the given clausesby identifying vertices. Threesidesof the quadrilateralin the
clausecomponentachcorrespondo a literal in the correspondingslause. The fourth side is usedto

(@ (b

N
.
,

- - - forced (t-2)-component
————— forced (t-1)-component
—— literal edge

Bl
’ — clause edge

/
.
e
N
N

Fig. 2: (a)A clausecomponentand(b) the truth assignmentestingcomponenfor clausec = z V y V z usingthe
symbolicrepresentatiofor relevantblocksof the variablecomponents
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make theargumentssymmetrical.The endpointsof eachsuchsideof the quadrilaterabrethusidentified
with thetwo correspondindjteral verticesof thecorrespondindplockin thevariablecomponentif clause
¢ containghe positive literal we usethe positive literal verticeswgc) , andfgc) otherwise.SeeFig. 2(b)for

anexample. Note thatthe combinationof the variablecomponentsvith the clausecomponentsloesnot
affectthevalidity of Lemmas.

Lemma 7 For anyfixedinteger ¢t > 5, a minimum¢—spannerS of a truth assignmentestingcomponent
containstheclauseedge if andonlyif S containsno pair of consistentiteral edgesthatis adjacento the
clauseedce.

Proof: If S doesnot containa pair of literal edgesthat is adjacentto the clauseedgethen every path
connectingheendpointof theclauseedgein S eitherusegheclausesdgeor haslengthatleast2(t—2) >
t,ift > 5.

For the otherdirection,assumehat S containsa pair of adjacentconsistentiteral edges. Thenthis
providesashortcutfor oneof theforced(t —2)—componentsandthusthereis apathof length2+ (¢ —2) =
t in S connectinghe endpointf the clauseedge.Hencethe clauseedgeis covered. |

Thus, the numberof edgesin a minimum t—spannerf sucha truth assignmentestingcomponent
reflectsthe truth value of the correspondinglause. This completeshe constructionof the graph. All
isolatedcomponentsreplanar andsincewe startfrom aninstanceof P3SAT, thewhole graphis planar
It is alsoeasilyseenthattheinstances biconnectedandcanbe constructedn polynomialtime.

Choice of W. Accordingto Lemmas6 and 7, we set W, the boundon the numberof edgesin a t—
spannerto W = 6m + 36m (2t — 1)(t — 1) + 4m(2t — 1)(¢t — 2), wherem is thenumberof clausef
theinstanceof P3SA.

3.3 Equivalence of the Problems

In this subsectionlet (U, C') beaninstanceof P3SAT, and(G, W) theinstanceor MinS; constructedis
describechbore. We will shav thatthereis a satisfyingtruth assignmentor (U, C), if andonly if G has
at—spannewith atmostW edges.

Lemma 8 If thesetof clausesC' of (U, C) is satisfiable thenthere existsa planar t—spannerof G with
at mostW edges.

Proof: Supposéhatthe setof clausesC' is satisfiableandlet 8 be a satisfyingtruth assignmentFrom
this we constructhe subgraphs of G asfollows:

1. S containsall forcededges.
2. S containsgt — 1 arbitrarily choseredgedrom eachforcing path.

3. Foreachvariablez € U, S containsall positive literal edgesf 6(z) is true, andall negative literal
edgetherwise.

By this construction,S trivially is a spanningsubgraph.S consistsof forcededgesfrom the variable
componentsedgesfrom the forcing pathsof the variable componentsforced edgesfrom the clause
componentsedgesfrom the forcing pathsof the clausecomponentsand literal edges. Altogether S
containsexactly W' = 6m + 36m(2t — 1)(t — 1) + 4m(2t — 1)(¢t — 2) = W edges.
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It remainsto prove that S is at—spanneof G: We have to shawv thatfor every edgenot containedn
S, thereexists a pathof lengthat mostt connectingthe endpointsof thatedge. This is obviousfor the
variablecomponentsFor theclauseedgesbsenethat,sinced is asatisfyingtruth assignmenthereis at
leastoneliteral in eachclausethatis true. Dueto the constructiorof S we thushave atleastoneadjacent
pair of literal edgesn eachclausecomponentFromLemma? it followsthatS is at—spanner. |

Usingthenext lemma,Lemmal0 completeshe proof of part1 of Theorem2.
Lemma9 Anyminimumé—spannerS of G containsat leastiV edges.

Proof: Any t—spannelS of G mustcontainall forcededgesandt — 1 edgesrom eachforcing path. By
Lemmas, S containsat leasteitherall positive or all negative literal edgedor eachvariablecomponent.
Thissumsupto . m|

Lemma 10 If G hasa t—spannemwith at mostW edges,thenthere existsa satisfyingtruth assignment
for (U, C).

Proof: SupposeS is a t—spanneof G with at mostW edges.Thenby Lemma9, S is a minimum ¢—
spanneandcontainsexactly W edges.All forcededgesandthe correspondingdgesfrom the forcing
pathsmustbein S. Hence thereremainonly 6m furtheredgeswhich canonly beconsistentiteral edges
(by Lemmas). Thus,we canuniquelydefineatruth assignmen# by setting,for eachr € U, §(z) = true,
if S containghe positive literal edgesof T, andf(z) = falseotherwise.

SinceS is at—spanneandS containsno clauseedgeit followsfrom Lemma7 thatthereis atleastone
adjacenpair of literal edgedor every clauseedge.Hence g satisfiesall clauses. m|

4 MinSt for Weighted, Planar Graphs

For the proof of the secondpartof Theorem2, we againtransformaninstanceof P3SA to aninstance
of MinS; by extendingvariableandclauseverticesto appropriatecomponentsThe assignmenof edge
weightsof value 2 helpslowering the boundon ¢, thusyielding a strongemresultthanin the unweighted
case But we cannotexpectto reducethe gapby this techniquesvenfurther.

The variablecomponentsare the samewith all edgeshaving unit edgeweight, andthe resultsabout
minimumt¢—spannerfor thesecomponentsemainvalid (Lemmas). Theclausecomponentsgainconsist
of four clausevertices,but now threesidesof the quadrilateralremainunconnected.Only onesideis
connectedy two consecutieforced(t — 1)—componentsvith unit edgeweights.As before we have one
clauseedge how having edgeweight2. We combinethe componentso form thetruth assignmentesting
componentaiswe did in the unweightedcaseby identifying the correspondingertices(seeFig. 3 for an
example).Using similar algumentsasin Sect.3, we getan equivalentof Lemma7 now for all valuesof
t>3.

It is easilyseenthatthe constructedyraphis againplanarandbiconnected By choosingi = 6m +
36m(t—1)(2t—1)+2m(t—1)(2t—1), theagumentf theprevioussectioncanberepeatedo complete
theproofof part2 of Theorem2.

Theorem?2 canbe easilygeneralizedo allow rationalnumbersfor ¢ > 3 by usingforced (|¢] — 1)—
componentsn the constructiordescribedabore. All resultsaboutminimum¢—spannershenkeepvalid.
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y 1 z

————— forced (t-1)-component, unit weight
-1 literal edge, unit weight
-2 clause edge, weight 2

Fig. 3: Thetruth assignmentestingcomponentn theweightedcase

5 MinSt for Planar Digraphs

To show the N'P—completenesfr digraphswe againusea modificationof thereductionof the previous
sectionsHerewe only showv detailsof the constructiorfor the unweightedcase sincethe weightedcase
is thenstraightforvardfrom whathasbeenestablishedofar.

Forcing Arcsinto a Minimum t-Spanner Similar to the undirectedcase,an arc (a, b) of a digraph
canbeforcedto bein every minimumt—spanneasdescribedn [2]. For this purposewe createtwo new
verticesc andd, addtwo arcs(c, b) and(d, b), andthenaddtwo distinct directedpathsof lengtht — 1
from c to a andfrom d to a, respectiely. Then,a minimum¢—spannenof this componentonsistsof arc
(a, b) andall arcsof the pathsof lengtht — 1.

Construction of the Instance. For the constructionof the instanceseeFigure 4. The variable com-
ponents(seeFigure 4(a)) againconsistof literal and auxiliary vertices,aswell asliteral and auxiliary
arcs. The orientationof thesearcsdependsn the orientationof the correspondinglausearc. As in the
undirectedccasethis constructiorguaranteethatevery minimumt¢—spanneof sucha variablecomponent
only containsconsistentiteral arcs(cf. Lemmas).

Theclausecomponentareanalogouso theundirectedcasewheretheclausearcandtheforced(t—2)-
componentareorientedsuchthatthey startandendatthe sameverticesof the quadrilateral Figure4(c)
shaws an exampleof a directedtruth assignmentestingcomponent.lt is easily seenthat the graphis
planarandoriented.ChoosingW’ = 6m + 36m(t — 1)(2¢t — 1) + 4m(t — 2)(2¢ — 1), asin theundirected

© v z

- — directed forced (t-2)-component
---= directed forced (t-1)-component
— literal arc

i —~ clause arc

= auxiliary arc

o A\ AN
| N
- N | [T ,
S\ NE K
© ",’ h
Xy [
X"

Fig. 4: (a) Partof thevariablecomponenfor thevariablex occurringin clausec, (b) its symbolicrepresentatiorgnd
(c) thetruth assignmentestingcomponentor unweighteddigraphs
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casethe proof of theequivalenceof P3SA andMinS; is straightforvardasbefore.

Weighted Digraphs. In the weighted,directedcasethe samevariablecomponentgunit arc weights)
areused. The clausecomponentarethe onesfrom the weighted,undirectedcase,and orientationsare
determinedanalogously
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