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For any fixedparameter���
	 , a � –spannerof agraph � is aspanningsubgraphin which thedistancebetweenevery
pair of verticesis at most � timestheir distancein � . A minimum� –spanneris a � –spannerwith minimumtotal edge
weight or, in unweightedgraphs,minimum numberof edges.General� –spannersandtheir variantshave multiple
applicationsin thefield of communicationnetworks,distributedsystems,andnetwork design.In thispaper, weprove
the ��
 –hardnessof finding minimum � –spannersfor planarweightedgraphsanddigraphsif ����� , andfor planar
unweightedgraphsanddigraphsif ����� . We thusextendresultson thatproblemto the interestingcasewherethe
instancesareknown to beplanar. We alsointroducetherelatedproblemof finding minimumplanar � –spannersand
concludeits ��
 –hardnessfor similar fixedvaluesof � .
Keywords: graphspanners,planargraphs,��
 –completeness

1 Introduction
A � –spannerof a graph � is a spanningsubgraph� in which thedistancebetweenevery pair of vertices
is atmost � timestheirdistancein � . Themainideaof thisconceptis to find asubgraphof agivengraph� thatis sparse,but still guaranteesaso–calledstretch factoronthevertex–to–vertex distancesof � . The
stretchfactorwill be boundedby a constantindependentof the sizeof � . Observe that the minimum
spanningtreedoesnot necessarilymeetthis specification.

Theconceptof spannershasbeenintroducedby Peleg andUllman in [12], wherethey usedspanners
to synchronizeasynchronousnetworks. Oneof many otherapplicationsfor spannersarecommunication
networks, whereoneis interestedin finding a sparsesubnetwork that neverthelessguaranteesconstant
delayfactors.A survey of someresultson theexistenceandefficient constructibilityof (sparse)spanners
is givenin [11]. Furtherresultsanddiscussionsconcerning� –spannersandvariantsthereofcanbefound
in [13].

In mostapplications,thesparsenessof a spanneris crucial. Theproblemof finding � –spannerswith a
minimumnumberof edgeshasbeenshown to be ��� –hardfor mostvaluesof � by Cai in [2]. Therefore,�
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subsequentefforts have concentratedon finding spannersthataremaybenot minimum, but sufficiently
sparse(seefor example[1]). Very recently, [14] have proventhe ��� –hardnessof theproblemevenfor
restricted,unweightedgraphclassessuchaschordal,split, bipartite,or degree-constraintgraphs.Several
authorsconsidervariantsof � –spanners.In [3], CaiandCorneildealwith tree � –spanners(i.e. � –spanners
thataretrees)andalsoexaminethecomplexity statusof thecorrespondingdecisionproblem.Liestman
andShermerintroducethenotionof additivespanners,whichemploy anadditiveinsteadof multiplicative
stretchfunctionon thedistances[8].

Herewe considergeneralspannersin planar graphs(eitherweightedor unweighted,directedor undi-
rected),i.e.we restrictthesetof input instances.We thereby(partially)settleaquestionraisedin [2]. We
alsointroducethenotionof planar � –spanners. Thesearesubgraphs,which arenot only � –spanners,but
alsoplanar, no matterwhethertheoriginalgraphis planaror not.

This paperis organizedasfollows: After introducingsomebasicnotationandtheexaminedproblems,
our resultsof ��� –completenessare statedin Sect.2. Proofsof thesein unweighted,weighted,and
directedgraphsmakeup for Sects.3, 4, and5, respectively.

2 Problems and Results
In what follows ��� �"!$#&%('&)+* (respectively, �,� �"!$#&-.'/)+* ) denotesa simple,weightedundirected
(directed)graphwith vertex set !0# edgeset % (arcset - ), andedgeweights)213%54 IR6 ( )213-74 IR6 ).
If all edgeshaveunit weight,i.e.all weightsareequalto 1, thegraphis saidto beunweighted. A directed
graph(digraph) is saidto beanorientedgraph,if it doesnot containa cycle of two arcs.For simplicity,
we will usetheterminologyfor undirectedgraphsthroughoutmostof this paper. Thetermsarenaturally
extendedto digraphs.Sincespannersof eachconnectedcomponentcanbedeterminedindependently, we
only considerconnectedgraphs.The lengthof a pathis thesumof theweightsof its edges.Thedistance
betweentwo vertices8 and 9 in �:# i.e. thelengthof theshortest(directed)path,is denotedby ;=<>�?8@#/9A* .
2.1 Minimum t–Spanners in Planar Graphs
Definition 1 ( B –spanner) For anyparameter�+C5D , a spanningsubgraph ���E�"!$#&%.F"'&)+* with %GF0H7%
is a � –spannerof an edge-weightedgraph �I�J�"!$#&%('&)+* , if ;LK@�?8@#/9A*NMO�@PQ; < �?8@#/9A* for all 8R#&9(ST! .

Theparameter� is calledstretch factor. We saythatanedgeUGSV% is covered(by anedgeWXST� ), if in� thereexistsa pathof lengthat most ��PQ).�"UY* (andcontainingW ) thatconnectstheendpointsof U . Note
thatin unweightedgraphsevery � –spanneris alsoa Z[�]\ –spanner, while thereis nosuchcorrespondencein
weightedgraphs,evenif all edgeshave integerweights.In orderto provethata givenspanningsubgraph
is a � –spanner,we do not have to considerall pairwisedistancesof the vertices. It is sufficient to only
look at edgesof theoriginalgraphthatarenot partof thespanningsubgraph(see[3]).

A � –spanneris calledaminimum� –spannerof aweightedgraph�:# if it hasminimumtotaledgeweight
amongall � –spannersof � . Thecorrespondingdecisionproblemis definedasfollows:

Minimum B –SpannerProblem(MinS ^ )
Given: A graph � with associated(positive)edgeweightsanda positivevalue _ .
Problem: Does� containa � –spannerwith totaledgeweightatmost _ ?

Obviously, for an unweightedgraph,the only 1–spanneris the graphitself. For a weightedgraph,
Hakimi and Yau [4] proved that thereis a unique1–spannerwith a minimal numberof edges. From
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[3], we know that this must alsobe the uniqueminimum 1–spanner, and that it canbe determinedin
polynomialtime. The ��� –completenessof MinSb for theremainingvaluesof � hasbeenestablishedin
[2] and[3]. Herewe will show that theproblemremains��� –completefor mostvaluesof � when � is
restrictedto beplanar. In particular, weprovethefollowing theorem.

Theorem2
1. For anyfixedinteger ��Cdc , MinSb is ��� –completefor undirected,unweighted,planar, biconnected

graphs.
2. For anyfixedinteger ��Cfe , MinSb is ��� –completefor undirected,weighted,planar, biconnected

graphswith edgeweightsequalto 1 or 2.
3. For any fixed integer �gChc ( �gCie ), MinSb is ��� –completefor unweighted(weighted)planar

orientedgraphs.

The proofs of the threepartsof the theoremare given in the next sections. All threeof them are
transformationsfrom thePlanarSatisfiabilityProblemwith threeliterals in eachclause,andthey canbe
viewedasmodificationsof eachother. At theendof Sect.4 it will beeasyto seehow ourconstructioncan
beadjustedto allow arbitraryrationalvaluesof �jCke in theweightedcase.ThusTheorem2 alsoholds
for rationalstretchfactors.

2.2 Minimum Planar t–Spanners
Insteadof restrictingtheinputgraphwenow considerrestrictionsonthespanningsubgraphby introducing
planar� –spanners:

Definition 3 (planar B –spanner) For anyparameter�.ClD , a spanningsubgraph �k�h�"!$#&%GFm'&)+* with%GFjHn% is a planar � –spannerof a weightedgraph �o�p�m!0#q%('/)+* , if ; K �r8R#&9L*sMl�tP=;u<>�r8R#&9L* for all8R#&9vSV! , and � is planar.

The correspondingMinimum Planar t–SpannerProblem is denotedby MinPSb . First, considerthe
unweightedcase:Usinga lineartimeplanaritytest,it is clearthatMinPSw is in � for unweightedgraphs.
On theotherhand,it is ��� –completeto decidewhetheranunweightedgraphcontainsa tree � –spanner,
i.e. a � –spannerwhich is a tree,if �+CIx [3]. Observe thatspanningtreesareplanarspanningsubgraphs
with theleastpossiblenumberof edges.

For weightedgraphsthesituationis different:As mentionedabove,theunique1–spannerwith a mini-
mal numberof edgesalsois theuniqueminimum1–spanner, andcanbedeterminedin polynomialtime.
Sinceall edgeweightsarepositive, andevery subgraphof a planargraphis planar, a minimum planar
1–spannerhasa minimal numberof edges.Thereforea minimum planar1–spannerhasto be identical
to theminimum1–spanner, andwe canconcludethatMinPSw is in � for weightedgraphsby testingthe
minimum1–spannerfor planarity.

In [3], the ��� –completenessof theTreet–SpannerProblemfor �zy{D in weightedgraphsis proven.
By a closelook at the transformationusedthereandby an appropriatechoiceof theboundon the total
weight of a planar � –spanner,the proof canbe modifiedto show the ��� –completenessof MinPSb for��ykD in weighted,undirectedgraphs.Altogether, we getthefollowing corollary:

Corollary 4
1. For anyfixedrationalnumber�NC|x , MinPSb is ��� –completefor unweightedgraphs.
2. For anyfixedrationalnumber�Ny7D , MinPSb is ��� –completefor weightedgraphs.

ObservethatMinSb andMinPSb arethesamefor planarinstances.
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MinS b , generalgraphs MinPS b , generalgraphs Min(P)S b , planargraphs
[2, 3]

� unweighted weighted unweighted weighted unweighted weighted

1 � � �
(1,2)

� ���~} � ���~} �
?

[2,3) ���~} ���~} ? ���~} ? ?
[3,4) ���~} ���~} ? ���~} ? ���~}
[4,5) ���~} ���~} ���~} ���~} ? ���~}� cA#��|* ���~} ���~} ���~} ���~} ���~} ���~}

Tab. 1: Thecomplexity statusof MinS� andMinPS� in undirectedgraphs

2.3 Summary of Results
Table 1 summarizesthe resultsfor the complexity statusof the problemsconsideredin this paperfor
undirectedgraphsin comparisonto MinSb (asshown in [2] and[3]). The resultsarelisted for both the
weightedandtheunweightedcase.A questionmarkindicatesthatthecomplexity statusis unknown.

Very recently, Kortsarzhasshown in [5] that, for generalundirected,unweightedgraphsandevery�
C,� , the Minimum t–SpannerProblemis as hard to approximateas the Set Cover Problem. The
approximabilitystatusof the problemsconsideredhereis still open. For oneof the opencases,MinS�
on planargraphs,the � !�� ��� %�� –approximationalgorithmof KortsarzandPeleg [7] for generalundirected,
unweightedgraphsresultsin a constantapproximationalgorithmfor planarinputgraphs.

3 MinSt for Unweighted, Planar Graphs
In this section,we prove part1 of Theorem2, soall graphsareunweightedandplanar. Theotherparts
areprovenalongthesamelines.Partof theproof modifiesideasof [2].

Let �(C�c be an arbitraryfixed integer. Clearly, MinSb is in ���v# sincethe testwhethera spanning
subgraph� is a � –spannercanbedonein polynomialtime. To show the ��� –completenesswe transform
thePlanar3–SatisfiabilityProblemto MinSb :
Planar 3–Satisfiability Problem(P3SAT)
Given: A set � of variables,andacollection � of clausesover � with � �3�u��e for all �zSX� . Furthermore

thebipartitegraph �2�5�m!0#q%.* where !5�k���s� and %2�2�3����#q���~1�� or � occursin ��� is planar.
Problem: Is therea satisfyingtruthassignmentfor � ?

The ��� –completenessproof for this problemcanbe found in [9]. We usethe planarityof the un-
derlying graphof P3SAT to constructa planargraphin which we can easily determinethe minimum� –spanner.

3.1 Forcing Edges into a Minimum t–Spanner
For the constructionof the instanceof MinSb , we usethe fact that we can force edgesto be in every
minimum � –spannerby addingsomeadditionaledges.This concepthasappearedin [2] andwill beused
extensively.
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Lemma 5 Let U be an arbitrary edge of an unweightedgraph �:# and let �~F be the graph constructed
from � by addingtwo distinct paths

a w and
a � of length � (all internal verticesof

a w and
a � are new

vertices)betweentheendsof U . Thenfor anyminimum� –spanner� of �~Fm# edge U belongsto � .
The two auxiliary paths

a w and
a � arecalled forcing paths, edge U is called forcededge. A forced

l–componentis a simplepathof length � consistingof � forcededgestogetherwith their forcing paths.A
minimum � –spannerof a forced � –componentcontainsexactly ��P3�"�+P3�r����D�*���D�*0���&�"�����|D�* edges:the� forcededgesand �@��D edgesfrom eachforcingpath.

3.2 Construction of the Instance

We start from the planar, embeddedgraphunderlyingthe given instance�]�t#q�~* of P3SAT, andextend
thevariableandclauseverticesto form variablecomponentsandclausecomponents. Thesecomponents
are combinedto form truth assignmenttestingcomponentswhich reflect the relationshipbetweenthe
satisfiabilityof a clauseandtheexistenceof a minimum � –spanner.Finally, we computea boundon the
numberof edgesfor theMinimum t–SpannerProblem.

Variable Components. Thekey ideabehindthe variablecomponentis thateachof its possiblemini-
mum � –spannersreflectsexactly onetruth assignmentfor its correspondingvariable. For eachvariable��S�� , we constructa variablecomponent��� asfollows. Let � bethenumberof (positiveandnegative)
occurrencesof thevariable� in all clauses.

1. Createa centralvertex �¡  .
2. For eachoccurrenceof � in a clause� , createin this ordera block of four new vertices��¢¤£]¥w # ��¢¤£]¥w #� ¢¤£]¥� # and � ¢¦£]¥� . The resulting x=� new verticesarecalled literal vertices. The blocksarearranged

circularlyaround�¡  accordingto theembeddingof theunderlyinggraphof theinstanceof P3SAT.

3. Connecteachpair of neighboringliteral verticesby a forced �?�§��D�* –componentsuchthata circle
of x=� forced �r�@��D�* –componentsis formedaltogether.

4. Connect�¡  with all literal verticesby an edge,called literal edge. An edge ��� ¢¤£]¥¨ #&�¡ �� is called

positiveliteral edge,anedge� � ¢¤£]¥¨ #/�   � is callednegativeliteral edge.

5. Create x=� new auxiliary vertices,one betweeneachpair of neighboringliteral edges. Connect
eachof theseby an auxiliary edgewith �   andby two distinct forced �?�t�kD�* –componentswith
its neighboringliteral vertices. Their literal edgesare thencalledassociatedliteral edgesof the
auxiliaryedgeandviceversa.

Figure1 illustratesthisconstruction.For readability, thesymbolicrepresentationin Figure1(b) is used
lateronwhenlargerportionsof thegrapharedrawn. Thefollowing lemmashowsthattheliteral edgesin
aminimum � –spannerareconsistent. As aconsequence,thenumberof edgesof aminimum � –spannerof�¡� is x~PQe=�GP=�?����D�*@P3�m�Y���OD�*��|�u� .
Lemma 6 Anyminimum� –spannerof a variablecomponent��� containseitherall positiveor all negative
literal edges.

Proof: Let � beanarbitraryminimum � –spannerof � � . Then � containsall forcededgesand ���©D edges
from eachforcing path. Observe that theseedgestogetherwith eitherall �3� positive or all �3� negative
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Fig. 1: (a) Partof thevariablecomponentª¬« for thevariable ­ occurringin clause® , (b) its symbolicrepresentation

literal edgesform a � –spanner.Thus � cancontainat most �3� edgesout of the ¯=� literal andauxiliary
edges.

By constructionof thevariablecomponent,bothassociatedauxiliary edgesandbothneighboringneg-
ative (resp.positive) literal edgesarecoveredby a positive (resp.negative) literal edgein � . But, by an
auxiliaryedgein � , only theassociatedliteral edgesarecovered.

Now assumethat � containsan auxiliary edge. Then � alsocontainseitherthe next auxiliary edge,
too, or thenext not associatedliteral edge.In total, this leadsto morethan �3� additionaledgesandthus
contradictsthe minimality of � . Similarly, assumethat � containstwo inconsistentliteral edges.Then
theremustbeat leastoneauxiliary edgebelongingto � or morethan �u� literal edgesto cover all other
edges.Again, thiscontradictstheminimality of � . Thus � containsexactlyeveryotherliteral edge. °
ClauseComponents. Theclausecomponentfor eachclause�~S�� is basicallya quadrilateralconsist-
ing of four clausevertices1,2,3,and4,wherethesidesareformedby distinctforced �r�Y�.�3* –components.
Vertices1 and3 areconnectedby anadditionaledge,calledtheclauseedge. SeeFig. 2(a)for anexample.
Our constructionis a bit morecomplex thanactuallyneededin theunweightedcase,but will not have to
bechangedmuchwhenbeingmodifiedfor theweightedandthedirectedcase.Observethatany minimum� –spannerfor �NC�c of suchanisolatedclausecomponentmustcontaintheclauseedge.

Truth AssignmentTestingComponents. We combinetheclausecomponentswith thevariablecom-
ponentsaccordingto the given clausesby identifying vertices. Threesidesof the quadrilateralin the
clausecomponenteachcorrespondto a literal in the correspondingclause. The fourth side is usedto
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Fig. 2: (a)A clausecomponent,and(b) the truth assignmenttestingcomponentfor clause®�±d­~²:³�² ´ usingthe
symbolicrepresentationfor relevantblocksof thevariablecomponents
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make theargumentssymmetrical.Theendpointsof eachsuchsideof thequadrilateralarethusidentified
with thetwo correspondingliteral verticesof thecorrespondingblock in thevariablecomponent:if clause� containsthepositive literal weusethepositive literal vertices��¢¤£]¥¨ , and ��¢¤£]¥¨ otherwise.SeeFig. 2(b) for
anexample.Notethat thecombinationof thevariablecomponentswith theclausecomponentsdoesnot
affect thevalidity of Lemma6.

Lemma 7 For anyfixedinteger �>C�c , a minimum� –spanner� of a truth assignmenttestingcomponent
containstheclauseedge if andonly if � containsnopair of consistentliteral edgesthat is adjacentto the
clauseedge.

Proof: If � doesnot containa pair of literal edgesthat is adjacentto the clauseedgethenevery path
connectingtheendpointsof theclauseedgein � eitherusestheclauseedgeor haslengthatleast�¬�?�µ�j�3*�y� , if �NC�c .

For the otherdirection,assumethat � containsa pair of adjacentconsistentliteral edges.Thenthis
providesashortcutfor oneof theforced �?���~�3* –components,andthusthereis apathof length �����?���~�3*0�� in � connectingtheendpointsof theclauseedge.Hencetheclauseedgeis covered. °

Thus, the numberof edgesin a minimum � –spannerof sucha truth assignmenttestingcomponent
reflectsthe truth valueof the correspondingclause. This completesthe constructionof the graph. All
isolatedcomponentsareplanar, andsincewe startfrom aninstanceof P3SAT, thewholegraphis planar.
It is alsoeasilyseenthattheinstanceis biconnected,andcanbeconstructedin polynomialtime.

Choice of W. According to Lemmas6 and7, we set _©# the boundon the numberof edgesin a � –
spanner,to _¶�k·3¸{�Oe3·�¸©�"���R��D�*¹�?�§��D�*��|x3¸©�"�Y�@��D�*µ�?���
�3*�# where ¸ is thenumberof clausesof
theinstanceof P3SAT.

3.3 Equivalence of the Problems

In this subsection,let �]�t#q�~* beaninstanceof P3SAT, and �r�:#º_2* theinstancefor MinSb constructedas
describedabove. We will show thatthereis a satisfyingtruth assignmentfor �]�t#q�~* , if andonly if � has
a � –spannerwith at most _ edges.

Lemma 8 If thesetof clauses� of �]�t#º�~* is satisfiable, thenthere existsa planar � –spannerof � with
at most _ edges.

Proof: Supposethat thesetof clauses� is satisfiable,andlet » be a satisfyingtruth assignment.From
this weconstructthesubgraph� of � asfollows:

1. � containsall forcededges.

2. � contains���OD arbitrarily chosenedgesfrom eachforcing path.

3. For eachvariable�¼S¼� , � containsall positive literal edgesif »¬�r��* is true, andall negative literal
edgesotherwise.

By this construction,� trivially is a spanningsubgraph.� consistsof forcededgesfrom thevariable
components,edgesfrom the forcing pathsof the variablecomponents,forced edgesfrom the clause
components,edgesfrom the forcing pathsof the clausecomponents,and literal edges. Altogether �
containsexactly _IF½�7·�¸{�|e3·3¸��m�Y�R�OD�*¹�?�@��D�*��
x3¸©�"������D�*¹�r���©�u*0��_ edges.
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It remainsto prove that � is a � –spannerof � : We have to show that for every edgenot containedin��# thereexists a pathof lengthat most � connectingthe endpointsof thatedge.This is obvious for the
variablecomponents.For theclauseedgesobservethat,since» is asatisfyingtruthassignment,thereis at
leastoneliteral in eachclausethatis true.Dueto theconstructionof � wethushaveat leastoneadjacent
pair of literal edgesin eachclausecomponent.FromLemma7 it follows that � is a � –spanner. °

Usingthenext lemma,Lemma10completestheproof of part1 of Theorem2.

Lemma 9 Anyminimum� –spanner� of � containsat least _ edges.

Proof: Any � –spanner� of � mustcontainall forcededgesand �§��D edgesfrom eachforcing path.By
Lemma6, � containsat leasteitherall positive or all negative literal edgesfor eachvariablecomponent.
Thissumsup to _ . °
Lemma 10 If � hasa � –spannerwith at most _ edges,thenthere existsa satisfyingtruth assignment
for �]�t#q�~* .
Proof: Suppose� is a � –spannerof � with at most _ edges.Thenby Lemma9, � is a minimum � –
spannerandcontainsexactly _ edges.All forcededgesandthe correspondingedgesfrom the forcing
pathsmustbein � . Hence,thereremainonly ·3¸ furtheredgeswhichcanonly beconsistentliteral edges
(by Lemma6). Thus,wecanuniquelydefineatruthassignment» by setting,for each�TST�t#�»¬�r��*N� true,
if � containsthepositive literal edgesof ��� , and »¬�?�¡*$� falseotherwise.

Since� is a � –spannerand � containsnoclauseedgeit followsfrom Lemma7 thatthereis at leastone
adjacentpair of literal edgesfor everyclauseedge.Hence,» satisfiesall clauses. °
4 MinSt for Weighted, Planar Graphs
For theproof of thesecondpartof Theorem2, we againtransformaninstanceof P3SAT to an instance
of MinSb by extendingvariableandclauseverticesto appropriatecomponents.Theassignmentof edge
weightsof value2 helpsloweringtheboundon � , thusyielding a strongerresultthanin theunweighted
case.But we cannotexpectto reducethegapby this techniqueevenfurther.

The variablecomponentsarethe samewith all edgeshaving unit edgeweight, andthe resultsabout
minimum � –spannersfor thesecomponentsremainvalid (Lemma6). Theclausecomponentsagainconsist
of four clausevertices,but now threesidesof the quadrilateralremainunconnected.Only oneside is
connectedby two consecutiveforced �r���TD�* –componentswith unit edgeweights.As before,wehaveone
clauseedge,now having edgeweight2. Wecombinethecomponentsto form thetruthassignmenttesting
componentsaswe did in theunweightedcaseby identifying thecorrespondingvertices(seeFig. 3 for an
example).Usingsimilar argumentsasin Sect.3, we getanequivalentof Lemma7 now for all valuesof��C�e .

It is easilyseenthat theconstructedgraphis againplanarandbiconnected.By choosing_¾�J·�¸��e3·�¸©�?�u��D�*¹�"���3�sD�*Y�v��¸��r�3��D�*¹�m�Y�3�sD�* , theargumentsof theprevioussectioncanberepeatedto complete
theproof of part2 of Theorem2.

Theorem2 canbeeasilygeneralizedto allow rationalnumbersfor �.CJe by usingforced ��Z[�]\j�7D�* –
componentsin theconstructiondescribedabove. All resultsaboutminimum � –spannersthenkeepvalid.
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Fig. 3: Thetruth assignmenttestingcomponentin theweightedcase

5 MinSt for Planar Digraphs
To show the ��� –completenessfor digraphs,weagainuseamodificationof thereductionof theprevious
sections.Herewe only show detailsof theconstructionfor theunweightedcase,sincetheweightedcase
is thenstraightforwardfrom whathasbeenestablishedsofar.

Forcing Ar cs into a Minimum t–Spanner. Similar to the undirectedcase,an arc �r¿�#qÀ¹* of a digraph
canbeforcedto bein every minimum � –spannerasdescribedin [2]. For this purposewe createtwo new
vertices� and ; , addtwo arcs �"�Y#qÀµ* and �";¬#ºÀ¹* , andthenaddtwo distinct directedpathsof length �$�7D
from � to ¿ andfrom ; to ¿ , respectively. Then,a minimum � –spannerof this componentconsistsof arc�r¿�#qÀ¹* andall arcsof thepathsof length �@�OD .
Construction of the Instance. For the constructionof the instanceseeFigure4. The variable com-
ponents(seeFigure4(a)) againconsistof literal andauxiliary vertices,aswell as literal andauxiliary
arcs.Theorientationof thesearcsdependson theorientationof thecorrespondingclausearc. As in the
undirectedcasethisconstructionguaranteesthateveryminimum � –spannerof suchavariablecomponent
only containsconsistentliteral arcs(cf. Lemma6).

Theclausecomponentsareanalogousto theundirectedcase,wheretheclausearcandtheforced �?���~�3* -
componentsareorientedsuchthatthey startandendat thesameverticesof thequadrilateral.Figure4(c)
shows an exampleof a directedtruth assignmenttestingcomponent.It is easilyseenthat the graphis
planarandoriented.Choosing_Á��·3¸I��eu·�¸©�?�¡�©D�*¹�m�Y�¡�ÂD�*½�¼x3¸©�?�¡���3*µ�"�Y�¡�©D�* , asin theundirected
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Fig. 4: (a)Partof thevariablecomponentfor thevariable­ occurringin clause® , (b) its symbolicrepresentation,and
(c) thetruthassignmenttestingcomponentfor unweighteddigraphs
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case,theproofof theequivalenceof P3SAT andMinSb is straightforwardasbefore.

Weighted Digraphs. In the weighted,directedcasethe samevariablecomponents(unit arc weights)
areused.The clausecomponentsarethe onesfrom the weighted,undirectedcase,andorientationsare
determinedanalogously.
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of weightedgraphs.DiscreteComput.Geom., 9:81–100,1993.

[2] LeizhenCai. ��� -completenessof minimumspannerproblems.DiscreteAppliedMath., 48:187–
194,1994.

[3] LeizhenCaiandD.G.Corneil. Treespanners.SIAMJ. DiscreteMath., 8(3):359–387,1995.

[4] S.L.Hakimi andS.-T. Yau.Distancematrixof agraphandits realizability. Q. J. Mech. appl.Math.,
22:305–317,1964.

[5] Guy Kortsarz.On thehardnessof approximatingspanners.to appearat APPROX’98, 1998.

[6] Sanjeev KhannaandRajeev Motwani.Towardsasyntacticcharacterizationof PTAS. In Proceedings
of the28thAnnualACM Symposiumon Theoryof Computing, STOC’96, pages329–337,1996.

[7] Guy KortsarzandDavid Peleg. Generatingsparse2–spanners.In Proceedings3rd Scandinavian
WorkshoponAlgorithmTheory, SWAT’92, pages301–309,1992.

[8] A.L. LiestmanandThomasShermer. Grid spanners.Networks, 23:123–133,1993.

[9] Anthony Mansfield. Determiningthe thicknessof graphsis ��� -hard. Math. Proc. Camb. Phil.
Soc., 93:9–23,1983.

[10] ChristosH. PapadimitriouandMihalis Yannakakis.Optimization,approximation,andcomplexity
classes.Journalof ComputerandSystemSciences, 43:425–440,1991.
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