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CharlesKnessl†andWojciechSzpankowski‡�
Dept. Mathematics,StatisticsandComputerScience,Universityof Illinois at Chicago,Chicago,Illinois 60607-7045,

U.S.A,knessl@uic.edu�
Departmentof ComputerScience,PurdueUniversity, W. Lafayette,IN 47907,U.S.A.,spa@cs.purdue.edu

received11th January1999, revised12thMarch 1999, accepted10th February1999.

WeconsiderthestandardQuicksortalgorithmthatsortsn distinctkeyswith all possiblen! orderingsof keysbeingequally

likely. Equivalently, we analyzethetotal pathlength � n in a randomlybuilt binary search tree. Obtainingthe limiting

distributionof � n is still anoutstandingopenproblem.In this paper, weestablishanintegral equationfor theprobability

densityof thenumberof comparisons� n. Then,we investigatethe large deviationsof � n. We shall show that the left

tail of thelimiting distribution is much“thinner” (i.e.,doubleexponential)thantheright tail (which is only exponential).

Our resultscontainsomeconstantsthatmustbedeterminednumerically. We useformal asymptoticmethodsof applied

mathematicssuchastheWKB methodandmatchedasymptotics.

Keywords: Algorithms,Analysisof algorithms,Asymptoticanalysis,Binarysearchtree,Quicksort,Sorting.

1 Introduction

Hoare’sQuicksortalgorithm[11] is themostpopularsortingalgorithmdueto its goodperformancein prac-

tise.Thebasicalgorithmcanbebriefly describedasfollows[11, 14, 16]:

A partitioningkey is selectedat randomfrom theunsortedlist of keys,andusedto partitionthe

keys into two subliststo which the samealgorithmis calledrecursively until the sublistshave

sizeoneor zero.

To justify the algorithm’s goodperformancein practise,a body of theorywasbuilt. First of all, every

undergraduatelearnsin a datastructurescoursethat the algorithmsorts“on average”n keys in Θ � n logn�
steps.To bemoreprecise,oneassumesthatall n! possibleorderingsof keysareequallylikely. It is, however,

alsoknown that in the worst casethe algorithmneedsO � n2 � steps(e.g., think of an input that is given in

a decreasingorder when the output is printed in an increasingorder). Thus, one needsa more detailed

†Thework of this authorwassupportedby NSFGrantDMS-93-00136andDOE GrantDE-FG02-93ER25168.
‡The work of this author was supportedby NSF GrantsNCR-9415491and CCR-9804760,and NATO Collaborative Grant

CRG.950060.

1365–8050 c
�
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probabilisticanalysisto understandbettertheQuicksortbehavior. In particular, onewould like to know how

likely (or ratherunlikely) it is for suchpathologicalbehavior to occur.

A largebodyof literatureis devotedto analyzingtheQuicksortalgorithm[4, 5, 6, 8, 14, 15, 16, 17, 18,

19, 21]. However, many aspectsof this problemarestill largely unsolved. To review what is known and

whatis still unsolved,we introducesomenotation.Let � n denotethenumberof comparisonsneededto sort

a randomlist of lengthn. It is known thatafterselectingrandomlya key, thetwo sublistsarestill “random”

(cf. [14]). Clearly, thesortingtime dependsonly on thekeys’ ranking,sowe assumethat theinput consists

of thefirst n integers � 1 � 2 �
	�	�	� n � , andkey k is chosenwith probability1� n. Then,thefollowing recurrence

holds � n � n � 1 ��� k ��� n� 1� k 	 (1)

Now, let Ln � u� � Eu� n � ∑k � 0 ����� � n � k� uk betheprobabilitygeneratingfunctionof � n. Theabove recur-

renceimpliesthat

Ln � u� � un� 1

n

n� 1

∑
i � 0

Li � u� Ln� 1� i � u� (2)

with L0 � u� � 1. Observe thatthesamerecurrencesareobtainedwhenanalyzingthetotal pathlength � n of a

binarysearchtreebuilt overa randomsetof n keys (cf. [14, 16]). Finally, let usdefinea bivariategenerating

functionL � z� u� � ∑n� 0Ln � u� zn. Then( 2) leadsto thefollowing partial-differentialfunctionalequation

∂L � z� u�
∂z � L2 � zu� u��� ∂L � 0 � u�

∂z � 1 	 (3)

Observe alsothatL � z� 1� � � 1 � z� � 1.

The momentsof � n arerelatively easyto computesincethey arerelatedto derivativesof Ln � u� at u �
1. Hennequin[8] analyzedthesecarefully andcomputedthe first five cumulants.He alsoconjecturedan

asymptoticformulafor thecumulantsasn  ∞ whichhelaterprovedin [9].

The main openproblemis to find the limiting distribution of � n. Régnier[18] proved that the limiting

distribution of �� n � E � � n�!�"� n exists,while Rösler[19, 20] characterizedthis limiting distributionasa fixed

point of a contractionsatisfyinga recurrenceequation.A partial-differentialfunctionalequationseemingly

similar to ( 3) wasstudiedrecentlyby JacquetandSzpankowski [12]. They analyzeda digital searchtreefor

whichthebivariategeneratingfunctionL � z� u� (in theso–calledsymmetriccase)satisfies

∂L � z� u�
∂z � L2 � 1

2
zu� u� (4)

with L � z� 0� � 1. The above equationwassolvedasymptoticallyin [12], andthis led to a limiting normal

distributionof thepathlength � n in digital searchtrees.While theabove equationand( 3) look similar, there

arecrucialdifferences.Amongthem,themostimportantis thecontractingfactor 1
2 in theright-handsideof

theabove. Needlessto say, we know that( 3) doesnot leadto a normaldistributionsincethe third central

momentis notasymptoticallyequalto zero(cf. [16]). Moreprecisely, thethird (andall higherodd)moments

of �� n � E � � n�#��� n doesnot tendto zeroasn  ∞.

In view of theabove discussion,a lessambitiousgoalwasset,namelythatof computingthe largedevi-

ationsof � n, i.e., �$�"�% � n � E � � n � %'& εE � � n �(� for ε ) 0. Hennequin[8] usedChebyshev’s inequalityto show
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that the above probability is O � 1�*� ε log2n�"� . Recently, Rösler [19] showed that this probability is in fact

O � n� k � for any fixedk, andsoonafterMcDiarmid andHayward[15] usedthepowerful methodof bounded

differencesto obtainanevenbetterestimate,namelythat the tail is approximatelyequalto n� 2ε loglogn (see

thecommentafterTheorem1 of Section2).

In this paper, we obtainsomenew resultsfor the tail probabilities. First of all, we establishan integral

equationfor the probability densityof � n, andusingthis we derive a left tail anda right tail of the large

deviationsof � n. We demonstratethat the left tail is muchthinner(i.e., doubleexponential)thanthe right

tail, which is roughlyexponential.

We establishtheseresultsusing formal asymptoticmethodsof appliedmathematicssuchas the WKB

methodandmatchedasymptotics.By “formal” we meanthatwe do not rigorouslyestablisherror bounds

on the variousasymptoticexpansions.The mainmerit of thesemethodsis that they canbeusedto obtain

asymptoticinformationdirectlyfrom theunderlyingequations.Similarasymptoticapproacheswereusedfor

enumerationproblemsby KnesslandKeller [13] andCanfield[3].

Thepaperis organizedasfollows. In thenext sectionwe describeour mainfindingsandcomparethem

with otherknown results.In Section3 we derive theintegralequationfor theasymptoticprobabilitydensity

of � n. In Section4 weobtainour largedeviationsresults.

2 Formulation and Summary of Results

As before,we let � n bethenumberof key comparisonsmadewhenQuicksortsortsn keys. Theprobability

generatingfunctionof � n becomes

Ln � u� � ∞

∑
k � 0
����� � n � k� uk � E � u� n �"	 (5)

Theupperlimit in this summaybetruncatedat k �,+ n2 - , sincethis is clearlyanupperboundon thenumber

of comparisonsneededto sortn keys.

Thegeneratingfunctionin ( 5) satisfies( 2 on thepagebefore)whichwe repeatbelow (cf. also[6, 16,18,

19])

Ln. 1 � u� � un

n � 1

n

∑
i � 0

Li � u� Ln� i � u�/� L0 � u� � 1 	 (6)

Note that Ln � 1� � 1 for all n & 0, andthat the probability ����� � n � k� may be recoveredfrom the Cauchy

integral �$�0� � n � k� � 1
2πi

1
C

u� k � 1Ln � u� du 	 (7)

HereC is any closedloopabouttheorigin.

In Section3, we analyze( 6) asymptoticallyfor n  ∞ andfor variousrangesof u. We useasymptotic

methodsof appliedmathematics,suchas the WKB methodand matchedasymptotics[2, 7]. The most

importantscaleis wheren  ∞ with u � 1 � O � n� 1 � , which correspondsto k � E � � n�2� O � n� � 2n logn �
O � n� . Most of the probabilitymassis concentratedin this rangeof k. As mentionedbefore,the existence

of a limiting distribution of �� n � E � � n �!�"� n asn  ∞ wasestablishedin [18, 19], thoughthereseemsto be

little knownaboutthisdistribution(cf. [4, 6, 8, 15,21]). Numericalandsimulationresultsin [4, 6] show that
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thedistribution is highly asymmetricandthattheright tail seemsmuchthickerthantheleft tail. It is alsoof

interestto estimatethesetails(cf. [15, 19]), asthey givetheprobabilitiesthatthenumberof key comparisons

will deviatesignificantlyfrom E � � n� , which is well known to beasymptoticallyequalto 2n logn asn  ∞
(cf. [8, 16]).

For u � 1 � w� n � O � n� 1 � andn  ∞, wederive in Section3 theasymptoticexpansion

Ln � u� � exp � Anw� n��3 G0 � w�4� logn
n

G1 � w�4� 1
n

G2 � w�5� o � n� 1 �76 (8)

whereAn � E � � n� . TheleadingtermG0 � w� satisfiesa non-linearintegral equation.Indeed,in Section3 we

find that(cf. ( 49onpage52))

e� wG0 � w� � 1 1

0
e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx (9)

G0 � 0� � 1; G:0 � 0� � 0 (10)

where

φ � x� � xlogx �;� 1 � x� log � 1 � x� (11)

is theentropyof theBernoulli(x) distribution. Furthermore,thecorrectiontermsG1 �"<=� andG2 ��< � satisfylinear

integralequations(cf. ( 50onpage52)–(51onpage52)).

By using( 8) in ( 7 on thepagebefore)andasymptoticallyapproximatingtheCauchyintegralweobtain

�$�"� � n � E �� n � � ny�?> 1
n

P � y� (12)

where

P � y� � 1
2πi

1 c . i∞

c � i∞
e� ywG0 � w� dw� (13)

or equivalently G0 � w� � 1 ∞� ∞
eywP � y� dy (14)

andc is a constant.Hence,G0 � w� is themomentgeneratingfunctionof thedensityP � y� .
Now, wecansummarizeourmainfindings.Weestablishtheresultsbelow undertheassumptionsthatP � y�

hascertainformsasy  A@ ∞ (cf. Section4).

Theorem 1 ConsidertheQuicksortalgorithmthatsortsn randomlyselectedkeys.

(i) Thelimiting densityP � y� satisfies

P � y � 1� � 1 1

0

1 ∞� ∞
P 3 xt � y � 2φ � x�

2 � 1 � x� 6 P 3 �B� 1 � x� t � y � 2φ � x�
2x

6 dtdx (15)

and 1 ∞� ∞
P � y� dy � 1 � 1 ∞� ∞

yP� y� dy � 0 	 (16)

(ii) Theleft tail of thedistributionsatisfies

����� � n � E �C� n ��D nz�*> 2
π

1E
2log2 � 1

exp 3 � αexp 3 β � z

2 � log� 12
6F6 (17)
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for n  ∞, andz � z� n�G H� ∞ sufficientlyslowly, where α � 2log2� 1
elog2 � 0 	 205021	
	�	 andβ is a constant.

(iii) Theright tail becomes

����� � n � E �C� n � & ny�?> CI
2
E

π
1

wI E wI � 1
e� wJ"8 wJ"� 1

2 . 2γ . log29 exp 3 � ywIK� 1 wJ
1

2eu

u
du6 (18)

for n  ∞, andy � y � n�L M� ∞ sufficientlyslowly. HereCI is a constant,γ is Euler’sconstantandwI � wI � y�
is thesolutionto

y � 2
wI exp � wI�� (19)

thatasymptoticallybecomes

wI � log N y
2 O � loglog N y

2 O � loglog � y� 2�
log � y� 2� � 1 � o � 1��� (20)

for y  ∞ (cf. ( 89onpage60) in Section4).

Finally, we relateour resultsfor thetails to thoseof McDiarmidandHayward[15]. Theseauthorsshowed

that �����% � n � E �� n � % ) εE �C� n ��� � exp � � 2ε logn � loglogn � log � 1� ε �4� O � logloglogn���P�"� (21)

whichholdsfor n  ∞ andε in therange
1

logn Q ε D 1 	 (22)

As pointedout in [15], thisestimateis not verypreciseif, say, ε � O � loglogn� logn� .
¿FromTheorem1 weconcludethat(sincetheright tail is muchthickerthantheleft tail)���"�% � n � E �C� n � %'& ny�*> Ck � y� eφ 8 y 9 � y  ∞ (23)

whereC is a constantand

φ � y� � � ywI*� 1 wJ
1

2eu

u
du � y � 2ewJ

wI � (24)

k � y� � e� w2J ewJ � 1
2 � 2γ � log2�

wI E wIK� 1
	

We have notbeenableto determinetheupperlimit ony for thevalidity of ( 23). However, it is easyto see

that( 23) reducesto ( 21) if we sety � εE �� n �"� n � 2ε logn �R� ε � 2γ � 4�4� O � ε � logn�"� n� anduse( 20) to

approximatewI asy  ∞. Thisyields� ywI*� 1 wJ
1

2eu

u
du � y SP� log N y

2 O � loglog N y
2 O � 1 � o � 1�0T (25)� � 2ε logn � loglogn � log � 1� ε �4� loglog � ε logn�*� 1�U� o � logn�

which agreespreciselywith the estimate( 21), andalsoexplicitly identifiestheO � logloglogn� error term.

This suggeststhat ( 23) appliesfor y aslargeas2logn, thoughit cannothold for y aslargeasn� 2 in view

of the fact that �$�0� � n � k� � 0 for k ) + n2 - . An importantopenproblemis obtaininganaccuratenumerical

approximationto theconstantC. Thiswouldlikely involvethenumericalsolutionof theintegralequationfor

G0 � w� .
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3 Analysis of the Generating Function for n V ∞
We study( 6 on page45) asymptotically, for variousrangesof n andu, namely:(i) u  1 with n fixed; (ii)

w W n � u � 1� fixed whenn  ∞ andu  1; (iii) w  H@ ∞; and(iv) u Q 1 or u ) 1. We studythesecases

below.

A. CASE n FIXED AND u  1

First weconsiderthelimit u  1 with n fixed.ThenusingtheTaylorexpansion

Ln � u� � 1 � An � u � 1�4� Bn � u � 1� 2 � O �"� u � 1� 3 � (26)� eAn 8 u� 19 � 1 �;� Bn � 1
2

A2
n �/� u � 1� 2 � O ��� u � 1� 3 �P�

wefind from ( 6 onpage45) thatAn � L :n � 1� andBn � L : :n � 1��� 2 satisfythelinearrecurrenceequations

An. 1 � n � 1
n � 1

n

∑
i � 0
�Ai � An� i � � n � 2

n � 1

n

∑
i � 0

Ai ; A0 � 0 � (27)

Bn. 1 � N n
2 O � 2n

n � 1

n

∑
i � 0

Ai
1

n � 1
� n

∑
i � 0
� 2Bi � AiAn� i � ; B0 � 0 	 (28)

Theseareeasilysolvedusingeithergeneratingfunctions,or by multiplying ( 27)and( 28)by n � 1 andthen

differencingwith respectto n. Thefinal resultis (cf. [14, 16])

An � 2 � n � 1� Hn � 4n (29)

Bn � 2 � n � 1� 2H2
n �X� 8n � 2�Y� n � 1� Hn � n

2
� 23n � 17�*� 2 � n � 1� 2H 8 29n 	 (30)

HereHn � 1 � 1
2 � 1

3 �Z<�<
<0� 1
n is the harmonicnumber, andH 8 29n � ∑n

k � 1k� 2 is the harmonicnumberof

secondorder. In termsof An andBn, themeanandvarianceof � n aregivenby

E � � n� � An � 2 � n � 1� Hn � 4n (31)

Var � � n� � L : :n � 1�4� L :n � 1�[� � L :n � 1�P� 2 � 2Bn � An � A2
n (32)� 7n2 � 2 � n � 1� Hn � 13n � 4 � n � 1� 2H 8 29n 	

Asymptotically, for n  ∞, weobtain

An � 2n logn �;� 2γ � 4� n � 2logn � 2γ � 1 � 5
6

n� 1 � O � n� 2 � (33)

Bn � 1
2

A2
n W Cn � 3 7

2
� π2

3
6 n2 � 2n logn � n 3 21

2
� 2γ � 2

3
π2 6 � o � n�/	 (34)

Theseexpressionswill beusedin orderto asymptoticallymatchtheexpansionfor u  1 andn fixed,to those

thatwill applyfor otherrangesof n andu. Sinceit is well known thatthel th momentof � n � E � � n � is of order

O � nl � asn  ∞, all termsin theseries( 26)will beof comparablemagnitudewhen(roughly)u � 1 � O � n� 1 �
andn  ∞. If weview ( 26)asanasymptoticseriesfor n fixedandu  1, thenit will ceaseto bevalid when

n � O ��� u � 1� � 1 � , whichmotivatestheanalysisthatfollows.
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B. CASE w W n � u � 1� FIXED WHEN n  ∞ AND u  1

Next weconsiderthelimit u  1, n  ∞ with w W n � u � 1� heldfixed.This scalingis necessaryto obtain

anon–trivial limiting problem.We defineG �"<=� by

Ln � u� � exp � Anw� n� G � w;n� � eAn 8 u� 19 G � n � u � 1� ;n�/	 (35)

With this changeof variables,we rewrite ( 6 onpage45)as

exp � An. 1w� n�]\ G � w � w
n

;n � 1� � � 1 � w� n� n
n � 1

(36)

\ ^ n� m

∑
i � m

exp N Ai
w
n
� An� i

w
n O G 3 w i

n
; i 6 G 3 w 3 1 � i

n
6 ;n � i 6

� 2
m� 1

∑
i � 0

exp N Ai
w
n
� An� i

w
n O 3 1 � Ci

w2

n2 �;<�<�< 6 G 3 w 3 1 � i
n
6 ;n � i 6`_

whereCi � Bi � 1
2A2

i . Herewehave brokenupthesumin ( 6 onpage45) into thethreeranges0 D i D m � 1,

m D i D n � m, andn � m � 1 D i D n, andusedthesymmetry � i  n � i � of thesummand.We expect( 26

on theprecedingpage)to alsobevalid for largevaluesof n, aslong asn � u � 1�$ 0 asn  ∞. Thus,for

0 D i D m � 1 wereplacedLi � u� in thesumby theapproximation( 26onthepagebefore).Theintegermmay

bechosenarbitrarily, sincetheright sideof ( 36) mustultimatelybeindependentof m. For now we assume

thatm  ∞ but m� n  0 asn  ∞. For n largewehave (cf. ( 33on thepagebefore))

Ai

n
� An� i

n
� An. 1

n � 2 3 i
n

log 3 i
n
6R�a3 1 � i

n
6 log 3 1 � i

n
6b6 (37)

� 2
n

log 3 i
n
3 1 � i

n
6F6R� 3

n
� o � n� 1 �

with whichwerewrite ( 36)as� n � 1� e� w \ 3 1 � w2

2n
� O � n� 2 � 6 G N w � w

n
;n � 1O (38)

� n� m

∑
i � m

e2φ 8 i c n9 w 3 1 � w 3 2
n

ψ 3 i
n
6�� 3

n
6�� O � n� 2 � n� 1m� 1 �76

\ G 3 w i
n

; i 6 G 3 w 3 1 � i
n
6 ;n � i 6

� 2
m� 1

∑
i � 0

N 1 � Ai
w
n
� O + Bin

� 2 - O exp Nd� An� i � An. 1 � w
n O\ G 3 w 3 1 � i

n
6 ;n � i 6

where

φ � x� � xlogx �;� 1 � x� log � 1 � x� (39)

ψ � x� � log � x � 1 � x�P�"	
We now evaluatethe two sumsin ( 38) asymptoticallyandshow that whenthe two resultsareadded,the

dependenceonmdisappears.
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From( 35on theprecedingpage)andtheidentity L :n � 1� � An � E � � n � wefind thatfor all n

G � 0;n� � 1 and G: � 0;n� � 0 	 (40)

Weassumethatfor n  ∞, G � w;n� hasanasymptoticexpansionof theform

G � w;n� � G0 � w�4� a1 � n� G1 � w�5� a2 � n� G2 � w�4�;<�<�< (41)

wherea j � n� is anasymptoticsequenceasn  ∞, i.e.,a j . 1 � n�"� a j � n�[ 0 asn  ∞. Theappropriatesequence

is determinedby balancingtermsin ( 38on thepagebefore).Thiswill eventuallyyield

a1 � n� � logn
n

; a2 � n� � 1
n

(42)

sowe usethis form from thebeginning. Note thatG0 � w� is themomentgeneratingfunctionof thelimiting

densityof �C� n � E � � n�!�"� n, whichis discussedin [19]. Theconditions( 40) imply that

G0 � 0� � 1; G1 � 0� � G2 � 0� � <�<
< � 0 (43)

G:0 � 0� � G:1 � 0� � G:2 � 0� � <
<�< � 0 	 (44)

Weconsiderthefirst sumin ( 38onthepagebefore),whichwedenoteby S1 � S1 � n;m� . Using( 41),( 42)

andtheEuler-MacLaurinformulaweobtain

S1 � n� m

∑
i � m

e2φ 8 i c n9 w e 1 � w 3 2
n

ψ 3 i
n
6 � 3

n
6 � o � n� 1 �Pf (45)

\ g G0 3 w i
n
6 G0 3 w 3 1 � i

n
6b6 � G0 3 w i

n
6 log � n � i �

n � i
G1 3 w 3 1 � i

n
6b6

� G0 3 w 3 1 � i
n
6F6 logi

i
G1 3 w i

n
6�� G0 3 w i

n
6 1

n � i
G2 3 w 3 1 � i

n
6F6

� G0 3 w 3 1 � i
n
6F6 1

i
G2 3 w i

n
6 �;<�<
<ih

� n
1 1� mc n

mc n e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx � e2φ 8 mc n9 wG0 N wm
n O G0 N w N 1 � m

n OGO� w
1 1� mc n

mc n � 2ψ � x�4� 3� e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx

� 1 1� mc n
mc n logn � log � 1 � x�

1 � x
e2φ 8 x 9 wG0 � wx� G1 � w � wx� dx

� 1 1� mc n
mc n logn � logx

x
e2φ 8 x 9 wG0 � w � wx� G1 � wx� dx

� 1 1� mc n
mc n 1

1 � x
e2φ 8 x 9 wG0 � wx� G2 � w � wx� dx

� 1 1� mc n
mc n 1

x
e2φ 8 x 9 wG2 � wx� G0 � w � wx� dx � o � 1�Y	

We notethatall the integralsremainfinite asm� n  0, in view of ( 43) and( 44). However, if we wereto

considerhigherordertermsin theexpansion( 41), which would involve termsof ordern� 2 andn� 3, then
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the correspondinghigherorder termsin ( 45 on the pagebefore)would involve integrandsnot integrable

over [0,1]. It thenbecomesessentialthatwe integrateonly over therange �m� n � 1 � m� n� andconsiderthe

contributionfrom thesecondsumS2 � S2 � n;m� in ( 38onpage49). Wecanfurthersimplify S1 by evaluating

eachtermin thelimit m� n  0, whichweassumedto betrue.We have

T11 W 1 1� mc n
mc n e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx

� 1 1

0
e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx � 2

1 mc n
0

e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx

� 1 1

0
e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx � 2

1 mc n
0

� 1 � 2w � xlogx � x�4� O � x2 �P�\ � 1 � O � x2 �P� �G0 � w�[� wxG:0 � w�4� O � x2 �P� dx> 1 1

0
e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx� 2G0 � w� e m

n
� 2w 3 m2

2n2 log N m
n O � 3

4
m2

n2 6 f � m2

n2 wG:0 � w� ;
T12 W 2

1 1� mc n
mc n logn � logx

x
e2φ 8 x 9 wG0 � w � wx� G1 � wx� dx

> 2
1 1

0

logn � logx
x

e2φ 8 x 9 wG0 � w � wx� G1 � wx� dx � 2
m
n
� logn� G1 � w� ;

and

T13 W 2
1 1� mc n

mc n e2φ 8 x 9 w 1
x

G2 � wx� G0 � w � wx� dx

> 2
1 1

0
e2φ 8 x 9 w 1

x
G2 � wx� G0 � w � wx� dx � 2

m
n

G2 � w�Y	
ThusS1 simplifiesto

S1 � n
1 1

0
e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx � G0 � w� (46)� w

1 1

0
� 2ψ � x�5� 3� e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx� 2

1 1

0

logn � logx
x

e2φ 8 x 9 wG0 � w � wx� G1 � wx� dx� 2
1 1

0

1
x

e2φ 8 x 9 wG0 � w � wx� G2 � wx� dx� g � 2mG0 � w�4� w
m2

n
G:0 � w�[� 2m2

n
wG0 � w� e log N m

n O � 3
2
f� 2

m
n
� logn� G1 � w�*� 2

m
n

G2 � w�/jk�;<�<�<
wherewe have groupedthe termsinvolving m insidethe“ �l� ”. Theerror term in ( 46) approacheszeroas

n  ∞.

Now we considerthesecondsumS2 in ( 38 on page49). UsingA � n � i �K� A � n � 1��>m�B� i � 1� A: � n��>�B� i � 1�Y� 2logn � 2γ � 2� , weobtain

S2 > 2
m� 1

∑
i � 0

S 1 � Ai
w
n
TBS 1 � w

n
� i � 1�/� 2logn � 2γ � 2� T (47)
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n

wG:0 � w�4� logn
n

G1 � w�4� 1
n

G2 � w� f
> 2G0 � w�Fn m � w

n

m� 1

∑
i � 0
� Ai � 2 � logn�/� i � 1�[�X� 2γ � 2�Y� i � 1���po

� 2
m
n
� logn� G1 � w�4� G2 � w�P�d� m2

n
wG:0 � w�> 2G0 � w� m � 2

m2

n
wG0 � w� e log N m

n O � 3
2
f � m2

n
wG:0 � w�� 2

m
n � � logn� G1 � w�5� G2 � w���"	

Herewehaveused2∑n� 1
i � 0 Ai � n �An �R� n � 1��� . Uponadding( 46onthepagebefore)to ( 47onthepreceding

page),weseethatall thetermsinvolvingmcancel,andthattheleadingthreetermsin theexpansionof S1 � S2

(i.e., the right sideof ( 38 on page49)) areof orderO � n� , O � logn� andO � 1� , respectively. Using ( 41 on

page50)and( 42onpage50), theleft sideof ( 38onpage49)becomes

� n � 1� e� w 3 1 � w2

2n
6q3 G0 � w�4� logn

n
G1 � w�4� 1

n
� wG:0 � w�4� G2 � w���5� o � n� 1 �76R	 (48)

Thus,comparingtheabove to S1 � S2, wefind that

e� wG0 � w� � 1 1

0
e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx � (49)

e� wG1 � w� � 2
1 1

0

1
x

e2φ 8 x 9 wG0 � w � wx� G1 � wx� dx � (50)

e� w �G0 � w�4� 1
2

w2G0 � w�r� wG:0 � w�4� G2 � w�P� � G0 � w� (51)� w
1 1

0
� 2ψ � x�4� 3� e2φ 8 x 9 wG0 � wx� G0 � w � wx� dx� 2

1 1

0

logx
x

e2φ 8 x 9 wG0 � w � wx� G1 � wx� dx� 2
1 1

0

1
x

e2φ 8 x 9 wG0 � w � wx� G2 � wx� dx 	
Equations( 49)-(51),alongwith ( 39onpage49),( 43onpage50)and( 44onpage50)areintegralequations

for the first threetermsin the series( 41 on page50). Below we discusssomeaspectsof the solutionsto

theseproblems.The leadingorderequation( 49) waspreviously obtainedin [6], usingmoreprobabilistic

arguments.

Weobservethatthesolutionto ( 49) is notunique:G0 � w� � 0 is onesolutionandif G0 � w� is any solution,

thensois ecwG0 � w� for any constantc. We canconstructthesolutionasa Taylor series:

G0 � w� � 1 � ∞

∑
j � 1

g jw
j 	 (52)

Thiseliminatesthetrivial solutionG0 � w� � 0 andsatisfiesthenormalizationG0 � 0� � 1. Using( 52) in ( 49)

andnoting that
1 1

0
� 2φ � x�*� 1� dx � 0, we seethatg1 remainsarbitrary, andthenwe caneasilycalculateg j

for j & 2 in termsof g1. But, ( 44 onpage50) forcesg1 � 0 andthenall theTaylor coefficientsin ( 52) are



Quicksortalgorithmagainrevisited 53

uniquelydetermined.They maybeevaluatedfrom therecursion

3 1 � 2
n � 1

6 gn � n� 1

∑
i � 1

B � i � n � i � 0� gign� i (53)

� n� 1

∑s � 0

s
∑
i � 0

B � i �#t$� 1 � n �ut/� gigs � i

for n & 2 where

B � i � j � k� � 1 1

0
xi � 1 � x� j 1

k! � 2φ � x�4� 1� kdx 	 (54)

In particular, g2 � 7
2 � π2

3 .

Next weconsidertheequations( 50on thepagebefore)and( 51on theprecedingpage)for thecorrection

termsG1 andG2. Thesearelinear, Fredholmintegralequationsof thesecondkind. Their solutionsmayalso

beconstructedasTaylorseriesin w. In view of ( 43onpage50)and( 44onpage50)wemusthave

G0 � w�v> 1 � α0w2;

G1 � w�v> β0w2;

G2 � w�v> γ0w2 �
asw  0, wherewe have alreadycomputedα0 � g2. Given β0, we caneasilycomputethe higherorder

Taylorcoefficientsof G1 � w� from ( 50onthepagebefore),in termsof the(now uniquelydetermined)Taylor

coefficientsof G0 � w� . However, the constantβ0 cannotbe determinedsolely from ( 50 on the preceding

page),( 43 on page50) and ( 44 on page50). To fix β0 we usethe principle of asymptoticmatching.

We requirethat expansions( 26 on page48) and( 35 on page49) (with ( 41 on page50)) agreein some

intermediatelimit, whereu  1, n  ∞ andn � u � 1�$ 0. Thenthebehavior of ( 26on page48)asn  ∞
mustagreewith thebehavior of ( 35onpage49) (with ( 41onpage50)) asw  0. Writing ( 26onpage48)

asLn � u� � exp �An � u � 1��� � 1 � Cn � u � 1� 2 � O �"� u � 1� 3 ��� thematchingconditionbecomes

1 � Cn � u � 1� 2 �;<�<�<�wwww nx ∞ > G0 � w�4� logn
n

G1 � w�5� 1
n

G2 � w�4�;<�<�<pwwww wx 0
	 (55)

Settingu � 1 � w� n, using ( 34 on page48), and noting that the right side of ( 55) is 1 � n� 2 � α0n2 �
β0 � logn� n � γ0n� w2, weobtain

β0 � � 2; γ0 � 21
2
� 2γ � 2

3
π2 	 (56)

Now considerequation( 51 on theprecedingpage)in thelimit w  0. We write ( 50 on thepagebefore)

abstractlyasTG1 � 0 whereT is the linear integral operatorin ( 50 on theprecedingpage).Then( 51 on

the pagebefore)may be written asTG2 � f � G0 � G1 � where f is a known function of the first two terms.

SinceTG1 � 0 hasa non-zerosolution(madeuniqueby the conditionβ0 � � 2� , we expectthat TG2 � f

will have a solutiononly if a solvability conditionis met. To obtainthis solvability conditionwe expand

( 51 on theprecedingpage)asw  0. Obviously ( 51 on thepagebefore)is satisfiedasw  0, and,since1 1

0
� 2ψ � x�*� 3� dx � � 1, ( 51 on theprecedingpage)alsoholdsto orderO � w� . ComparingO � w2 � termsin
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( 51onpage52)using( 55on theprecedingpage)gives

1 � 2α0 � � 1
2

β0 � 3 � 4
1 1

0
φ � x� ψ � x� dx (57)

� � 1
2

β0 � 3 � 4 3 5
2
� π2

6
6

andthusβ0 � � 2, which regainstheresultwe obtainedby usingasymptoticmatching.Note,however, that

thisargumentrequiredthatwederivetheequationsatisfiedby G2 � w� in orderto uniquelyspecifytheprevious

termG1 � w� . In contrast,asymptoticmatchingmadenouseof ( 51onpage52). Presumably, by deriving the

equationfor thenext termG3 � w� in ( 41onpage50)andexaminingits solvability condition,wewouldhave

analternatewayof computingγ0. Givenβ0 andγ0, wecaneasilyobtaintheTaylorexpansionsof G1 andG2

from ( 50onpage52)and( 51onpage52).

To summarize,we have obtainedtheexpansion( 35 onpage49),with ( 41 on page50)-( 44on page50),

( 49 on page52)-( 51 on page52) and ( 56 on the precedingpage),for the scalingn  ∞, u  1 with

n � u � 1� � w fixed. We have not beenableto explicitly solve theseintegral equations.However, we can

derivesomeapproximateformulasin thelimits w  A@ ∞, andthesemaybeusedto obtainapproximationsto

thetail probabilitiesof theQuicksortdistribution.

C. CASE w W n � u � 1�K A@ ∞

We shall only examinethe leadingterm G0, andwe first considerthe limit w  y� ∞. As w  y� ∞, the

“kernel” exp � 2wφ � x�P� in ( 49 onpage52) is sharplyconcentratednearx � 1� 2, andbehavesasa multiple of%w % � 1c 2δ � x � 1� 2� . Thuswe treat( 49onpage52)asa Laplacetypeintegral (cf. [10]).

AssumingthatG0 � w� hasa weak(e.g.,algebraic)dependenceonw, weapproximatetheright sideof ( 49

onpage52)by Laplace’s method,which (to leadingorder)yieldsthefunctionalequation

e� wG0 � w�Gz S G0 N w2 O T 2 { π� 4w
e� 2wlog2 � w  |� ∞ 	 (58)

But, if G0 variesweaklywith w, thentheexponentialordersof magnitudeof theright andleft sidesof ( 58)

donotagree.In orderto getagreement,wewouldneedG0 � w� to varymuchmorerapidlyasw  |� ∞, of the

orderexp �O � w log�7� w�"��� . But this thencontradictstheassumptionusedto obtain( 58). Therefore,wereturn

to ( 49onpage52)andallow morerapidvariationof G0. Specifically, weassumethatasw  H� ∞

G0 � w�G> eα1wlog 8}� w9}. βw �0� w� γ1δ1 	 (59)

Using( 59) in ( 49onpage52)yields

e� w �7� w� γ1δ1 > δ2
1 �0� w� 2γ1

1 1

0
xγ1 � 1 � x� γ1eφ 8 x 9}8 2. α1 9 wdx 	 (60)

If 2 � α1 ) 0 weagainuseLaplace’s methodto approximatetheintegral, thusobtaining

e� w > δ1 3 1
4
6 γ1 �7� w� γ1 � 1

2
{ π

2 � 2 � α1 � e�L8 α1 . 29}8 log29 w 	 (61)

Hence,wemusthave

α1 � � 2 � 1
log2

; γ1 � 1
2

; δ1 � 2
E

2E
π log2

(62)
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andβ remainsarbitrary. Sincethesolutionof ( 49onpage52) is notunique,wecannever determineβ using

only this integralequation.We thushave

G0 � w�G> 2
E

2E
π log2

E � wexp e βw �a3 1
log2

� 26 w log �7� w� f � w  H� ∞ 	 (63)

By computinghigherordertermsin theexpansionof theintegral in ( 49 onpage52),wecanextend( 59on

thepagebefore)and( 63) to anasymptoticseriesin powersof w� 1. To fix β, we mustusetheconditionin

( 43 on page50) and( 44 on page50), andthis probablyrequiresa numericalsolutionof ( 49 on page52).

By comparingthis numericalsolutionto ( 49 on page52) for large, negative w to ( 63), we canobtainan

approximationto β.

Now consider( 49onpage52) in thelimit w  |� ∞. Thenexp � 2wφ � x��� is concentratedneartheendpoints

x � 0 andx � 1. We assumethatG0 � w� hasanasymptoticexpansionin theWKB form [7]:

G0 � w�G> K � w� exp �Ψ � w���7	 (64)

Themajorcontributionto theintegralwill comefrom wherex � 1 � x � o � w� 1 � . ThusweusetheTaylorseries

G0 � wx� � 1 � O ��� wx� 2 � , and( 64) to approximateG0 � w � wx� . Thisyields

K � w� eΨ 8 w9}� w > 2
1 1c 2

0
� 1 � 2wφ � x�4� O � w2φ2 � x�"��� � 1 � O ��� wx� 2 �P� K � w � wx� eΨ 8 w� wx9 dx

> 2K � w� eΨ 8 w9 1 1c 2
0

e� wΨ ~i8 w9 xdx 	 (65)

If furthermoreΨ ��<=� is suchthatwΨ : � w�G ∞ asw  ∞, then( 65)yields(aftera slight rearrangement)

wΨ : � w�G> 2ew

andhencewedefine

Ψ � w� � 2
1 w eu

u
du 	 (66)

Notethat( 66)is consistentwith wΨ : � w�[ ∞ andshowsthatG0 growsveryrapidly(asadoubleexponential)

asw  A� ∞. Wenotethattheasymptoticexpansionof theintegrandin ( 65) is only valid for x � o � w� 1 � , but

themajorcontributionto theintegral turnsout to befrom x � O � e� w � , which is certainlyo � w� 1 � . To obtain

thenext termK � w� , we refinetheexpansion( 65) to

K � w� eΨ 8 w9(� w � 2
1 1c 2

0
� 1 � 2wφ � x�4� O � w2φ2 � x���P� � 1 � O �"� wx� 2 ��� (67)\ �K � w�[� wxK: � w�4� O � w2x2K : : � w�"���\ exp 3 Ψ � w�[� wΨ : � w� x � 1

2
w2Ψ : : � w� x2 � O � w3Ψ : : : � w� x3 � 6 dx 	

For x small we have 2wφ � x� � 2w � xlogx � x � O � x2 ��� and if x � O � e� w � then w2x2 � O � w2e� 2w � and

w3x3Ψ : : : � w� � O � w2e� 2w � . Settingx � ηe� w � 2 wehave

exp e 1
2

x2w2Ψ : : � w� f � 1 � 1
4

η2 � w � 1� e� w � 1 � o � 1�P�"	



56 CharlesKnessl andWojciech Szpankowski

Thus( 67on theprecedingpage)becomes,aftercancellingthecommonfactorexp �Ψ � w��� ,
e� wK � w� � e� w g K � w� 1 ∞

0
e� ηdη (68)

� K � w� 1 ∞

0
e� η e 1

4
e� wη2 � w � 1�4� we� wη N2� w � log N η

2 O � 1O f dη

� K : � w� we� w
1 ∞

0

1
2

ηe� ηdη � O � e� 2wK � w� wα �Uh
for someconstantα. To leadingorder( 68) is obviouslysatisfiedandthencollectingtermsthatareof order

O � e� w � asw  ∞ (modulosomealgebraicfactors)weobtainthefollowing differentialequation

w
2

K : � w�
K � w� � 1 ∞

0

e 1
4

η2e� η � w � 1�4� wηe� η N2� w � log N η
2 O � 1O f dη (69)

andthus
K : � w�
K � w� � � 2w � 1 � 2γ � 2log2 � 1

w
	 (70)

Solving( 70)andusingtheresultalongwith ( 66on thepagebefore),wehave

G0 � w�G> CI exp 3 1 w

1

2eu

u
due� w2 .K8 1� 2γ � 2log29 w 6 1

w
	 (71)

HereCI is an undeterminedconstantand we have chosenthe lower limit on the integral in ( 66 on the

precedingpage)asone. An alternatechoicewould only changeCI , which we cannotdetermineusingonly

theintegralequation( 49onpage52).

Our analysisshows thatasw  �� ∞, thenonlinearequation( 49 on page52) maybeapproximatedby a

linearone.To fix CI it wouldseemthatwewill againneedanaccuratenumericalsolutionto ( 49onpage52).

We have thusobtainedformal asymptoticresultsasw  H@ ∞ for thesolutionto ( 49 on page52). Using

our procedurewe canderive full asymptoticseriesin theselimits, but the constantsβ andCI will remain

undetermined.

In Section4, we will useour resultsfor G0 � w� to obtainasymptoticexpansionsfor the limiting density

P � y� asy  �@ ∞.

D. CASE u Q 1 OR u ) 1

Wenext study( 6 onpage45) for n  ∞ but for fixedu ) 1 or u Q 1. Firstweassumethat0 Q u Q 1. Note

thatu appearsin ( 6 onpage45)only asa parameter. Weassumeanexpansionof theform

Ln � u��> eA 8 u9 nlogn. B8 u9 nnC8 u9 D � u� (72)

for n  ∞ andu Q 1. The major contribution to the sumin ( 6 on page45) will comefrom the midpoint

i z n� 2. Using( 72) in ( 6 on page45)andnotingthat � n � 1� log � n � 1� = n logn � logn � 1 � O � n� 1 � and

i logi �;� n � i � log � n � i � = n logn � n log2 � 2n� 1 � i � n� 2� 2 + O � n� 2 � i � n� 2� 3 � , weobtain

eAnlogneAlogneA . BeBnnCD > D2 N n
2 O 2C

eBnun

n
eAnlogne� Anlog2

\ n

∑
i � 0

exp + �B� 2� n� %A % � i � n� 2� 2-
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for A Q 0. Thesumis asymptoticallyequalto � nπ � 2 %A % , andthus

A � logu
log2

� C � 1
2
� logu

log2
� (73)

D � 2eBu2 � � 2logu
π log2

exp 3 logu
log2

6
andB � B � u� remainsarbitrary.

Somefurtherinformationmaybeobtainedby asymptoticallymatching( 72 on theprecedingpage)to the

expansionvalid for n  ∞, u � 1 � O � n� 1 � . In theintermediatelimit whereu  1,n  ∞ andn � u � 1�4 �� ∞,

weuse( 63onpage55)with w � n � u � 1� to get

eAn 8 u� 19 G0 � w�G> e28 u� 19 nlogne8 2γ � 49 n8 u� 19 2
E

2E
π log2

eβn8 u� 19
\ � n � 1 � u� exp g 3 1

log2
� 26 n � u � 1� � logn � log � 1 � u����hl	

As u � 1, ( 72ontheprecedingpage)and( 73)yields

exp g e u � 1
log2

� O �"� u � 1� 2 � f n logn � Bnh n1c 22eB � 2 � 1 � u�
π log2

andthesetwo expressionsagreeprovidedthatasu � 1

B � u��> 3 1
log2

� 26 � u � 1� log � 1 � u�5��� 2γ � 4 � β �Y� u � 1�/� u  1 	 (74)

This relatesthebehavior of B � u� asu � 1 to theconstantβ in ( 63onpage55).

Now considern  ∞ with u ) 1. Thedominantcontribution in thesum( 6 on page45) now comesfrom

thetermswith i � 0 andi � n. Thus

Ln. 1 � u� � un

n � 1 � 2L0 � u� Ln � u�4� 2L1 � u� Ln� 1 � u�4�;<�<�< �?> 2un

n � 1
Ln � u� (75)

and

Ln � u�G> u � n
2 � 2n

n!
k1 � u� ; n  ∞ � u ) 1 (76)

wherek1 � u� is an undeterminedfunction. Sincefor u  ∞ andall n & 2, Ln � u��> u � n2 � 2n � � 4n! � , we have

k1 � u�$ 1� 4 asu  ∞.

We examineasymptoticmatchingbetweentheexpansionsfor u ) 1 andu � 1 � O � n� 1 � . If ( 76)matches

to eAn 8 u� 19 G0 � w� then( 71 on thepagebefore)would agreewith theexpansionof ( 76) asu � 1. However

thiscannotbetrueasthedominantexponentialtermin ( 71on thepagebefore)is

O e exp 3 2ew

w
6 f � O n exp � 2en8 u� 19

n � u � 1�'� o (77)

while thedominanttermin ( 76)asu  1 is

O e exp 3 n2

2
� u � 1� 6 f 	 (78)
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Thissuggeststhatyetanotherexpansionis neededonsomescalewheren  ∞ andu � 1 with n � u � 1�K M� ∞.

By comparing( 77on thepagebefore)to ( 78on theprecedingpage),thisnew scaleis likely to be

w � n � u � 1� � logn � 2loglogn � O � 1�Y	 (79)

With this scalingboth ( 77 on the pagebefore)and ( 78 on the precedingpage)areexp �O � n logn��� . We

have not examinedthis intermediatescalein any detail. However, we would guessthat with ( 79), the

approximationof ( 6 on page45) will involve retainingan infinite numberof termsin this sum(ratherthan

just the2 termsin ( 75 on thepagebefore)),but not approximatingthesumby anintegral, aswaspossible

whenu � 1 � O � n� 1 � .
To summarizethis section,we have analyzed( 6 on page45) in variousasymptoticlimits. Theseinclude

(i) u  1, n fixed;(ii) u  1, n  ∞, n � u � 1� � w fixed;(iii) w  A@ ∞; (iv) 0 Q u Q 1, n  ∞; and(v) u ) 1,

n  ∞. In thenext section,weusetheseresultsto obtaininformationaboutthedistribution ���0� � n � k� .
4 Tails of the Limiting Distribution

Usingtheapproximation( 35onpage49) for u � 1 � O � n� 1 � , weobtain

����� � n � E �� n � � ny� � 1
2πi

1
C

z�K� ny. An . 1� Ln � z� dz	 (80)

> 1
n

1
2πi

1
C
N 1 � w

n O � ny� 1
e� An log8 1. wc n9}. Anwc nG0 � w� dw> 1

n
1

2πi

1
Br

e� ywG0 � w� dw � 1
n

P � y�
whereBr � � c � i∞ � c � i∞ � for someconstantc, is any vertical contourin the w-plane. Herewe have set

z � 1 � w� n in theintegral. It followsthat

G0 � w� � 1 ∞� ∞
ewyP � y� dy (81)

sothatG0 � w� is themomentgeneratingfunctionof thedensityP � y� . In view of ( 43onpage50)and( 44on

page50)wehave � ∞� ∞ P � y� dy � 1 and � ∞� ∞ yP� y� dy � 0.

Observe that,using( 35onpage49),( 41onpage50),and( 42onpage50),wecanrefinetheapproxima-

tion ( 80) to

���"� � n � E �C� n � � ny� � 1
n
3 P � y�4� logn

n �P1 � y�4� P: :!� y�P�
� 1

n �P2 � y�4� P: � y�5� 1
2

yP: : � y�4�;� γ � 2� P: : � y�P��� o � n� 1 � 6
where

Pk � y� � 1
2πi

1
Br

e� ywGk � w� dw (82)

for k � 1 � 2.
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An integral equationfor P � y� caneasilybederivedfrom ( 49 on page52). We multiply ( 49 on page52)

by e� wy �*� 2πi � andintegrateover acontourBr in thew-plane:

P � y � 1� � 1
2πi

1
Br

e� w8 y . 19 G0 � w� dw (83)

� 1
2πi

1
Br

1 1

0
e2wφ 8 x 9 G0 � wx� G0 � w � wx� e� wydxdw

� 1 1

0

1
2πi

1
Br

e� wy
1 ∞� ∞

P � ξ � ewxξdξ
1 ∞� ∞

P � η � e8 w� wx9 ηdη e2wφ 8 x 9 dwdx

� 1 1

0

1 ∞� ∞

1 ∞� ∞
P � ξ � P � η � δ � y � xξ �X� 1 � x� η � 2φ � x��� dηdξdx

� 1 1

0

1
x

1 ∞� ∞
P � η � P 3 y

x
� 1 � x

x
η � 2φ � x�

x
6 dηdx

� 1 1

0

1 ∞� ∞
P 3 xt � y� 2 � φ � x�

1 � x
6 P 3 �B� 1 � x� t � y� 2 � φ � x�

x
6 dtdx �

whereweusedthewell known identity (cf. [1])

1
2πi

1
Br

e� ywdw � δ � y� (84)

whereδ � y� is Dirac’s deltafunction. Thelastexpressionis precisely( 15 on page46). Thesolutionto this

integralequationis not unique:if P � y� is asolution,sois P � y � c� for any c.

We studyP � y� � � 2πi � � 1 � Br e� ywG0 � w� dw asy  �@ ∞. We arguethat the asymptoticexpansionof the

integral will be determinedby a saddlepoint w � s� y� , which satisfiess� y�� �@ ∞ asy  y@ ∞. Thusfor

y  H� ∞, wecanusetheapproximation( 63onpage55) for G0 � w� , whichyields

P � y�$> 1
2πi

1
Br

2
E

2E
π log2

E � wexp e � β � y� w �a3 1
log2

� 26 w log �0� w� f dw	 (85)

This integrandhasa saddlepointwhere

d
dw

e �B� y � β � w � 3 1
log2

� 26 w log �0� w� f � 0

sothat

w � � 1
e

exp e � y � β
2 � 1� log2

f W w̃ � y�
whichsatisfiesw̃ � y�$ |� ∞ asy  �� ∞. Thenthestandardsaddlepointapproximationto ( 85)yields

P � y��> 2
E

2E
π log2

E � w̃exp e � β � y� w̃ � 3 1
log2

� 26 w̃ log �0� w̃��f
\ 1

2πi

1
Br

exp e 1
2w̃

3 1
log2

� 26R� w � w̃� 2 f dw (86)

� 2
πe

1E
2log2 � 1

exp e β � y
2 � 1� log2

� 2 � 1� log2
e

exp 3 β � y
2 � 1� log2

6 f
for y  �� ∞. Thus,the left tail is very small andthe behavior of P � y� asy  �� ∞ is similar to that of an

extremevaluedistribution(i.e.,double-exponentialdistribution).
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Now takey  A� ∞ anduse( 71onpage56) to get

P � y�$> 1
2πi

1
Br

CI exp 3 1 w

1

2eu

u
du6 1

w
e� yw� w2 .K8 1� 2γ � 2log29 wdw	 (87)

Thesaddlepointnow satisfies
d

dw
e � yw � 1 w

1

2eu

u
duf � 0

or y � 2ew � w. Let wI � wI�� y� be the solutionto ( 19 on page47) that satisfieswI� ∞ asy  ∞. Then

expandingtheintegrandin ( 87)aboutw � wI2� y� andusingthestandardsaddlepointapproximationyields

P � y��> CI
2
E

2π

E
y� 1 � 1� wI exp e � ywI � 1 wJ

1

2eu

u
du � w2I �X� 2γ � 2log2� wI7f (88)

asy  ∞, from which( 18onpage47)easilyfollows.Thusfor y  ∞ wehave P � y� � exp �O �0� ylogy��� and

hencetheright tail is thinnerthantheright tail of anextremevaluedistribution.¿From( 19onpage47) it is

easyto show that

wI � log N y
2 O � loglog N y

2 O � loglog � y� 2�
log � y� 2� � 1 � o � 1�"�4� y  ∞ 	 (89)

For fixedz andy wehave,asn  ∞,

���0� � n � E �C� n ��D nz��> 1 z� ∞
P � y� dy (90)

���"� � n � E �C� n � & ny��> 1 ∞

y
P � u� du 	 (91)

If z  �� ∞ or y  �� ∞, thentheseintegralsmay be evaluatedasymptoticallyusing( 86 on the preceding

page)and( 88),andweobtaintheresults( 17onpage46)and( 18onpage47),respectively.

Thisderivationof theexpansionsof P � y� asy  �@ ∞ hasthedisadvantagein thatit assumestheexistence

of certainsaddlepoints. However, we canobtainthe identicalresultssimply by usingthe integral equation

for P � y� , whichwenow show.

Let uswrite ( 83on theprecedingpage)in theform

P � y � 1� � 1 1

0

1
x � 1 � x� 1 ∞� ∞

P 3 ξ � y� 2 � φ � x�
1 � x

6 P 3 � ξ � y� 2 � φ � x�
x

6 dξdx (92)

andassumethatfor y  �� ∞, P � y� hastheform

P � y�$> decyexp � � ae� by� (93)

for someconstantsa � b � c � d. Using ( 93) in ( 92) we find that themajor contribution to the doubleintegral

will comefrom � x � ξ � � + 12 � 0- . After scalingx � 1
2 � 1 � ebyc 2u� andξ � ebyc 2η weobtain

dececyexp � � ae� be� by�5> 2ebyd2exp � � 2ae� bye� 2blog2 �\ e2cye4clog2
1 ∞� ∞

1 ∞� ∞
exp �� ν � u � y � 2log2�5� 2η � 2b2 � 2νb � u2 � y � 2log2 � 1�4� 2ηu�0� dudη
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whereν � ae� 2blog2. Thedoubleintegral is equalto π � 2ν � � 1b� 3c 2 � 2 � 1� b� � 1c 2 andthustheabove yields

2e� 2blog2 � e� b � ecy � e8 b. 2c 9 y (94)

dec � 2d2 π
2a

e4clog2b� 3c 2e2blog2 3 2 � 1
b
6 � 1c 2 	

Wethushave

b � 1
2 � 1� log2

� c � � b � d � 2a
π

b3c 2 { 2 � 1
b

(95)

anda remainsarbitrary. But then( 93onthepagebefore)is equivalentto ( 86onpage59) if we identify a as

a � 2 � 1� log2
e

exp e β
2 � 1� log2

f 	 (96)

Next weconsidery  |� ∞ andwrite theequationfor P � y� in theform

P � y � 1� � 2
1 1c 2

0

1
1 � x

1 ∞� ∞
P � η � P 3 y � x � y � η �*� 2φ � x�

1 � x
6 dηdx 	 (97)

Weseeksolutionsin theWKB form

P � y��> G � y� eF 8 y 9 � y  �� ∞ (98)

wherelogG varieslessrapidly thanF . Then( 97)maybeapproximatedby

eF 8 y 9}. F ~ 8 y 9 �G � y�5� G: � y�5��<
<�< � e 1 � 1
2

F : : � y�4�;<�<�< f � (99)

� 2
1 1c 2

0

1
1 � x

1 ∞� ∞
P � η � eF 8 y 9 exp g e x � y � η �

1 � x
� 2φ � x�

1 � x
f F : � y� h

\ e G � y�4� x � y � η �*� 2φ � x�
1 � x

G: � y�4�;<�<�< f n 1 � 1
2
3 x � y � η �*� 2φ � x�

1 � x
6 2

F : : � y�4�;<�<
< o dηdx 	
After scalingx � ω � � � yF : � y�P� , the leadingterm in the right sideof ( 99) is eF 8 y 9 G � y�Y�0� 2�"�*� yF : � y�"� and

hence

eF ~=8 y 9 � � 2
yF : � y� 	 (100)

After somecalculation,weobtainthefollowing lineardifferentialequationfor G:

G: � 1
2

F : : G � G
yF : � 2G

y � γ � log�7� yF : �P�d� G:
F : � F : :� F : � 2 G 	 (101)

Equation( 100)is afirst ordernon-linearordinarydifferentialequationfor F , whichis really justa transcen-

dentalequationfor F : . SettingF : � y�$W�� wI'� y� wehave

F � y� � � 1 y
wI'� t � dt � � 1 wJ"8 y 9

2ζ � eζ

ζ
� eζ

ζ2 � dζ (102)

� � ywI*� 2
1 wJ eζ

ζ
dζ
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wherewehaveused( 100ontheprecedingpage)to changethevariableof integration.But thenthedominant

exponentialtermsin ( 88 onpage60)and( 98 on theprecedingpage)agreeprecisely. To solve ( 101on the

pagebefore)wechangevariablesy � wI andwrite ( 101on theprecedingpage)as

G: � y�
G � y� � � F : : � y�

G
dG
dwI � 3 1 � 1

F : 6 � 1 e F : :� F : � 2 � 1
2

F : : � 1
yF : � 2F :

y
� 2 � γ � log2�

y
f (103)

wherewehave usedlog �0� yF : � � log � 2e� F ~ � � log2 � F : . From( 100on thepagebefore)weget

ewJ 3 1
wI � 1

w2I 6 �7� F : : � y�"� � 1
2
	 (104)

Using( 104)in ( 103)weobtain,aftersomecalculation,

1
G

dG
dwI � 1

2
� 1

2
1

wI � 1
� 2wIK� 2 � γ � log2�Y	 (105)

Solving ( 105) we seethat ( 98 on the pagebefore)is equivalent to ( 88 on page60), noting that
E

y �� 2� wI exp � wI � 2� . Of course,G is determinedonly up to a multiplicative constant,which correspondsto

CI��*� 2E π � in ( 88onpage60).
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