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We considethestandardQuicksortalgorithmthatsortsn distinctkeyswith all possiblen! orderingf keysbeingequally
likely. Equivalently, we analyzethetotal pathlength £, in arandomlybuilt binary seaich tree Obtainingthe limiting

distribution of L, is still anoutstandingopenproblem.In this paperwe establishanintegral equatiorfor the probability
densityof the numberof comparisons’,. Then,we investigatethe large deviationsof £,. We shall show thatthe left
tail of thelimiting distribution is much“thinner” (i.e., doubleexponentiallthantheright tail (whichis only exponential).
Our resultscontainsomeconstantghatmustbe determinechumerically We useformal asymptotiomethodsof applied
mathematicsuchasthe WKB methodandmatchedasymptotics.

Keywords: Algorithms, Analysisof algorithms AsymptoticanalysisBinary searchree,Quicksort,Sorting.

1 Introduction

Hoares Quidksortalgorithm[11] is the mostpopularsortingalgorithmdueto its goodperformanceén prac-
tise. Thebasicalgorithmcanbebriefly describedasfollows[11, 14, 16

A partitioningkey is selectecat randomfrom the unsortedist of keys, andusedto partitionthe
keys into two subliststo which the samealgorithmis calledrecursvely until the sublistshave
sizeoneor zero.

To justify the algorithm’s good performancen practise,a body of theorywasbuilt. First of all, every
undegraduatdearnsin a datastructurescoursethat the algorithmsorts“on average”n keys in ©(nlogn)
steps.To bemoreprecisepneassumetshatall n! possibleorderingsof keys areequallylikely. It is, however,
alsoknown thatin the worst casethe algorithmneedsO(n?) steps(e.g., think of aninput thatis givenin
a decreasingorder whenthe outputis printedin an increasingorder). Thus, one needsa more detailed
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probabilisticanalysigo understandbetterthe Quicksortbehaior. In particular onewould like to know how
likely (or ratherunlikely) it is for suchpathologicabehaior to occur

A large body of literatureis devotedto analyzingthe Quicksortalgorithm([4, 5, 6, 8, 14, 15, 16,17, 18,
19, 21]. However, mary aspectf this problemare still largely unsohed. To review whatis known and
whatis still unsohed,we introducesomenotation.Let £, denotethe numberof comparisonseededo sort
arandomlist of lengthn. It is known thatafterselectingrandomlya key, the two sublistsarestill “random”
(cf. [14]). Clearly, thesortingtime depend®nly onthe keys’ ranking,sowe assumehatthe input consists
of thefirst nintegers{1,2, ...,n}, andkey k is choserwith probability1/n. Then,thefollowing recurrence
holds

Ly=n—1+ L+ Lo 1 k- 1)

Now, let Ly(u) = Eutn = Sk>0Pr[Ln =K uk be the probability generatindunctionof £,,. The above recur

renceimpliesthat
un 1n-1

zol_ W)Ln_1-i( (2)

with Lo(u) = 1. Obsere thatthe samerecurrenceareobtainedwvhenanalyzingthetotal pathlength £, of a
binarysearchreebuilt overarandomsetof n keys (cf. [14, 16]). Finally, let usdefinea bivariategenerating
functionL(z u) = ¥ 50Ln(u)Z". Then( 2) leadsto thefollowing partial-differentialfunctionalequation

oL(zu)
0z

oL(O,u)
0z

=L%zuu), =1 (3)

ObserealsothatL(z, 1) = (1-2)~1

The momentsof L, arerelatively easyto computesincethey arerelatedto derivativesof Ln(u) atu =
1. Hennequin8] analyzedthesecarefully and computedthe first five cumulants.He also conjecturecan
asymptotidormulafor thecumulantsasn — c which helaterprovedin [9].

The main openproblemis to find the limiting distribution of £,. Régnier[18] proved thatthe limiting
distribution of (L, — E[Ln])/n exists, while Rosler[19, 20] characterizedhislimiting distributionasafixed
point of a contractionsatisfyinga recurrencesquation.A partial-differentialfunctionalequationseemingly
similarto ( 3) wasstudiedrecentlyby JacquetaindSzpankavski[12]. They analyzeda digital searchreefor
whichthebivariategeneratingunctionL(z, u) (in theso—calledsymmetriccase)satisfies

1
—12=
=G

oL(zu)
0z

zu u) (4)

with L(z, 0) = 1. The abore equationwas solved asymptoticallyin [12], andthis led to a limiting normal
distribution of the pathlength £, in digital searchirees.While the above equatiorand( 3) look similar, there
arecrucialdifferencesAmongthem,the mostimportantis the contractingactor % in theright-handsideof
theabore. Needlesgo say we know that( 3) doesnot leadto a normaldistribution sincethe third central
momentis notasymptoticallyequalto zero(cf. [16]). More preciselythethird (andall higherodd)moments
of (Ln — E[Ln]) /n doesnottendto zeroasn — oo.

In view of the above discussiona lessambitiousgoal wasset,namelythat of computingthe large devi-
ationsof Ly, i.e., Pr[|Ln— E[Ln]| > €E[Ly]] for € > 0. Hennequin{8] usedChebyshe's inequalityto shav
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that the above probability is O(1/(glog?n)). Recently Rosler[19] shaved thatthis probability is in fact
O(n~%) for ary fixedk, andsoonafter McDiarmid andHayward[15] usedthe powerful methodof bounded
differencego obtainan even betterestimate namelythatthetail is approximatelyequalto n=%09109" (see
thecommentafter Theoreml of Section2).

In this paper we obtainsomenew resultsfor the tail probabilities. First of all, we establishanintegral
equationfor the probability densityof £, and usingthis we derive a left tail anda right tail of the large
deviationsof L,. We demonstrat¢hatthe left tail is muchthinner(i.e., doubleexponential)thanthe right
tail, whichis roughly exponential.

We establishtheseresultsusing formal asymptoticmethodsof applied mathematicsuchasthe WKB
methodand matchedasymptotics.By “formal” we meanthatwe do not rigorously establisherror bounds
on the variousasymptoticexpansions.The main merit of thesemethodsds thatthey canbe usedto obtain
asymptotidnformationdirectly from theunderlyingequationsSimilar asymptoticapproachewereusedfor
enumeratioproblemsby KnesslandKeller[13] andCanfield[3].

The paperis organizedasfollows. In the next sectionwe describeour main findingsand comparethem
with otherknown results.In Section3 we derive the integral equationfor the asymptotigorobability density
of £,. In Section4 we obtainour large deviationsresults.

2 Formulation and Summary of Results

As before,we let £, be the numberof key comparisonsnadewhenQuicksortsortsn keys. The probability
generatingunctionof L, becomes

Pr[Ln = Kuk = E[u™]. (5)

M s

Ln(u) =

k=0

Theupperlimit in this summay betruncatedatk = (3), sincethis is clearlyanupperboundon the number
of comparisonsieededo sortn keys.
Thegeneratingunctionin ( 5) satisfieq 2 onthe pagebefore)whichwe repeatelow (cf. also[6, 16,18,

19)

lfliil‘i(u)l-n—i(u)a Lo(u) = 1. ©)

Ln+1(u) = n

NotethatLn(1) = 1 for all n > 0, andthatthe probability Pr[ £, = K] may be recoreredfrom the Cauchy
integral
PrlLn=K = i/ UL (uU)du 7)
21 Jc " '

HereC is ary closedloop aboutthe origin.

In Section3, we analyze( 6) asymptoticallyfor n — c andfor variousrangesof u. We useasymptotic
methodsof applied mathematicssuch asthe WKB methodand matchedasymptoticg2, 7]. The most
importantscaleis wheren — o with u— 1 = O(n™1), which correspond$o k = E[L,] + O(n) = 2nlogn+
O(n). Most of the probability massis concentratedhn this rangeof k. As mentionedbefore,the existence
of alimiting distribution of (L, — E[Ly])/n ash — c wasestablishedh [18, 19], thoughthereseemdo be
little known aboultthis distribution (cf. [4, 6, 8, 15,21]). Numericalandsimulationresultsin [4, 6] show that
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thedistributionis highly asymmetricandthattheright tail seemamuchthickerthantheleft tail. It is alsoof
interesto estimatehesetails(cf. [15, 19)), asthey give theprobabilitiesthatthe numberof key comparisons
will deviate significantlyfrom E[£y], which is well known to be asymptoticallyequalto 2nlogn asn — o
(cf. [8, 16]).

Foru—1=w/n= 0O(n~1) andn — «, we derive in Section3 theasymptoticexpansion

logn

La(t) = exp (Aqw/n) ( Go(w) + 2" Gy(w) + Galw) +o(n™ ®

whereA, = E[£y]. Theleadingterm Go(w) satisfiesa non-linearintegral equation.Indeed,in Section3 we
find that(cf. ( 49 onpage52))

&Gy (W / 2200V Go (W) Go (W — wx)dx ©)
Go(0)=1; G(0)=0 (10)

where
¢(x) = xlogx+ (1—x)log(1—x) (11)

is theentropyof theBernoulli(x) distribution. FurthermorethecorrectiontermsGy (-) andGy(-) satisfylinear
integralequationgcf. ( 50 on page52)—(51 on page52)).
By using( 8) in ( 7 onthepagebefore)andasymptoticallyapproximatinghe Cauchyintegral we obtain

Prln—E( o) =i ~ TP(y) 12)

where
PY) = o5 f e e "G (w)dw, (13)
or equivalently Go(w) = /_ _&"P(y)dy (14)

andc is aconstantHence Go(w) is themomentgeneratingunctionof the densityP(y).
Now, we cansummarizeour mainfindings. We establisttheresultsbelon undertheassumptionghatP(y)
hascertainformsasy — +oo (cf. Sectiord).

Theorem 1 Considerthe Quicksortalgorithmthat sortsn randomlyselectedkeys.

(i) Thelimiting densityP(y) satisfies

P(y+1) = / / < +Y 12“’()())) P (—(1—x)t—|— %}‘f(x)) dtdx (15)
and . .
[ Pejay=1, [ yrwydy=o. (16)
(i) Theleft tail of thedistribution satisfies
2 1 -z
Prifn—E(fn) <nd~ 2 —mes— 0@ (‘““p (m)) (a7)
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for n — o0, andz= z(n) — —oo suficientlyslowly, whee a = 2';"%;; =0.205021 .. andp is a constant.

(iii) Theright tail becomes

1
2\/ﬁw*\/ w,

for n— o, andy = y(n) — + suficientlyslowly. Here C, is a constantyis Euler’'sconstanaindw, = w,(y)

Pr[Ln—E(Ln) > Ny ~

W, Dl ) (18)

e—W*(W*—§+2V+|092) exp ( YW, +/ —du

is thesolutionto

y= = ep(w,) 19)
thatasymptoticallypecomes
=log ()—2/) +Iog|og()—2/) +%(1+0(1)) (20)

fory — oo (cf. (89 0npage60)in Sectiord).

Finally, we relateour resultsfor thetails to thoseof McDiarmid andHayward[15]. Theseauthorsshoved
that

Pr[|Ln — E(Ln)| > €E(Ln)] = exp[—2¢elogn(loglogn— log(1/¢€) + O(logloglogn))], (21)
whichholdsfor n — o ande in therange
1
W <E€ < 1. (22)

As pointedoutin [15], this estimatds notvery preciseif, say € = O(loglogn/logn).
¢FromTheoreml we concludethat(sincetheright tail is muchthickerthantheleft tail)

Pr[| Ln—E(Ln)| > ny] ~ Ck(y)e®), y— oo (23)
whereC is aconstanand
Wi ZelJ Ze""*
oy) = —wv*+/1 - du Y= (24)
@) e—wfew*(%—Zy—logZ)
o= Wy /W, — 1

We have notbeenableto determingheupperimit ony for thevalidity of ( 23). However, it is easyto see
that( 23) reducedo ( 21) if we sety = eE(Ly)/n= 2elogn+ +£(2y—4) + O(g(logn)/n) anduse( 20)to
approximatev, asy — c. Thisyields

—yw*+/w* Edu = y{—log()—é) —Ioglog()—zl) +1+ 0(1)} (25)
= —2tlogniloglogn—log(1/¢) + loglog(glogn) — 1] + o(logn)

which agreesreciselywith the estimate( 21), andalsoexplicitly identifiesthe O(logloglogn) errorterm.
This suggestshat ( 23) appliesfor y aslarge as2logn, thoughit cannothold for y aslargeasn/2 in view
of thefactthat Pr[£, = k] = 0 for k> (7). An importantopenproblemis obtainingan accuratenumerical
approximatiorio theconstanC. Thiswouldlikely involvethenumericalsolutionof theintegral equatiorfor
Go(w).
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3 Analysis of the Generating Function for n — o

We study( 6 on page45) asymptoticallyfor variousrangesof n andu, namely: (i) u — 1 with n fixed; (ii)
w = n(u— 1) fixedwhenn — o andu — 1; (iii) w— +oo; and(iv) u< 1 or u> 1. We studythesecases
below.

A.CASENFIXED ANDU— 1

Firstwe considerthelimit u — 1 with n fixed. Thenusingthe Taylor expansion

Lo(u) = 14Ag(Uu—1)+By(u—1)2+0((u-1)% (26)
= M4 By ZAY) (U 1)+ O((u- 1))

we find from ( 6 on paged5) thatA, = L;,(1) andB, = Ly (1)/2 satisfythelinearrecurrencequations

An1 =N+~ 1%A|+An —n+—Z)A. Ay=0, (27)

Bni1= (”) n+1%An+1+ii[zsi+AqAn_i]; Bo=0. (28)

Theseareeasilysolvedusingeithergeneratingunctions,or by multiplying ( 27) and( 28) by n+ 1 andthen
differencingwith respecto n. Thefinal resultis (cf. [14, 16])

An = 2(n+1)Hn—4n (29)
Bn = 2(n+1)2H2 — (8n+2)(n+ 1)Hp+ = (23n+17) 2(n+1)2H. (30)

HereHy = 1+ 1+ 1+ ...+ 1 is the harmonicnumber andH\? = P_, k=2 is the harmonicnumberof
secondrder In termsof A, andBy, themeanandvarianceof £, aregivenby

ElL] = Ar=2(n+1)H,—4n (31)
Var [£n] = Ly(1)+Ly(1) — [Lh(D]* = 2Bn+An— A7 (32)
= 72— 2(n+1)Hn+13n—4(n+1)2H2.

Asymptotically for n — o, we obtain

An:2nlogn+(2y—4)n+2|ogn+2v+1+gn‘1+0(n‘2) (33)
By— A2 = Cy— (Z_f) n2—2nlogn+n<2—1—2y— Er@)+o(n) (34)
2T \2 3 2 3 '

Theseexpressionsvill beusedin orderto asymptoticallymatchthe expansiorfor u — 1 andn fixed,to those

thatwill applyfor otherrangef nandu. Sinceit is well known thatthelth momenbof L, — E[ L] is of order

O(n') asn — oo, all termsin the serieq 26) will beof comparablenagnitudevhen(roughly)u=1= O(n_l)

andn — oo, If we view ( 26) asanasymptoticseriedor n fixedandu — 1, thenit will ceasdo bevalid when
= O((u—1)~1), which motivateshe analysisthatfollows.
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B. CASEW=n(u—1) FIXED WHEN N— o AND U— 1

Next we consideithelimit u— 1, n — o with w= n(u— 1) heldfixed. This scalingis necessarjo obtain
anon-triial limiting problem.We defineG(-) by

Ln(u) = exp (Aw/n) G(w; n) = =D G(n(u—1);n). (35)

With this changeof variableswe rewrite ( 6 on page45) as
(1+w/n)"

exp (Ans1W/n)  x G(W+Vﬁv;n+1): — (36)
X {:z:e(p(Aivﬁv+An_ivﬁv)G(w%;i)G(w(l—iﬁ);n—i)

+ zze(p(pq"ﬁHAn_i"ﬁv) <1+ci‘;i22+m) G<w<1—i—n) ;n—i)}

whereC; = B — %Aiz. Herewe have brokenup the sumin ( 6 on page45)into thethreerangeD <i <m-1,
m<i<n-—m, andn—m+1<i < n, andusedthesymmetry(i — n—i) of the summand We expect( 26
on the precedingpage)to alsobe valid for large valuesof n, aslong asn(u— 1) — 0 asn — «. Thus,for
0< i< m-—1wereplaced,(u) in thesumby theapproximatior( 26 onthepagebefore).Theintegermmay
be choserarbitrarily, sincetheright sideof ( 36) mustultimately beindependenbf m. For now we assume
thatm — o but m/n— 0 asn — . For n largewe have (cf. ( 33onthe pagebefore))

e () (il e

+ %Iog ('ﬁ (1—%)) +§+0(n‘1)

<1+\£+O(n‘2)> G(w+ Vﬁv;n+ 1) (38)

- Emezqi/mw <1+W (%tu <ln) + %) +0(n?, n_lm_l))

I=m

- clei)olofo- b))

5 (1+AZ+0(BN2)) e ((Armi— Aua) - )

2
- ofo(i)

= xlogx+ (1—x)log(1—Xx) (39)

with which we rewrite ( 36) as

(n+1)e™"

X

where

=

0
W) = log[x(1—x)].

We now evaluatethe two sumsin ( 38) asymptoticallyand showv that whenthe two resultsare added the
dependencen mdisappears.
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From( 350ntheprecedingpage)andtheidentity L;,(1) = A, = E[ L] we find thatfor all n
G(0;n) =1 and G'(0;n) = 0. (40)
We assumehatfor n — oo, G(w; n) hasanasymptoticexpansionof theform
G(w; n) = Go(w) +a(n)Ga(w) + a2(n)Ga(W) + - -- (41)

wherea;(n) is anasymptoticsequencasn — o, i.e.,aj+1(n)/a;j(n) — 0asn — c. Theappropriatesequence
is determinedy balancingermsin ( 38 onthe pagebefore). Thiswill eventuallyyield

_loon m =1 (42)

n'’ n

al(n)

sowe usethis form from the beginning. Note that Go(w) is the momentgeneratingunction of thelimiting
densityof (L, — E[£Ln])/n, whichis discussedn [19]. Theconditions( 40)imply that

Go(0) = 1; G1(0)=Gp(0)=---=0 (43)
Go(0) = Gi(0)=G,(0)=---=0. (44)

We considetthefirst sumin ( 38 onthe pagebefore) whichwe denoteby S = S;(n; m). Using(41),(42)
andthe EulerMacLaurinformulawe obtain

s = 3 e [1+w(§¢ ('ﬁ) ; 3) +o(n—1)] (45)

ool ) ) Tt ()
 olvlim)) o) re (o) e ()
- oble D)l )

= n/1—m/n equ)WGo(WX)Go(W— wx)dx+ Amnwe (W%) Go (W <1_ %))

m/n

+ w/l_m/n[zw(x) + 31Xy (Wx) Go (W — wx) dx

m/n

1=m/n logn+109(1—X) o@xw
+ /mn Tez Go(Wx) Gy (w— wx)dx

1-m/n
. / 10gn+ 109X 2000wy (w — wx) G (wx)dlx

m/n X

1-m/n 1
+ / T PG (Wx) Go (W — wx)dx
m/n -

1-m/n 1
+ / ~XWG, (wx) Go (W — wx)dx+ 0(1).

m/n X

We notethatall the integralsremainfinite asm/n — 0, in view of ( 43) and( 44). However, if we wereto
considerhigherordertermsin the expansion( 41), which would involve termsof ordern=2 andn=3, then
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the correspondindnigherordertermsin ( 45 on the pagebefore)would involve integrandsnot integrable
over [0,1]. It thenbecomesessentiathat we integrateonly over the range[m/n, 1 — m/n] andconsiderthe
contributionfrom thesecondsumS, = S(n; m) in ( 38 on page49). We canfurthersimplify S; by evaluating
eachtermin thelimit m/n — 0, whichwe assumedo betrue. We have
1-m/n .
Ty = / WG (Wx) Go (W — wx)dx

m/n

1 m/n .
= / P IWGo(Wx) Go (W — wx)dx — 2 / P IWGo(wx) Go(w — Wx)dx
0 0

/01 PG (wx) Go(w — wx)dx — Z/Om/n[1+ 2w(xlogx— x) 4+ O(x%)]
[1+4 O(x?)] [Go(w) — WXGh(w) -+ O(x?)]dx
~ /0 ' XMGo(wx) Go(w — wx)dx

m?

2Go(w) [? +2w <W log (

X

B i) | ot

T2

2/1—m/n Iogn+|ogxe2(p(x)

"Go(w— wx) G (wx)dx
m/n X

1
~ 2/ wez‘“x)WGo(w—wx)Gl(wx)dx—Zg(logn)Gl(w);
0

and
1-m/n

2 eZ‘P(X)W)—l(Gz(WX) Go(w—wx)dx

m/n

Ti3

I

1 1
~ 2/0 eZ‘P(X)W;Gz(WX)GO(W—WX)dx—Zng(w).
Thus$S; simplifiesto
1
SS = n /0 P IWGo(Wx) Go (W — Wx)dx+ Go (W) (46)
1
+ w /0 [24(X) + 3] ¥ Go(wx) Go (W — wx)dx

1
+ 2 [ OO0 Gy v Gy (w
0

11
+ 2 /0 ;ez‘p(X)WGo(w—wx)Gz(wx)dx

+ {—ZmGO(W) +W$Gg,(w) - ?WGO(W) [Iog (E) . g]
- z%’(logn)el(w) - 2%1G2(W)} .

wherewe have groupedthe termsinvolving m insidethe“{ }”. Theerrortermin ( 46) approachegeroas
n— oo,

Now we considerthe secondsum$; in ( 38 on page49). UsingA(n—i) —A(n+1) ~ —(i + 1)A'(n) ~
—(i+1)(2logn+ 2y— 2), we obtain

S ~ zz[HAﬁ"ﬁv} [1—%’(i+1)(2|09n+2y—2) (47)
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x [Go<w) - Lwchw) + 296, w) + %Gz<w)]
~  2Go(w) m+vﬁv'§:(Aa—2(Iogn)(i+1)—(2y—2)(i+1))

+ 2™ ogn)Ga(w) + Ga(w)] - T wehw
my 3] n?

~  2Go(w)m+ Zngo(w) [Iog (ﬁ) - E] - FwG{,(w)

+ 221(logn) Gy(w) + Go(w)]

Herewe have used2 Ziz_olAa = n[A,— (n—1)]. Uponadding( 46 onthepagebefore)to (47 onthepreceding
page)we seethatall thetermsinvolving m cancelandthattheleadingthreetermsin theexpansiorof S, + S
(i.e.,theright side of ( 38 on page49)) areof orderO(n), O(logn) andO(1), respectiely. Using( 41 on
page50) and( 42 on pages0),theleft sideof ( 38 on page49) becomes

e (1420 (Gotw + 28w + SwGhw) + Gatw) +oin ). (4)
Thus,comparingheabore to §; + S, we find that
e "Go(w) = /0 ' XIWG(Wx) Go(w — wx)dXx, (49)
e"G(w) = 2 / ' }ez‘P(X)WGo(W— Wx) Gy (wx)dx, (50)
0 X
& [Go(W) + sWGo(W) + WGH(W) +Ga(w)] = Golw) (51)

+ w /0 l[ZLIJ(x) + 3)@XIWGy (wx) Go(W — wx)dx
+ 2/1 IOﬂ(ez‘p(x)""Go(w—Wx)Gl(wx)dx
0o X
1
2 /0 %equ)WGo(W—wx)Gz(wx)dx.

Equationg 49)-(51),alongwith ( 39onpage49),( 43onpages0)and( 44 onpages0) areintegralequations
for the first threetermsin the series( 41 on page50). Below we discusssomeaspectf the solutionsto
theseproblems. The leadingorderequation( 49) waspreviously obtainedin [6], usingmore probabilistic
aguments.

We obsenre thatthesolutionto ( 49) is notunique:Gg(w) = 0 is onesolutionandif Go(w) is ary solution,
thensois €Gy(w) for ary constant. We canconstructhe solutionasa Taylor series:

Go(w) =1+ g gjw!. (52)
=1

This eliminateshetrivial solutionGo(w) = 0 andsatisfieghenormalizationGg(0) = 1. Using( 52)in ( 49)

1

and notingthat/ [2¢(x) + 1]dx= 0, we seethatg; remainsarbitrary andthenwe caneasilycalculateg;
0

for j > 2in termsof g;. But, (44 onpage50) forcesg; = 0 andthenall the Taylor coeficientsin ( 52) are
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uniquelydeterminedThey maybe evaluatedrom therecursion

<1—%) Ohn = l_1§B(i,n—i,0)gign_i (53)

n—1 ¢
+ B(i,£—1,n—¢)0ig,—i
Aoy .

forn> 2 where
1

B(i,j,k):/o Xi(1— )Jk—1![2q)(x)+1]kdx. (54)

In particular g, = £ — %

Next we considettheequationg 50 on the pagebefore)and( 51 ontheprecedingrage)for thecorrection
termsG; andGy. Thesearelinear, Fredholmintegral equation®f the secondkind. Their solutionsmayalso
beconstructedisTaylor seriesn w. In view of (43 on page50) and( 44 on page50) we musthave

Go(w) ~ 1+ 0w
Gi(w) ~ PBow’
Go(w) ~ YW,

asw — 0, wherewe have alreadycomputedog = g2. Given 3, we can easily computethe higherorder
Taylor coeficientsof G1 (w) from ( 50 onthe pagebefore),in termsof the (now uniquelydetermined)raylor
coeficientsof Go(w). However, the constant3y cannotbe determinedsolely from ( 50 on the preceding
page),( 43 on page50) and ( 44 on page50). To fix Bp we usethe principle of asymptoticmatching.
We requirethat expansiony 26 on page48) and ( 35 on page49) (with ( 41 on page50)) agreein some
intermediatdimit, whereu — 1, n — c andn(u— 1) — 0. Thenthe behaior of ( 26 on page48)asn — o

mustagreewith the behaior of ( 350npage49) (with ( 41 on page50)) asw — 0. Writing ( 26 on page48)

asbn(u) = exp[An(u— 1)][1+ Cn(u— 1)?+ O((u— 1)3)] thematchingconditionbecomes

| 1
L+Ca(U= 1%+ s ~ Go(W) + —2-Ga(W) + ~Co(W) + -+ . (55)

w—0
Settingu — 1 = w/n, using ( 34 on page48), and noting that the right side of ( 55) is 1+ n~?[aen® +

Bo(logn)n+ yon]w?, we obtain

21 2
U

Bo=—2; Vo:7—2v—§ (56)

Now considerequation( 51 on theprecedingpage)in thelimit w — 0. We write ( 50 on the pagebefore)
abstractlyasTG1 = O whereT is the linearintegral operatorin ( 50 on the precedingpage). Then( 51 on
the pagebefore)may be written as TGz = f(Gp, G1) where f is a known function of the first two terms.
SinceTG; = 0 hasa non-zerosolution(madeuniqueby the conditiono = —2), we expectthat TG, = f
will have a solutiononly if a solvability conditionis met. To obtainthis solvability conditionwe expand
(51 ontheprecedingpage)asw — 0. Obviously ( 51 onthe pagebefore)is satisfiedasw — 0, and,since

1
/ [2W(x) + 3]dx = —1, ( 51 on the precedingpage)alsoholdsto orderO(w). ComparingO(w?) termsin
0
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(51onpage52) using( 55ontheprecedingpage)gives

1 1
14200 = _§B°_3+4fo P W(X)dx (57)
1 5 1™

andthusfo = —2, which regainsthe resultwe obtainedby usingasymptoticmatching.Note, however, that
thisagumentrequiredthatwe derive theequatiorsatisfiedoy Gz(w) in orderto uniquelyspecifythe previous
termGy(w). In contrastasymptotianatchingmadeno useof ( 51 on page52). Presumablyby deriing the
equatiorfor thenext termGz(w) in (41 onpage50) andexaminingits solvability condition,we would have
analternatevay of computingyo. Given o andyp, we caneasilyobtainthe Taylor expansion®f G; andG;
from ( 50 on page52) and( 51 on page52).

To summarizewe have obtainedthe expansion( 35 on page49), with ( 41 on page50)-( 44 on pageb0),
( 49 on page52)-( 51 on page52) and ( 56 on the precedingpage),for the scalingn — o, u — 1 with
n(u— 1) = w fixed. We have not beenableto explicitly solve theseintegral equations.However, we can
derive someapproximatdormulasin thelimits w — +o, andthesemaybe usedto obtainapproximationso
thetail probabilitiesof the Quicksortdistribution.

C.CAsew=n(u—1) —» o

We shall only examinethe leadingterm Gg, andwe first considerthe limit w — —co. Asw — —oo, the
“kernel” exp[2we(x)] in ( 49 on page52)is sharplyconcentrateshearx = 1/2, andbehaesasamultiple of
|w|~1/25(x— 1/2). Thuswe treat( 49 on page52) asa Laplacetypeintegral (cf. [10]).

AssumingthatGo(w) hasaweak(e.g.,algebraicdependencenw, we approximatehe right sideof ( 49
onpage52) by Laplaces method which (to leadingorder)yieldsthefunctionalequation

e “Go(w) ~ {Go (‘g)}z, /%ve—zwmgz’ W— —co. (58)

But, if Gg variesweaklywith w, thentheexponentialordersof magnitudeof theright andleft sidesof ( 58)
donotagree.In orderto getagreementye would needGo(w) to vary muchmorerapidly asw — —oo, of the
orderexp[O(wlog(—w))]. But thisthencontradictsheassumptiomsedto obtain( 58). Thereforewe return
to (49 on page52) andallow morerapidvariationof Gg. Specifically we assumehatasw — —o

Go(W) ~ eaWlog(=W+Bw( _ v, (59)

Using( 59)in (49 onpage52)yields

1
& (—w)V1dy ~ B2(—w)2n / XYL (1 — x)Va g (Z+onwggy (60)
0
If 2+ a1 > 0 weagainuseLaplaces methodto approximateheintegral, thusobtaining
1\ " 1 T
W - _w\Y1—3 = —((11+2)(|092)W. 61
€ 61(4) W2 S ray® (61)
Hencewe musthave
1 2\/2

oy =—-2 yi=z; 01= \/_ (62)

+ IogZ;
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andp remainsarbitrary Sincethe solutionof ( 49 on page52) is notunique we cannever determing3 using
only thisintegral equation We thushave

22
\/mlog2

By computinghigherordertermsin the expansionof theintegralin (49 on page52), we canextend( 59 on

Go(w) V—wexp [Bw+ (@ - 2) wlog(—w)] . W— —o00, (63)

the pagebefore)and( 63) to anasymptoticseriesin powersof w2, To fix B, we mustusethe conditionin
(43 on pageb0) and( 44 on page50), andthis probablyrequiresa numericalsolutionof ( 49 on page52).
By comparingthis numericalsolutionto ( 49 on page52) for large, negative w to ( 63), we canobtainan
approximatiorto [3.

Now consider( 49 on page52) in thelimit w— +co. Thenexp[2wg(X)] is concentratetearthe endpoints
x=0andx = 1. We assumehatGg(w) hasanasymptoticexpansionin the WKB form [7]:

Go(W) ~ K(w) exp[W(w)]. (64)
Themajorcontritutionto theintegralwill comefrom wherex, 1 — x = o(w~1). Thuswe usethe Taylor series
Go(wx) = 1+ O((wx)?), and( 64) to approximateSo(w— wx). Thisyields
\ 1/2
K(w)e?W-w ~ 2 / [14 2w@(X) + O(W2@2(X))][1 4 O((Wx)?)]K (W — wx)e¥ " dx
0
o op12 )
~ 2K(w)eHW / e (WXl (65)
0
If furthermore(-) is suchthatwW' (w) — o asw — o, then( 65) yields (aftera slightrearrangement)
W' (w) ~ 2eV
andhencewe define
weH
W) =2 / = du. (66)

Notethat( 66)is consistentvith w4 (w) — o andshawvsthatGg growsveryrapidly (asadoubleexponential)
asw — +o0. We notethatthe asymptoticexpansionof theintegrandin ( 65)is only valid for x= o(w~1), but
the major contributionto theintegral turnsoutto be from x = O(e™%), which s certainlyo(w~1). To obtain
thenext termK(w), we refinethe expansion( 65) to

K= =2 ["[1 2wp(6) + WA+ O((w)?)] )

[K(w) —wxK'(w) + O(W?x?K" (w))]
exp <LP(W) — W (w)x + %WZLP” (W)X + O(wiy"" (w)x3)> dx.

X

X

For x small we have 2wg(x) = 2w(xlogx — x+ O(x*)] andif x = O(e™") thenw?x* = O(w’e~2") and
whSW! (w) = O(w?e~2"). Settingx = ne~"/2we have

exp EXZWZLP” (w)] =1+ %nz(w— 1)e"[1+o(1)].
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Thus( 67 ontheprecedingpage)becomesaftercancellingthe commonfactorexp[¥(w)],
e "K(w) = e“"’{K(W)/ e "dn (68)
0

)=1)]en

+

K (w) /Ooo e [%e“"’nz(w— 1) 4+ we"n ( w—|—|og(

NS

~ K (wwe™ /0 ) %ne‘” dn + O(e‘z""K(w)w")}

for someconstanti. To leadingorder( 68) is obviously satisfiedandthencollectingtermsthatareof order
O(e~") asw — o (modulosomealgebraidactors)we obtainthefollowing differentialequation

!(w) n
e n N
K(w) / [ (W—1) +wne” ( W+Iog(2) 1)]dn (69)
andthus K/ () 1
w
KW = -2w+ 1—2y—2|092—v—v. (70)
Solving( 70) andusingtheresultalongwith ( 66 on the pagebefore),we have
w R
Go(W) ~ C, exp ( / %due-““(l-zv-z'OgZJW) Vlv (71)
1

HereC, is an undeterminecconstantand we have chosenthe lower limit on the integral in ( 66 on the
precedingpage)asone. An alternatechoicewould only changeC,, which we cannotdetermineusingonly
theintegral equation( 49 on page52).

Our analysisshowvs thatasw — +oo, the nonlinearequation( 49 on page52) may be approximatedy a
linearone.Tofix C, it would seenthatwe will againneedanaccuratenumericalsolutionto (49 onpage52).

We have thus obtainedformal asymptoticresultsasw — +oo for the solutionto ( 49 on page52). Using
our procedurewe canderive full asymptoticseriesin theselimits, but the constantfd andC, will remain
undetermined.

In Section4, we will useour resultsfor Go(w) to obtainasymptoticexpansiongor the limiting density
P(y) asy — +oo.

D.CASsEu<1o0rRu>1

We next study( 6 onpaged5)for n — o butfor fixedu > 1 oru < 1. Firstwe assumehatO < u < 1. Note
thatu appearsn ( 6 on page45) only asa parametenMe assumeanexpansionof theform

Ln(u) ~ eA(u)nIogn+B(u)nnC(u)D(u) (72)

for n — o andu < 1. The major contritutionto the sumin ( 6 on page45) will comefrom the midpoint
i ~ n/2. Using( 72) in ( 6 on page45) andnotingthat (n+ 1) log(n+ 1) = nlogn+logn+ 1+ O(n~1) and
ilogi 4 (n—i)log(n—i) = nlogn— nlog2 + 2n=%(i — n/2)2 + O(n~2(i — n/2)3), we obtain

eAnIogneAlogneA+BeBnnCD ~ () eBn eAnIogn —Anlog2
_;exp (—(2/m)IAl(i —n/2)?)
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for A < 0. Thesumis asymptoticallyequalto /n1/2|A|, andthus

logu 1 logu

log2’ 2 log2’
—2logu logu
D = 2803/
u mlog2 &P (Iogz)

Somefurtherinformationmay be obtainedby asymptoticallymatching( 72 onthe precedingpage)to the

A (73)

andB = B(u) remainsarbitrary

expansionvalid for n — o, u— 1= 0(n~1). In theintermediatdimit whereu — 1,n — o andn(u— 1) — —oo,
we use( 63 onpage55)with w = n(u— 1) to get

3 2\/§
(u—1)  Au=1)nlogn 4 2y—4)n(u—1) e[E»n( u—1)
=D Go(w) ~ e Tog?

x\/me(p{ <@ —2) n(u—1)[logn+ log(1— u)]}.

Asut1,(72ontheprecedingpage)and( 73)yields

u—1 Y 1/2 2(1-u)
exp{ [—Iogz +0((u—1) )] nlogn+ Bn} nt/22¢? log2
andthesetwo expressionagreeprovidedthatasu 1 1
B(u) ~ <$ - 2) (u=1)log(l—u)+ (2y—4+B)(u—1), u—1. (74)

Thisrelateghe behaior of B(u) asu 1 1 to theconstanf in ( 63onpage55).
Now considem — o with u > 1. Thedominantcontritutionin the sum( 6 on page45) now comesfrom
thetermswith i = O andi = n. Thus

u" 2u"

Loa(W) = o7 [lo(Whn(U) + 2La(Whn-a(U) ++ ] ~ == Ln(U) (75)
and N
Ln(u)~u(5)%k1(u); n—o,u>1 (76)

wherek; (u) is an undeterminedunction. Sincefor u — o andall n > 2, Ly(u) ~ u(g)Z”/[4n!], we have
ki(u) = 1/4 asu — .

We examineasymptotianatchingbetweerthe expansiondor u > 1 andu— 1 = O(n™%). If ( 76) matches
to eM(U=DGy(w) then( 71 on the pagebefore)would agreewith the expansionof ( 76) asu | 1. However
this cannotbetrue asthedominantexponentiattermin ( 71 onthe pagebefore)is

0 [exp <%)] =0 [exp (i(e:(u__f) )] (77)

while thedominantermin ( 76)asu— 1is

O[exp (%Z(u—l)>] . (78)




58 CharlesKnesslandWbjcieth Szpankowski

Thissuggestthatyetanothemexpansions needednsomescalewheren — c andu | 1 with n(u— 1) — +oo.
By comparing 77 onthe pagebefore)to ( 78 onthe precedingpage) thisnew scaleis likely to be

w=n(u— 1) =logn+ 2loglogn+ O(1). (79)

With this scalingboth ( 77 on the pagebefore)and ( 78 on the precedingpage)are exp[O(nlogn)]. We
have not examinedthis intermediatescalein ary detail. However, we would guessthat with ( 79), the
approximatiorof ( 6 on page45) will involve retainingan infinite numberof termsin this sum (ratherthan
justthe 2 termsin ( 75 on the pagebefore)),but not approximatinghe sumby anintegral, aswaspossible
whenu—1=0O(n71).

To summarizehis sectionwe have analyzed 6 on page45) in variousasymptotidimits. Theseinclude
(i) u— 1, nfixed;(ii) u— 1,n — o, n(u— 1) = wfixed; (i) w— +; (iv) 0 < u< 1,n— co; and(v) u>1,
n— oo. In thenext section,we usetheseresultsto obtaininformationaboutthe distribution Pr[ L, = K].

4 Tails of the Limiting Distribution

Usingthe approximatior( 35 on page49) for u— 1= O(n~1), we obtain

PriLn—E(Ly) =ny] = % /C ZIvA+L (2)dz (80)
~ }i (1 V_V) _ny_le—AnIog(1+w/n)+Anw/nG0(W)dW
n2m Jc n
11

1
=— | eM"Go(w)dw= =P
215 o & Go(w)dw= ~P(y)
whereBr = (c—ie,c+ i) for someconstant, is ary vertical contourin the w-plane. Herewe have set
z=1+4w/nin theintegral. It followsthat

[ee]

Go(w) = | _&™P(y)dy 81)

sothatGp(w) is themomentgeneratingunctionof the densityP(y). In view of ( 43 on page50) and( 44 on
page50) we have [© P(y)dy = 1and [, yP(y)dy = 0.

Obsenre that,using( 350n page49), ( 41 onpage50),and( 42 on page50), we canrefinetheapproxima-
tion ( 80)to

Pic-Elz =] =+ (PO)+ 2Pyl + ()

+ HRO)HP )+ 5P 0) + (- 2P )]+ ol

where
1

AY) = 57 [, &G (82)

fork=1,2.
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An integral equationfor P(y) caneasilybederivedfrom ( 49 on page52). We multiply ( 49 on page52)
by e="¥/(2ri) andintegrateover acontourBr in thew-plane:

PY+Y) = % &) Go(w)dw )
= / / 2 G (wx) Go(w — wx) e~ Wdxdw
/ /B o / P(E)e"dE / (7)€" dlry 2499 i

// / O(y—x& — (1 —x)n — 2¢(x))dnd&dx
/11/ (X—%(n—zwix))dndx
[ 258) e 25

wherewe usedthewell known identity (cf. [1])

I

I

2—1& . e dw = 9(y) (84)
whered(y) is Dirac’s deltafunction. Thelastexpressions precisely( 15 on page46). The solutionto this
integral equatioris not unique:if P(y) is asolution,sois P(y—+ c) for ary c.

We study P(y) = (21i)~? [5, e Y"Go(w)dw asy — +o. We arguethatthe asymptoticexpansionof the
integral will be determinecdby a saddlepoint w = s(y), which satisfiess(y) — +o asy — +o. Thusfor

y — —oo, we canusetheapproximatior( 63 on page55) for Go(w), whichyields

1 2V2 1
PO) ~ o 1, iz Weep (B yw+ (oo~ 2) wiog(—w) aw ©5)

Thisintegrandhasa saddlepointwhere

: [ (y—B)w+ (é—Z)Wlog(—w)]zo

dw
sothat 1 5
__z y— — W
W=—g%P [ 2-1) IogZ] W)
which satisfiesfi(y) — — asy — —co. Thenthe standardsaddlepoint approximatiorto ( 85) yields
zf 5 1
1 1 1 2
X o Bre<p [ﬁ <@—Z) (W—W) ]dw (86)
_2 1 B—y  2-1/log2 B-y
~ Te/2l092 = ex'0[2—1/|ogz e o P\2-1/log2

for y - —o. Thus,theleft tail is very small andthe behaior of P(y) asy — —oo is similar to that of an
extremevaluedistribution (i.e., double-&ponentialdistribution).
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Now takey — +o0 anduse( 71 on page56) to get
1 woel N\ 1 w2
P ~ ’ = = A YW—w +(1-2y—2log2)w ]
(y) o BrC exp (/1 5 du) W dw. (87)

Thesaddlepoint now satisfies
d w2¢H
dw [—W”fl Td“] =0

ory=2e"/w. Letw, = w,(y) bethe solutionto ( 19 on page47) that satisfiesw, —  asy — . Then
expandingtheintegrandin ( 87) aboutw = w, (y) andusingthe standardsaddlepoint approximatioryields

C. N W 2!
P(y) memp[—w*+/l Tdu—wf—(Zy—i—ZlogZ)w* (88)

asy — o, fromwhich ( 18 on page47) easilyfollows. Thusfor y — « we have P(y) = exp[O(—ylogy)] and
hencetheright tail is thinnerthantheright tail of anextremevaluedistribution. ¢, From( 19 on page47)it is

easyto shav that
logl 2
w, = log (%) +Iog|og()—2/) +%§/Z/))(1+0(1)), y — 00, (89)
For fixedz andy we have,asn — o,
Prita—E(c)<nd ~ [ Piydy (90
PrlLn—E(Ln) >Ny ~ /yw P(u)du. (91)

If z— —o0 or y — +o0, thentheseintegrals may be evaluatedasymptoticallyusing ( 86 on the preceding
page)and( 88),andwe obtaintheresults( 17 on page46)and( 18 on page47), respectiely.

This derivationof theexpansionof P(y) asy — + hasthedisadwantagean thatit assumeshe existence
of certainsaddlepoints. However, we canobtainthe identicalresultssimply by usingthe integral equation
for P(y), whichwe now show.

Let uswrite ( 83 ontheprecedingpage)in theform

P(y+1):]1 1 /_ZF,(EH/Z—CP(X))P<—2+y/2—cp(><))d€dx (92)

0o X(1—x) 1-—x X

andassumehatfor y — —oo, P(y) hastheform
P(y) ~ de”exp[—ae™] (93)

for someconstantsa, b, ¢, d. Using ( 93) in ( 92) we find thatthe major contribution to the doubleintegral
will comefrom (x,&) = (3,0). After scalingx = 3(1+ €”/2u) andg = €”/2n we obtain

de’e” exp[—ae e ~ 26"d? exp[—2ae” Ve 1092

X ezcye“c'ogz/ / exp[—v(u(y+2log2) + 2n)%b? — 2vb(u?(y + 2log2 — 1) + 2nu)] dudn
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wherev = aeg"?'°92, Thedoubleintegralis equalto 1(2v) ~tb~%/?(2— 1/b)~Y/? andthustheabove yields

- )

de¢ = 2g2Tt ghclog2py-3/2g2blog?2 2_} 12
2a b .

1 2a 4, [ 1
= - = — = — 2— —
b= logz ¢ P A= P2 (%5)

anda remainsarbitrary But then( 93 onthepagebefore)is equivalentto ( 86 on pageb9)if weidentify a as

_ 2—1/log2 B
4= "¢ ex'0[2—1/|og2]'

oeDlog2 _  ob oy _ fb+2o)y (94)

Wethushave

(96)

Next we considely — +oo andwrite theequatiorfor P(y) in theform

Py+1 =2 — | Pmp <y+ W) dndx. (97)

—00

We seeksolutionsin the WKB form
P(y) ~Gy)EY,  y— 4w (98)

wherelogG varieslessrapidly thanF. Then( 97) maybeapproximatedy

FOHFUIGY)+ G (y)+-] [1+ %F” (y)+- ] = (99)

2

1—x 2 1—x dndx.

After scalingx = w/[—yF'(y)], the leadingterm in the right side of ( 99) is & ¥ G(y)(—2)/(yF'(y)) and
hence >

FV=__= 100)

P ) ‘

After somecalculationwe obtainthefollowing lineardifferentialequatiorfor G:
1 G 2G G F
I, TRl 2 22 —VFV - — 4+ —G. 101
G +2F G Ty [y+log(—yF")] F’+ (F,)ZG (101)

Equation( 100)is afirst ordernon-linearordinarydifferentialequatiorfor F, whichis really justatranscen-
dentalequationfor F'. SettingF'(y) = —w,(y) we have

Wi (y) & &
—/ 7 (? _ ?) 4 (102)

- —w*+2/w*%dz

I

Fly) = —/yw*(t)dt
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wherewe have used( 100ontheprecedingpage)to changehevariableof integration.But thenthedominant
exponentialtermsin ( 88 on page60) and( 98 on the precedingpage)agreeprecisely To solve ( 101onthe
pagebefore)we changevariablesy +» w, andwrite ( 101 ontheprecedingpage)as

G(y  F'(y) dG _ INTHT R 1, 1 2F 2(y+log2)
Gy G aw  \UTE) [FE 2 Tty Ty (103)
wherewe have usedlog(—yF') = Iog(Ze‘F') =log2—F'. From( 1000nthe pagebefore)we get
1 1 1
We [ — & =1 _ -
(o) RO =3 (104)
Using( 104)in ( 103)we obtain,aftersomecalculation,
1dG = }—}L—ZW*—Z(V-HOQZ). (105)

Gdw, 2 2w,—1
Solving ( 105) we seethat ( 98 on the pagebefore)is equialentto ( 88 on page60), noting that , /y =

V2/w, exp(w,/2). Of course,G is determinedbnly up to a multiplicative constantwhich corresponds$o
C./(2y/m) in ( 88 0n pages0).
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