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In [26, 28] Valiant developedan algebraicanalogueof the theoryof NP-completenessfor computationsof poly-
nomialsover a field. We further develop this theoryin the spirit of structuralcomplexity andobtainanaloguesof
well-known resultsby Baker, Gill, andSolovay[1], Ladner[18], andScḧoning[23, 24].

We show that if Valiant’s hypothesisis true, thenthereis a p-definablefamily, which is neitherp-computablenor
VNP-complete.More generally, we definetheposetsof p-degreesandc-degreesof p-definablefamiliesandprove
that any countableposetcanbe embeddedin eitherof them,provided Valiant’s hypothesisis true. Moreover, we
establishtheexistenceof minimalpairsfor VP in VNP.

Over finite fields, we give a specificexampleof a family of polynomialswhich is neitherVNP-completenor p-
computable,providedthepolynomialhierarchydoesnotcollapse.

Wedefinerelativizedcomplexity classesVPh andVNPh andconstructcompletefamiliesin theseclasses.Moreover,
weprove thatthereis a p-family h satisfyingVPh � VNPh.

Keywords: Structuralcomplexity, Algebraictheoriesof NP-completeness,diagonalization,Posetof degrees.

1 Introduction
Oneof themostimportantdevelopmentsin theoreticalcomputerscienceis theconceptof NP-completeness.
Recently, initiatedby a paperby Blum, Shub,andSmale[6] (BSS-model),therehasbeena growing in-
terestin investigatingsuchconceptsover generalalgebraicstructures,with thepurposeof classifyingthe
complexity of continousproblems.But alreadytenyearsearlier, Valiant [26, 28] haddevelopeda con-
vincinganalogueof thetheoryof NP-completenessin anentirelyalgebraicframework, in connectionwith
his famoushardnessresultfor thepermanent[27]. In fact,thegeneratingfunctionsof many NP-complete
graphproblemsturn out to be completein Valiant’s sense(cf. [7]). The major differencesbetweenthe
BSS-modelandValiant’s modelarethe absenceof uniformity conditionsin the latter, andthe fact that
only straight-linecomputationsareconsidered(nobranching).Both structuredmodelsareadaptedto the
framework of polynomialcomputations,andwebelievethatthey will beusefulfor classifingtheintrinsic
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1365–8050 c
�
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complexity of problemsin numericalanalysisandin computeralgebra(compareSmale[25], Heintzand
Morgenstern[16]).

Ourgoalis to furtherdevelopValiant’sapproachalongthelinesof discretestructuralcomplexity theory.
We show that if Valiant’s hypothesisis true, then,over any field, thereis a p-definablefamily which

is neitherp-computablenor VNP-complete.A similar resultdueto Ladner[18] in the classicalP-NP-
settingis well-known. Ladner’s proof is a diagonalizationargumentbasedon an effective enumeration
of all polynomial time Turing machines.However, over uncountablestructures,this approachcauses
problems.Malajovich andMeer[20] carriedover Ladner’s theoremto thesettingof theBSS-modelover
thecomplex numbersby employinga transferprincipledueto Blum et al. [5], which allows a reduction
to the countablefield of algebraicnumbers.Thecorrespondingquestionover the realsis still open,but
it is known to be true undera nonuniformityassumption,cf. Ben-David et al. [3]. Oneof the reasons
ourproof worksover any field is thenonuniformityof Valiant’smodel.(For a detailedtreatmentof these
questionsin a generalmodel-theoreticcontext seeChapuisandKoiran[11].)

In [23] Scḧoning founda powerful anduniform techniquefor proving theexistenceof certain“diag-
onal” recursive sets.We developa similar techniqueadaptedto Valiant’s setting.In this framework, the
essenceof enumerationanddiagonalizationargumentscanbeneatlycapturedby our notionof a σ-limit
set, whichservesasasubstitutefor therecursively presentableclassesin Scḧoning’sapproach.

In Sect.3 on page76 we formalize this in a generalabstractsettingby studyingcertaincompatible
quasi-orderson thesetΩ � of familiesin a quasi-orderedset � Ω ����� , andby proving anabstractdiagonal-
izationtheorem.Basedon this theorem,weproceedin Sect.4 on page78 by providing anelegantproof
thatany countableposetcanbeembeddedin theposetof degreescorrespondingto a compatiblequasi-
order. This is appliedin Sect.5 on page81 in Valiant’s settingto ananalogueof thepolynomialTuring
reduction(c-reduction),aswell asto the p-projection. A similar resultin theclassicalP-NP-settingfor
polynomialTuring or polynomialmany-onedegreeswasstatedby Ladner[18]; however, hepresenteda
proof in a specialcaseonly. We further remarkthat the existenceof minimal pairsfor VP in VNP can
beeasilyguaranteedby our approach.(SeeLandweberet al. [19] andScḧoning [24] for corresponding
resultsin theclassicalP-NPsetting.)

A striking discovery is thatwe candescribespecificfamiliesof polynomialswhich areneitherVNP-
completenor p-computable.In fact, the family of cut enumeratorsover a finite field of characteristicp
hasthis property, providedModpNP is not containedin P	 poly. (The latter conditionis satisfiedif the
polynomialhierarchydoesnotcollapseatthesecondlevel.) In theclassical,aswell asin theBSS-setting,
only artificial problemsareknown to have suchproperties.This is discussedin Section6 onpage83.

Finally, in Sect.7 onpage87,wedefinerelativeversionsVPh andVNPh of Valiant’scomplexity classes
with respectto a p-family h. For these,we have obtainedsomeresultsin the spirit of Bakeret al. [1].
(WeremarkthatEmerson[13] hastransferedsuchresultsto theBSS-model.)Over infinite fields,wecan
constructVPh-completeandVNPh-completefamilieswith respectto p-projection.In particular, thisgives
a proof for theexistenceof VNP-completefamilies,which is independentof Valiant’s intricatereduction
for thepermanent.Moreover, we canconstructa p-family h satisfyingVPh 
 VNPh. We do not know
whetherthereexistsa p-family h suchthatVPh �
 VNPh.

2 Valiant’s Model
We briefly recall the main featuresof Valiant’s algebraicmodel. For detailedexpositionsseevon zur
Gathen[15] and[9, Chap.21].
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In this sectionΩ : 
 k � X1 � X2 ���� � denotesthe polynomialring over a fixed field k in countablymany
variablesXi . A p-family over k is a sequencef 
 � fn ��� Ω � of multivariatepolynomialssuchthat the
numberof variablesaswell asthedegreeof fn arepolynomiallybounded(p-bounded)functionsof n. An
exampleof a p-family is thepermanentfamily PER 
 � PERn � , wherePERn is thepermanentof ann by
n matrixwith distinctindeterminateentries.

Let L � fn � denotethe total complexity of fn, that is, the minimum numberof arithmeticoperations� ������� sufficient to computefn from thevariablesXi andconstantsin k by a straight-lineprogram.We
call a p-family f p-computableif f n �� L � fn � is p-bounded.The p-computablefamiliesconstitutethe
complexity classVP. We remarkthat the restrictionto p-boundeddegreesis a severe one: although
X2n

can be computedwith only n multiplications,the correspondingsequenceis not consideredto be
p-computable,asthedegreesgrow exponentially.

A p-family f 
 � fn � is called p-definableif f thereexists a p-computablefamily g 
 � gn � with gn �
k � X1 ������ Xu� n� � suchthatfor all n

fn � X1 ������ Xv � n� � 
 ∑
e� � 0 ! 1" u# n$&% v # n$ gn � X1 ������ Xv � n� � ev � n�(' 1 ������ eu� n� �) (1)

Thesetof p-definablefamilies form thecomplexity classVNP. TheclassVP is obviously containedin
VNP, andValiant’s hypothesisclaimsthat this inclusionis strict. We canconsiderthis asan algebraic
counterpartof thewell-known hypothesisP �
 NP dueto Cook[12]. Let usmentionthefollowing recent
resultdueto theauthor, which revealsa closeconnectionbetweenthesetwo hypotheses.

Theorem 2.1([8]) If Valiant’shypothesiswere falseoverthefieldk, thenthenonuniformversionsof the
complexity classesNC, P, NP, and PH would be equal. In particular, the polynomialhierarchy would
collapseto the secondlevel. Hereby, weassumethat k is finite or of characteristiczero; in the second
caseweassumea generalizedRiemannhypothesis.

Weshallnow definea quasi-order� p calledp-projectiononthesetΩ � of familiesin Ω. A polynomial
fn is saidto beaprojectionof apolynomialgm � k � X1 ������ Xu� , for short fn � gm, if f

fn � X1 ����*� Xv � n� � 
 gm � a1 ������ au � (2)

for someai � k +-, X1 ����*� Xv � n�/. . Thatis, fn canbederivedfromgm throughsubstitutionby indeterminates
andconstants.Let uscall afunctiont: 01�20 p-boundedfromaboveandbelowif f thereexistssomec 3 0
suchthat n14 c � c � t � n�5� nc � c for all n. We call a p-family f 
 � fn � a p-projectionof g 
 � gm� , in
symbolsf � p g, if f thereexistsa functiont: 01�60 whichis p-boundedfrom above andbelow suchthat7

n0 8 n 9 n0 : fn � gt � n�  (3)

We remarkthat our definition of � p differs slightly from the onegiven in [26]. On the onehand,we
requiretherelation fn � gt � n� to holdfor sufficiently largen only. In turn,in orderto guaranteetransitivity
of � p, wehave to makesurethatt � n�:� ∞ asn � ∞. For ourpurposes,it is convenient(but notessential)
to achieve thisby requiringthatt is growing at leastpolynomially.

Finally, a p-family g � VNP is calledVNP-complete(with regardto p-projection)if f any f � VNP is a
p-projectionof g.



76 PeterBürgisser

In [26] Valiantobtainedtheremarkableresultthatthepermanentfamily (if chark �
 2) andthefamily of
Hamiltoncycle polynomialsareVNP-complete.It turnsout that thegeneratingfunctionsof severalNP-
completegraphproblemslike Clique,factors,Hamiltoncyclesin planargraphsetc.areVNP-completeas
well (cf. [7]).

3 An Abstract Diagonalization Theorem
Letaquasi-orderedset � Ω ���;� befixed.Elementsof thesetΩ � of sequencesin Ω will becalledfamiliesin
thesequel.We mayformally definea quasi-order� p (theabstractp-projection)onthesetΩ � of families
asin ( 3 on thepagebefore).Two families f andg aresaidto bep-equivalentif f f � p g andg � p f . We
call theequivalenceclassesp-degreesanddenoteby < p theposetof all p-degreeswith thepartialorder
inducedby � p. f = p g shallmeanthat f � p g but notg � p f . The join f + g of two families f � g � Ω � is
definedas

f + g : 
 � f0 � g0 � f1 � g1 � f2 � g2 ���� �) (4)

It is easyto seethat the join of two p-degreesis well-definedandthat it is thesmallestupperboundof
thesep-degreesin < p. Theposet< p of p-degreesis thusa join-semilattice.

Definition 3.1 By a cylinder in Ω � we shall understanda set of families of the form F > Ω � , where
F ? Ωn for somen ��0 . A limit of cylindersis definedasacountableintersectionof cylinders.By σ-limit
setin Ω � weshallunderstanda countableunionof limits of cylinders.

We remarkthat countableunionsand finite intersectionsof σ-limit setsare againσ-limit sets. In
Example3.5 on page78 at theendof this section,we will seethat theσ-limit setsarenot closedunder
the formationof complementsandcountableintersections.Note that if Fν ? Ωnν for nν �@0 , thenthe
cartesianproduct∏ν Fν is a limit of cylinders.

Lemma 3.2 , h A h � p g . and , h A f � p h . are σ-limit setsfor all f � g � Ω � .

Proof. It is convenientto usetheabbreviation

I � c � n� : 
 , m A n14 c � c � m � nc � c .  (5)

Notethath � p g canbeexpressedby thefollowingpredicate7
c 3 0

7
n0 8 n 9 n0

7
m : m � I � c � n�CB hn � gm � (6)

wherethequantificationis over naturalnumbers.Thusif weset

U � c � n� : 
 , u � Ω A 7 m : m � I � c � n��B u � gm . � (7)

thenwecanwrite , h A h � p g . 
2D
c ! n0

E
Ωn0 > ∏

nF n0

U � c � n�/GH� (8)

hence, h A h � p g . is a σ-limit set.
On the otherhand,we may write , h A f � p h . asthe countableunion over all c � n0 of the following

limits of cylinders I
nF n0

D
m� I � n ! c �

E
Ωm >J, v � Ω A fn � v . > Ω � G  (9)

Therefore,, h A f � p h . is aσ-limit set. K
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Weremarkthattheorder � p is compatiblewith thejoin in thefollowingsense:for all σ-limit setsLM?
Ω � theset ,N� f � g�OA f + g �-L . is aσ-limit subsetof � Ω > Ω �P� via theidentificationΩ ��> Ω �Q�R� Ω > Ω �P�
sending��� fn �S��� gn ��� to ��� fn � gn ��� .

We call a family � fn � afinite variationof a family � gn � if f fn 
 gn for all but finitely many n. Notethat
if f is afinite variationof g, then f andg arein thesamep-degree.Subsetsof Ω � whichareclosedunder
finite variationcaptureasymptoticpropertiesof families � fn � for n � ∞. (In probabilitytheoryonecalls
themtail events.)

Thefollowingabstractdiagonalizationtheoremis inspiredby Scḧoning’suniformdiagonalizationtheo-
rem[23] (seealsoBalcázaretal. [2]). Wenotethattheσ-limit setsserve asasubstitutefor therecursively
presentableclassesappearingthere.

Theorem 3.3 Let LT��U be σ-limit setsof Ω � which are closedunder finite variation. Moreover, let
f � g � Ω � such that f ��VL andg ��WU . Thenthere existsh � Ω � satisfyingh � p f + g andh ��VLX+@U .

Proof. As L and U areσ-limit sets,we have representationsL 
ZY
i [ j L i j and U 
ZY

i [ j U i j whereL i j and U i j arecylindersin Ω � . Clearly, we mayassumethat L i0 \ L i1 \ �� and U i0 \ U i1 \ �� . We
denoteby πn theprojectionΩ ��� Ωn ��� fν �]��^� f0 ������ fn_ 1 � .

By induction,we aregoing to constructan infinite sequenceb0 : 
 0 = a1 = b1 = a2 = b2 =`�� of
naturalnumberssuchthatthecorresponding“mixture” h of thefamilies f andg definedby

hν : 
ba fν if bs_ 1 � ν = as for somes
gν if as � ν = bs for somes

(10)

satisfiesfor all i
πai � h� �� πai �cL iai �S� πbi � h� �� πbi ��U ibi �) (11)

Let usfirst show thattheresultingh fulfills therequirementsof thetheorem.It is clearthath � p f + g.
Assumeby contradictionthath �dL . Thenthereexistssomei suchthath �dL i j for all j . Choosingj 
 ai ,
wegeta contradictionto ( 11). Analogously, oneshowsthath ��eU .

Assumenow thatwe have alreadyconstructed0 = a1 = b1 =Z��f= ai _ 1 = bi _ 1. Thentheelementshν
for ν = bi _ 1 arealreadydetermined.Considerthefollowingfinite variation

f̃ : 
 � h0 � h1 ������ hbi % 1 _ 1 � fbi % 1 � fbi % 1 ' 1 ���� � (12)

of thefamily f . Since f ��VL and L is closedunderfinite variation,we have f̃ ��VL . Therefore,f̃ ��VL i j

for some j . As L i j is a cylinder, thereexistsN suchthat L i j

 π _ 1

n � πn ��L i j ��� for all n 9 N. Now choose
ai : 
 max, bi _ 1

�
1 � j � N . . Thenwehave

π _ 1
ai

� πai ��L iai ���g? π _ 1
ai

� πai ��L i j ��� 
 L i j  (13)

Therefore,πai � f̃ � �� πai ��L iai � . Thecorrespondingextensionof thesequenceh up to index ai � 1 therefore
satisfiesthe desiredproperty. The index bi can be found similarly by consideringthe finite variation
g̃ 
 � h0 ������ hai _ 1 � gai � gai ' 1 ���� � of thefamily g. K

By inductiononecaneasilygeneralizeThm.3.3to anarbitraryfinite numberof σ-limit sets.

Corollary 3.4 Let L 1 ������hL s be σ-limit setsof Ω � which are closedunderfinite variation and let fi �
Ω �jiOL i for i 
 1 ������ s. Thenthere existsh � Ω � satisfyingh � p f1 +@���+ fs andh ��VL i for all i.
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Example3.5 ConsiderΩ 
 , 0 � 1 . with thenaturalorder � . We definethesupportof a family h � Ω �
as , ν A hν

�
 0 . . The familieswith finite supportform a σ-limit set U . We claim that the complementL of U is not a σ-limit set. In fact, otherwise,Thm. 3.3 on the pagebeforewith the constantfamilies
f 
 � 0� ��kL andg 
 � 1� ��1U would imply theexistenceof a family h ��kLl+mU , which is absurd.This
examplealsoshowsthattheσ-limit setsarenotclosedundertheformationof countableintersections:we
have L 
on

n L n, whereL n denotestheσ-limit set L n : 
 + mF n � Ωm >J, 1 . > Ω �p� .
4 An Abstract Embedding Theorem
Again let a quasi-orderedset � Ω ����� befixedanddenoteby � p thecorrespondingabstractp-projection.
Weextendourdiscussionto any quasi-orderon Ω � whichsatisfiescertaincompatibilityconditions.

Definition 4.1 A quasi-order� c of Ω � is calledcompatible, if f thefollowingconditionsaresatisfied:

(a) 8 f � g : f � p g q f � c g.

(b) 8 f � g � h : f � c h � g � c h q f + g � c h.

(c) , h A h � c g . and , h A f � c h . areσ-limit setsfor all f � g � Ω � .

Observe that � p is acompatiblequasi-orderingby Lemma3.2onpage76.
In thesequel,let acompatiblequasi-order� c onΩ � befixed.Wecall two families f andg c-equivalent

if f f � c g andg � c f . Thecorrespondingequivalenceclassesarea unionof certainp-degreesandcalled
c-degrees. f = c g shallmeanthat f � c g, but notg � c f . Wesaythat f = p g holdsstronglyif f f � p g and
f = c g.

Let � X ��?�� bea poset.A mapϕ:X � Ω � is calledanembeddingof X in Ω � (with respectto � c) if
x ? y impliesϕ � x�r� c ϕ � y� andviceversa.Wecall ϕ astrongembeddingif f ϕ is anembeddingandx ? y
impliesevenϕ � x�r� p ϕ � y� .

Thegoalof thissectionis to provethefollowingabstractembeddingtheorem.

Theorem 4.2 For anycountableposet� X ��?�� andelementsf � g � Ω � with f = c g there is anembedding
X �R, h A f = c h = c g . . If additionally f � p g, thenthere is a strongembeddingX �s, h A f = p h = p g . .

Theproof will bebasedon a sophisticatedapplicationof our abstractdiagonalizationtheorem3.3 on
thepagebefore.In thenext lemma,wesettlethespecialcasewhereX consistsof onepointonly.

Lemma 4.3 For f � g � Ω � with f = c g there existsh � Ω � such that f = c h = c g. If also f � p g, thenwe
mayadditionallyachievethat f � p h � p g.

Proof. L : 
 , h A g � c h + f . and U : 
 , h A h � c f . areσ-limit sets,as � c is compatible.(Observe thatt
: 
 , huvA g � c hu . andthus L 
 , h A h + f � t . is a σ-limit setby theremarkfollowing Lemma3.2

on page76.) Moreover, L and U areclosedunderfinite variation(useproperty(a) in Def. 4.1). By our
assumptionf = c g wehave f ��-L andg ��eU .

Theorem3.3 on theprecedingpageimpliestheexistenceof somehuw� Ω � satisfyinghux� p f + g and
hu ��-Ly+zU . Now puth : 
 huP+ f . Usingproperty(b) in Def.4.1weconcludefrom f � c g that f � p h � c g.
Ontheotherhand,sincehu ��-Ly+JU , wehavethestrict inequalitiesf = c h = c g. Of course,if additionally
f � p g, thenweevengeth � p g. K
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We needtwo furtherauxiliary results.

Lemma 4.4 Anycountableposet� X ��?�� canbeembeddedin a countablelattice.

Proof. For y � X denoteby Xy : 
 , x � X A x ? y. the initial segmentof y. Let { denotethe boolean
subalgebrageneratedby all initial segments.{ is acountablelatticewith respectto inclusionandthemap
X �6{|� y �� Xy obviouslydefinesanorderisomorphism. K
Lemma 4.5 Let � X ��?�� bea countablelattice. Thenthere existsan enumeration x0 � x1 � x2 ���� of X such
thateach Xn : 
 , x0 ������ xn . is closedundertakingmeets:that is, x n y � Xn for all x � y � Xn.

Proof. WemayassumethatX is infinite. Letν:X �20 beany enumerationof X. Weproceedrecursively:
setx0 : 
 ν _ 1 � 0� . Assumenow thatx0 ������ xn_ 1 arealreadyconstructed.Let zn � X i Xn_ 1 suchthatν � zn �
is minimalandconsiderthefinite set

Mn : 
 , zn
n x A x � Xn_ 1 � zn

n x �� Xn_ 1 .  (14)

If Mn is empty, weputxn : 
 zn. ThenXn is obviouslyclosedundertakingmeets.
Otherwise,let zn

n x bea minimal elementof Mn w.r.t. ? anddefinexn : 
 zn
n x. To show thatXn is

closedundertheformationof meets,let a � Xn_ 1. Wehavexn
n a 
 � zn

n x� n a 
 zn
n xu , wherexu : 
 x n a

is in Xn_ 1 by theinductionhypothesis.By theminimality in Mn weseethatin factxn
n a � Xn.

It remainsto show that x0 � x1 ���� exhaustall elementsof X. If this werenot the case,takez � X i, x0 � x1 ���� . with a minimumvalueof ν. Hencethereexistsn0 suchthat

, y A ν � y�5= ν � z� . ?}, x0 ����h� xn0 .  (15)

Therefore,wehave zn

 zandMn

�
 /0 for all n 3 n0. It is easyto checkthatMn' 1 ? Mn ir, xn . for n 3 n0.
Thuswewouldobtaina infinite strictly descendingchainof subsetsin thefinite setMn0, whichis absurd.K
Proof. (of Thm.4.2ontheprecedingpage)Let � X ��?�� beacountableposetandassumethat f = p g holds
strongly. (Thecasewhereweonly know that f = c g canbesettledsimilarly.)

By theLemmas4.4and4.5wemayassumethat � X ��?�� is a latticeandthatx0 � x1 ���� is anenumeration
of X suchthateachXn


 , x0 ������ xn . is closedundertheformationof meets.
By inductionon n, we shall constructmapsϕn:Xn � Ω � satisfyingϕn A Xn% 1


 ϕn_ 1 andsuchthat the
following two propertiesaresatisfied:

(a) f = p
n

x � Xnϕn � x� strongly �]+ x � Xnϕn � x�r= p g strongly.

(b) For all x � y� y1 ������ ys � Xn wehave

x ? y q ϕn � x�5� p ϕn � y�S� ϕn � x�5� c ϕn � y1 �N+@���+ ϕn � ys �gq x ? y1 +@���+ ys  (16)
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The inductionstartwheren 
 0 is guaranteedby Lemma4.3 on page78. Now let n 3 0 andassume
thatx0 ������ xn_ 1 satisfyingthe claim arealreadyconstructed.To simplify notationwe write ϕ : 
 ϕn_ 1,
A : 
 Xn_ 1, andz : 
 xn. Let a1 ������ ap denotethe maximalelementsof A which aresmallerthanz and
b1 ����*� bq bethe minimal elementsof A which arebiggerthanz. Thusfor all x � y � A therelationx ? z
impliesx ? ai for somei andz ? y impliesb j ? y for somej .

We aregoingto distinguishseveralcases.

Case1: p 9 1 � q 9 1.

We setu : 
 ϕ � a1 �~+m��P+ ϕ � ap � ando : 
 ϕ � b1
n �� n bq � (notethat this is well defined,asA is closed

undertakingmeets).Clearlyu � p o. For x � A andy 
 � y1 ����h� ys�r� As wedefinetheset

U y : 
 , h A h � c ϕ � y1 �x+����+ ϕ � ys � . (17)

if z �? y1 +@���+ ys, s 9 1, andwedefine

L x ! y : 
 , h A ϕ � x�5� c h + u + ϕ � y1 �x+@���+ ϕ � ys � . (18)

if x �? z + y1 +@��(+ ys, s 9 0. All thesesetsU y �hL x ! y areσ-limits andclosedunderfinite variation.Thereis
atmosta finite numberof them.

We claim thatu lies in noneof thesetsL x ! y. Otherwise,wewouldhave ϕ � x�5� c u + ϕ � y1 �x+����+ ϕ � ys �
whichimplied by (b) thatx ? a1 +����+ ap + y1 +@��(+ ys ? z + y1 +@���+ ys, contradictingourassumption.
In thesamewayoneseesthato lies in noneof thesetsU y.

By Cor. 3.4 on page77 of theabstractdiagonalizationtheorem,thereis someh which lies in noneof
thesets U y and L x ! y andsuchthath � p u + o � p o. We extendnow the mapϕ 
 ϕn_ 1 to Xn by setting
ϕn � z� : 
 h + u. Thencondition(a) of theinductiveclaim is obviouslysatisfied.Moreover, wehave

ϕ � ai �r� p u � p ϕn � z�r� p o � ϕ � b j � (19)

for all i � j , which,togetherwith theinductivehypothesis,shows thatx ? y impliesϕn � x�5� p ϕn � y� for all
x � y � Xn. To provethesecondpartof theclaim(b) assumethatϕn � z�]� c ϕ � y1 ��+J��(+ ϕ � ys � . If wehadz �?
y1 +J���+ ys, thenwewouldobtainthecontradictionh �eU y, Similarly, ϕ � x�r� c ϕn � z��+ ϕ � y1 ��+J���+ ϕ � ys �
impliesx ? z + y1 +@���+ ys, sinceh ��dL x ! y. Thisprovespart(b) of theclaim.

Case2: p 9 1 � q 
 0.

By Lemma4.3 on page78 thereexists gu suchthat + x � Aϕ � x��= p gu~= p g holdsstrongly. We setu : 

ϕ � a1 �~+m��P+ ϕ � ap � but now we defineo : 
 gu . For the sets U y and L x ! y introducedas above we have
u ��WL x ! y and o ���U y. By Cor. 3.4 on page77 thereis someh lying in noneof the U y �hL x ! y and such
that h � p u + o � p o, andwe defineϕn � z� : 
 h + u. Thencondition(a) of the claim remainsvalid, as+ x � Xn � p gu andgux= p g stronglyholds.Theremainingconditionscanbecheckedasin Case1.

Case3: p 
 0 � q 9 1.

By Lemma4.3on page78 thereexists f u suchthat f = p f ux= p
n

x � A holdsstrongly. We takeu : 
 f u and
o : 
 ϕ � b1

n �� n bq � . ThesetsU y andL x ! y aredefinedasbefore,but usingtheelementu 
 f u . Weproceed
now similarly asbefore.
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Case4: p 
 0 � q 
 0.

By Lemma4.3onpage78thereexist f u�� gu satisfyingf = p f u�= p
n

x � A and + x � Aϕ � x�g= p gu�= p g strongly.
Takeu : 
 f u , o : 
 gu , andproceedsimilarly asbefore. K
5 Structure of Valiant’s Complexity Classes
In this section,we applyour previous resultsto thesettingof Valiant. Let Ω : 
 k � X1 � X2 ���� � denotethe
polynomialring over a fixedfield k in countablymany variablesXi andconsidertheprojection � , which
is a quasi-orderon Ω. (Recallthat f � g if f f canbeobtainedfrom g by a substitutionof its variablesby
variablesor constantsin k.) Thecorrespondingquasi-order� p on Ω � is theusualp-projection.

To avoid confusions,we remarkthatin thefuturesymbolslike f � g � h ���� will beusedto denoteeither
polynomialsor sequencesof polynomials;it will alwaysbeclearfrom thecontext whatis meant.

We introducethe conceptof oraclecomputations.Let a polynomialg � k � X1 ������ Xs� be given. We
considerstraight-lineprogramswhich,besidetheusualarithmeticoperations,have theability to evaluate
the “oracle polynomial” g at previously computedvaluesat unit cost. This can easily be formalized
by consideringstraight-lineprogramsΓ of type , � �������N� o . , wherethe symbolo standsfor the oracle
operationof arity s.

Definition 5.1 Theoraclecomplexity Lg � f1 ������ ft � of a setof polynomialsf1 ����*� ft � Ω with respectto
theoraclepolynomialg is theminimumnumberof arithmeticoperations

� ������� andevaluationsof g (at
previouslycomputedvalues)thataresufficientto computethe f j from theindeterminatesXi andconstants
in k.

We introducenext the notion of c-reduction,which can be seenas an analogueof the polynomial
Turing reductionfor Valiant’s setting. (c is anacronym for computation.)Onemight alsointerpretthe
p-projectionasan analogueof the polynomialmany-onereduction,however, the p-projectionis much
finer.

Definition 5.2 Let f 
 � fn � , g 
 � gn �5� Ω � . We call f a c-reduction(or polynomialoraclereduction)of
g, shortly f � c g, if f thereis a p-boundedfunctiont: 0W��0 suchthatthemapn �� Lgt # n$ � fn � is p-bounded.

It easyto checkthat � c is a quasi-orderof Ω � . Note that for a p-family f we have f � c 0 if f f is
p-computable.

Lemma 5.3 Thec-reduction� c is a compatiblequasi-orderon Ω � .

Proof. Theverificationof conditions(a)and(b) of Def. 4.1onpage78 is straightforward.Condition(c)
will beshown similarly asin theproofof Lemma3.2onpage76. Wecanexpressh � c g by thefollowing
predicate 7

c 8 n
7
m : m � nc � c B Lgm � hn �g� nc � c  (20)

If wewrite
V � c � n� : 
 , u � Ω A 7 m � nc � c : Lgm � u�g� nc � c. � (21)

thenwehave , h A h � c g . 
oY
c ∏nV � c � n� , whichshows thatthis is aσ-limit set.
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On theotherhand,we maywrite , h A f � c h . asthecountableunionover all c of thefollowing limits
of cylinders I

n

D
m� nc ' c

E
Ωm >J, v � Ω A Lv � fn �g� nc � c. > Ω � G  (22)

K
Corollary 5.4 Thesetof p-familiesaswell astheclassesVP andVNP are σ-limit sets.

Proof. Weleave it to thereaderto checkthattheset� of p-familiesis aσ-limit. Let g beVNP-complete
w.r.t. p-projection.We have VP 
 , f � Ω �|A f � c 0 . n � andVNP 
 , f � Ω �|A f � p g . . Thuswemay
concludefrom Lemma5.3 on thepagebeforeandthe fact that the p-projectionis compatible,thatboth
of thesesetsareσ-limits. K

Let us call a p-degreeor a c-degree p-definableif f it containsa p-definablefamily. Note that a p-
definablep-degreeconsistsof p-definablefamiliesonly, whereasa p-definablec-degreemight alsocon-
tain familieswhicharenot in VNP. This is becausef � c g andg � VNP might not imply that f � VNP.
We denoteby �-< p the set of p-degreesof p-definablefamilies and by �-< c the set of c-degreesof
p-definablefamilies.

Remark 5.5 1. Theposet�-< p hasa uniquemaximalp-degreewhichconsistsof theVNP-complete
familieswith respectto p-projection.Any family � fn � of constants(i.e., fn � k for all n) constitutes
a minimal p-degreein �-< p, andtheseareall theminimal p-degreesin �-< p. (Hence�-< p hasat
leastthecardinalityof thecontinuum.)

2. Theposet�-< c hasa uniquemaximalc-degreewhich consistsof theVNP-completefamilieswith
respectto c-reduction. The complexity classVP forms the uniqueminimal c-degree in �-< c.
Valiant’shypothesis“VNP �
 VP” meansthat �-< c consistsof morethanoneelement.

Themainresultof this sectionis analogousto thatof Ladner’s work [18]. It followsnow easilyfrom
ourabstractembeddingtheorem4.2onpage78.

Theorem 5.6 Any countableposetcan be embeddedin the poset�-< p. If Valiant’s hypothesisis true,
thenanycountableposetcanbeembeddedin theposet�-< c.

Notethattheresulton �-< p is unconditionaldueto Remark5.5.1.

Corollary 5.7 If Valiant’shypothesisis true,thenthereisa p-definablefamilywhich isneitherp-computable
nor VNP-completewith respectto c-reduction.

We finally show thatananalogueof Scḧoning’s generalminimal pair theorem[24] holdsin Valiant’s
setting.We call a pair of familiesϕ � ψ � Ω � a minimalpair for VP if f ϕ andψ arenot containedin VP
and 8 h � Ω � : h � c ϕ B h � c ψ 
 q h � VP  (23)

Theorem 5.8 Assumethat L�? Ω � is a σ-limit setcontainingVP which is closedunderfinitevariation,
andlet f � g � Ω ��iOL . Thenthere exist ϕ � ψ � Ω ��iOL such that ϕ � p f , ψ � p g, andsuch that ϕ � ψ is a
minimalpair for VP.



OntheStructureof Valiant’sComplexity Classes 83

Proof. Let L 
 Y
i [ j L i j with cylinders L i j satisfying L i j \ L i j ' 1. By induction,we will constructa

sequence0 
 a10 = a11 = a12 = a13 = a14 = a15 = a20 =H���= a25 =o�� of naturalnumberssatisfyingthe
requirementsbelow. Wedefinefamiliesϕ andψ correspondingto thesequence� ai j � 1� i ! 0� j � 5 ! by setting

ϕν : 
 a fν if
7
i : ai0 � ν = ai1

0 otherwise
ψν : 
 a gν if

7
i : ai3 � ν = ai4

0 otherwise.
(24)

Therequirementsare:

� 0� πai1 � ϕ � �� πai1 ��L iai1 � � 3� πai4 � ψ � �� πai4 ��L iai4 �� 1� maxm� ai1 L � fm�g� ai2 � 4� maxm� ai4 L � gm �g� ai5� 2� 2ai2 � ai3 � 5� 2ai5 � ai ' 10 � (25)

As in theproofof theabstractdiagonalizationtheorem3.3onpage77,onecanshow thatit is possible
to constructa sequence� ai j � satisfyingall theserequirements.(Only conditions(0) and(3) requiresome
attention.)

Let usshow thatϕ � ψ havethedesiredproperties.It is clearthatϕ � p f andψ � p g. Moreover, wehave
ϕ � ψ ���L dueto conditions(0) and(3). It remainsto prove thatϕ � ψ is a minimal pair. Solet usassume
thath � c ϕ andh � c ψ for someh � Ω � . Thenthereexist p-boundedfunctionsu � v� w: 0e��0 satisfying

Lϕu# n$ � hn �r� w � n��� Lψv # n$ � hn �g� w � n�� (26)

It sufficesto verify thatL � hn �g� nw� n� for sufficiently largen.
We aregoing to distinguishtwo cases.Supposefirst that ai2 � n = ai5. We may assumethat a j0 �

u � n�r= a j1 for some j , sinceotherwiseϕu� n� 
 0 andwe aredone. Thusϕu� n� 
 fu� n� . For sufficiently
largen wehave by condition(5) thatu � n�g� 2n = 2ai5 � ai ' 10. This impliesthat j � i, henceu � n�g= ai1.
Therefore,usingcondition(1), wehave L � fu� n� �5� ai2 � n. Weconcludethatindeed

L � hn �r� Lϕu# n$ � hn � L � ϕu� n� �5� nw� n�� (27)

Thediscussionof theothercasewhereai5 � n = ai ' 12 is similarandleft to thereader. K
By applyingthetheoremto L 
 VP andchoosingf 
 g to beVNP-completeweobtainthefollowing

corollary. (NotethatVP is a σ-limit setby Corollary5.4onthepagebefore.)

Corollary 5.9 There existsa minimalpair ϕ � ψ for VP in VNP, providedVP �
 VNP.

6 A Specific Family neither Complete nor p-Computable
For 1 � i = j � n let Xi j bedistinct indeterminatesandsetXj i : 
 Xi j . Moreover, let q bea power of the
prime p. Thecutenumerator Cutqn is thefollowing multivariatepolynomialover thefinite field � q

Cutqn : 
 ∑
S

∏
i � A ! j � B

Xq_ 1
i j � (28)

wherethesumis over all cutsS 
 , A � B . of thecompletegraphKn on thesetof nodesn : 
 , 1 � 2 ������ n . .
(A cut of a graphis a partition of its setof nodesinto two nonemptysubsets.)It is easyto seethat
Cutq : 
 � Cutqn � is a p-definablefamily.
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To motivatethis definition, considera completegraphKn

 � n � En � endowed with a weight function

w:En �M0 . Wedefinetheweightw � S� of acutS 
 , A � B . asthesumof theweightsof all edgesseparated
by S. Let c � s� denotethenumberof cutsof weights. (Noticethat thewi j areinterpretedhereasadditive
weights,whereastheXi j above areviewedasmultiplicativeweights.)UnderthesubstitutionXi j �� xi j : 

Twi j , T beinga formalvariable,thecutpolynomialCutqn becomes

Cutqn � x� 
 ∑
S

T � q_ 1� w� S� 
 ∑
s
� c � s� mod p� T � q_ 1� s � (29)

whichcanbeinterpretedasthegeneratingfunctionof thesequence� c � s� mod p� s.
The main resultof this sectionstatesthatCutq is anexplicit exampleof a p-family, which is neither

p-computablenorcompletein VNP. For thedefinitionof thecomplexity classesModpNP	 polyseebelow.

Theorem 6.1 Thefamilyof cutenumeratorsCutq overa finitefield � q is neitherp-computablenor VNP-
completewith respectto c-reduction,providedModpNP �? P	 poly. Thelatter conditionis satisfiedif the
polynomialhierarchy doesnot collapseat thesecondlevel.

Theproofof this theoremrequirestwo auxiliaryresults.Thefirst of themstatesthatthecutpolynomial
Cutqn � x� canbe evaluatedover � q by booleancircuits of polynomialsize. The readershouldbe aware
thatthisdoesnotnecessarilyimply thatthecutpolynomialcanalsobeevaluatedby arithmeticcircuitsof
p-boundedsize(i.e., the p-computabilityof thefamily Cutq).

Lemma 6.2 To a symmetricmatrixx ��� n � n
q weassignthegraphG � x� on thesetof nodesn by requiring

that , i � j . is anedgeiff xi j

 0. Thenwehave

Cutqn � x� 
 2N � x �(_ 1 � 1 mod p � (30)

where N � x� is the numberof connectedcomponentsof G � x� . In particular, the valueCutqn � x� can be
computedfroma symmetricx �z� n � n

q in polynomialtimeby a Turing machine.

Proof. For any nonzeroλ �z� q wehave λq_ 1 
 1 by Fermat’s theorem.Therefore,a partition , A � B . of
n contributesto Cutqn � x� eitherzeroor one.Thecontributionis oneif f xi j

�
 0 for all i � A, j � B, whichis
thecaseif f noneof thenodesof A is connectedwith any nodein B in thegraphG � x� . This in turnmeans
thatA andB areboth a unionof certainconnectedcomponentsof thegraphG � x� . Thenumberof such
partitionsclearlyequals2N � x �(_ 1 � 1, whereN � x� is thenumberof connectedcomponentsof G � x� . This
provesthelemma. K

It is now time to recall a few factsfrom discretecomplexity theory. For a prime numberp the class
ModpNP is definedasthe setof languages, x �1, 0 � 1 . � A ϕ � x��� 1 mod p . , whereϕ: , 0 � 1 . � �s0 is a
functionin #P(cf. CaiandHemachandra[10]). This generalizestheclassparity polynomialtime � P in-
troducedby PapadimitriouandZachos[22]. Weremarkthatif ϕ: , 0 � 1 .�� ��0 is #P-completewith respect
to parsimoniousreductions,thenthecorrespondinglanguage, x A ϕ � x�O� 1 mod p . is ModpNP-complete
(with respectto polynomialmany-onereductions).We denoteby �r	 poly thenonuniformversionof the
complexity class� , cf. Karp andLipton [17].

The countingproblem#CUT is the following: given a completegraphKn with a weight function
w:En �s0 ands �@0 , what is the numberof cutsof weight s? Hereby, we assumethe edgeweights
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to beencodedin unary. TherelateddecisionproblemModpCUT justasksfor theresidueclassmodulop
of thenumberof cutsof weights. Thisproblemis clearlyin theclassModpNP.

It is well known that the computationof a cut of maximalweight of a given graphis NP-hard. By
a straightforwardmodificationof the proof of this fact given in Papadimitriou[21, p. 191], one can
strengthenthisasfollows.We will providethedetailedproofof this claimat theendof thissection.

Lemma 6.3 #CUT is #P-completewith respectto parsimoniousreductions.ThusModpCUT is ModpNP-
complete.

Proof. (of Thm.6.1ontheprecedingpage)Let L bealanguagein ModpNP,sayL 
 , x �J, 0 � 1 .�� A ϕ � x�]�
1 mod p . , whereϕ: , 0 � 1 .�� �M0 is in theclass#P.In [8] it is shown thatthereexistsa p-definablefamily� fn � over � p suchthat fn �z� p � X1 ������ Xn� and

8 n 8 x �m, 0 � 1 . n : fn � x� 
 ϕ � x� mod p  (31)

Assumenow thatCutq is VNP-completeover � q with respectto c-reduction.Thenwehave � fn �g� c Cutq,

hencethereis a p-boundedfunctiont: 01�M0 suchthatLCutqt # n$ � fn � is p-bounded.Lemma6.2on thepage
beforetells us thatCutqt � n� canbeevaluatedover � q by booleancircuitsof p-boundedsizein n. Hence,
by simulatingstraight-lineprogramsby booleancircuits,wecandesignfor eachn a booleancircuitCn of
p-boundedsizein n, whichcomputesfn � x� from x �z� n

q. This impliesthatthelanguageL is containedin
P	 poly. We thereforearrive at theconclusionModpNP ? P	 poly.

For fixedm� n 9 1 considera field extensionK 
 � q � ξ � of � q of degree � q � 1� m E
n
2G . To an instance

w:En �M0 of #CUT satisfyingmaxw � mweassignthesymmetricmatrixx � Kn � n definedby xi j : 
 ξwi j .
Thenwehave by ( 29on theprecedingpage)

Cutqn � x� 
 ∑
s
� c � s� mod p� ξ � q_ 1� s � (32)

wherec � s� is thenumberof cutsin Kn of weights. Thecoefficientsc � s� mod p areuniquelydetermined
by Cutqn � x� sincetheabove summationis over s = m

E
n
2G .

Assumenow thatCutq is p-computableover � q. Hencefor eachn thereis a straight-lineprogramΓn

of p-boundedsizein n, which computesCutqn � X � from constantsin � q andthe indeterminatesXi j in the
polynomialring � q � Xi j A 1 � i � j � n� . By theuniversalpropertyof thepolynomialring, Γn will compute
Cutqn � x� in the � q-algebraK from thesameconstantsandx � Kn � n. Wemaysimulatethiscomputationby
a booleancircuit of p-boundedsize,sincethearithmeticoperationsin K canbesimulatedby p-bounded
circuits. Hereit is importantto notethat the degreeof the field extensionK 	�� q is p-bounded,asm is
assumedto beencodedin unary(seethedefinitionof #CUT). In this way, wecouldsolve theModpCUT

problemin nonuniformpolynomialtime. As ModpCUT is ModpNP-completeby Lemma6.3,this would
imply thatModpNP ? P	 poly.

It remainsto show that ModpNP ? P	 poly implies the collapseof the polynomial hierarchyat the
secondlevel. By a well-known resultof Karp andLipton [17] this collapsewould bea consequenceof
theinclusionNP	 poly ? P	 poly. Therefore,it is sufficient to provethat

NP	 poly ? ModpNP	 poly  (33)

This follows from a well known randomizedreductiondue to Valiant andVazirani [29]. (For details
see[8].) K
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We remarkthat onecanprove the absolutestatementthatCutq is not VNP-completewith respectto
p-projection.It would beinterestingto find out whetherCut2, interpretedasfamily over therationals,is
VNP-complete.

Wesupplynow theproofof Lemma6.3ontheprecedingpage.Considertheauxiliarycountingproblem
#NAESAT whichis definedasfollows:givenasetof booleanvariablesandasetof clauseseachconsisting
of exactly threeliterals,computeN, where2N equalsthe numberof truth assignmentsof the variables
suchthat in noneof theclausesall threeliteralshave thesametruth value. (Note that the latternumber
mustalwaysbeeven!)

Lemma 6.4 There is a parsimoniousreductionfrom#SAT to #NAESAT.

Proof. The reductionfrom CIRCUIT SAT to NAESAT given in Example8.3 (p. 163) and Thm. 9.3
(p. 187) of Papadimitriou[21] is easily checkedto be parsimonious.On the other hand,SAT can be
parsimoniouslyreducedto CIRCUIT SAT in anobviousway. K

To prove Lemma6.3on thepagebeforeit sufficesnow to show thenext lemma.

Lemma 6.5 There is a parsimoniousreductionfrom#NAESAT to #CUT.

Proof. Weslightly modify thereductionfrom NAESAT to MAX CUT from Papadimitriou[21, Thm.9.5,
p. 191] in orderto makeit parsimonious.

Let begivena setof variablesx1 ������ xn anda setof clausesC1 ������ Cm eachconsistingof exactly three
literals.Wemayassumethatin noclauseall literalsareequalsinceotherwisetheformulais notsatisfiable
in thesenseof NAESAT. Moreover, wemayremove theclauseswhichcontaina variableandits negation
sincethesearealwayssatisfiablein thesenseof NAESAT. Let m3 denotethenumberof clauseswith three
differentliteralsandm2 bethenumberof clausesin which two literalscoincide.We have m 
 m2

�
m3.

Let G be the completegraphhaving as nodesthe variablesxi and its negations � xi . We definethe
weight functionof G asfollows. Thehorizontaledges, xi �P� xi . have the weightm

�
1. The remaining

edgesedgese 
 , u � v . (thenonhorizontalones)have asweightthenumberof clausesCj in whichbothof
theliteralsu andv appear. If weexpressthiseventby e ? Cj , wemaywrite for suchnonhorizontaledges
e

w � e� 
 A�, Cj A e ? Cj . A� (34)

Finally, we put s : 
 � m �
1� n �

m2
�

2m3. Notethat theweightof eachedgeis at mostm
�

1. Thuswe
mayencodetheedgeweightsin unary.

Let S bea cut of G anddenoteby � h thesetof horizontaledgesseparatedby S, andby � the setof
nonhorizontaledgesseparatedby S. Wehave

w � S� 
 ∑
e� � h � � w � e� 
 � m �

1��A � h A � ∑
e� � A�,N� e� Cj ��A e ? Cj . A


 � m �
1��A � h A � m

∑
j � 1

A�,N� e� Cj ��A e �z�|� e ? Cj . A
� � m �

1� n � � m2
�

2m3 � 
 s 
Equalityholdsif andonly if Sseparatesall xi from � xi andif Sseparatestheliteralsof any clause.This
is exactly thecaseif Sdefinesa truth assignmentin thesenseof NAESAT. (Thecut Sseparatesthetrue
literalsfrom thefalseones.)This provesthat thenumberof satisfyingtruth assignmentsis exactly twice
thenumberof cutsof weights in G. K
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7 Relativized Complexity Classes
Our investigationshereareinspiredby thewell-knownresultsof Baker, Gill, andSolovay[1] on relativa-
tionsof theclassicalP-NPquestion.

Relativeversionsof thecomplexity classesVP andVNP canbedefinedasfollows.

Definition 7.1 Let h bea p-family. VPh consistsof all p-families f suchthat f � c h. VNPh is thesetof
all p-families f 
 � fn � whichcanbeobtainedfrom someg 
 � gn �g� VPh in thesenseof ( 1 onpage75).
Wecall thefamiliesin VPh andVNPh p-computableandp-definablerelative to h, respectively.

NotethatVPh andVNPh specializeto VP andVNP, respectively, if h is p-computable.Weremarkthat
VPh is closedunderc-reductionandVNPh is closedunderp-projection.

Our first goal is to establishthe existenceof completefamilies for the complexity classesVPh and
VNPh. In particular, this givesa proof for theexistenceof VNP-completefamilies,which is independent
of Valiant’s intricatereductionfor the permanent.The ideais to usea generalizationof the conceptof
genericcomputations(cf. [9, Chap.9]). In orderto avoid anexponentialgrowth of degrees,we combine
thiswith anauxiliaryresultonthecomputationof homogeneouscomponents(Prop.7.2),whichworksby
evaluationandinterpolation,andrequiresthatk containssufficiently many points. In thesequel,wewill
thereforeassumethatk is aninfinite field.

It is usefulto introducethefollowing auxiliarynotion.Let h � f1 ������ ft bepolynomialsover thefield k.
Wedefinetheh-complexity � h � f1 ������ ft � astheminimumnumberof multiplicationsandevaluationsof h
thataresufficientto computeall fi from theindeterminatesandconstantsin k (wedonotallow divisions).
Notethatfor h 
 X1X2 this specializesto themultiplicative(or nonscalar)complexity. Wefurtherremark
thatif h is a projectionof hu , thenwehave Lh� � Lh aswell as � h� �1� h.

Theh-complexity maybecharacterizedin awaysimilar to themultiplicativecomplexity. Let usdefine
anh-computationsequenceof lengthr onX1 ����*� Xn asasequenceof polynomialsg_ n � g_ n' 1 ����h� gr such
thatg_ n


 1 � g_ n' 1

 X1 ������ g0


 Xn, andsuchthatwehave

gρ

 h

E
∑ρ _ 1

j ��_ nαρ1 j g j ������ ∑ρ _ 1
j ��_ nαρsjg j G (35)

for all 1 � ρ � r and someαρσ j in k. We say that sucha sequencecomputesf1 ����h� ft if f all fi are
containedin thek-linearhull of g_ n ������ gr .

In whatfollows,wewill assumethatX1X2 is aprojectionof h, in whichcasewesaythath containsthe
multiplication. Thenit is not hardto seethat theh-complexity r of f1 ����h� ft equalstheminimumlength
of anh-computationsequencewhichcomputesall fi . Moreover, thecomplexity Lh andtheh-complexity r
arepolynomially relatedasfollows: we have r � Lh � f1 ����*� ft ��� 2s� n �

1�S� r � 1� � sr2, whens is the
numberof variablesof h.

Proposition7.2 Let f bea polynomialin a1 ������ am and X1 ������ Xn havingdegreeat mostd 9 1 in the
X-variables. We denoteby f � δ � thehomogeneouspart of f of degreeδ with respectto the X-variables.
Thenwehave � h �/, f � δ � A δ � d . �g�}� 1 �

ddegh��� h � f �� (36)

Proof. We will usethe abbreviation f � d : 
 ∑δ � d f � δ � andwrite D : 
 degh. Let � gρ � ρ F�_ n be an h-
computationsequenceof lengthr : 
 � h � f � asin ( 35) which computesf . We definea relatedsequence� uρ � ρ F�_ n by settinguρ : 
 gρ for � n � ρ � 0, andfor ρ 3 0

uρ

 h � vρ1 ������ vρs � � d � (37)
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wherevρσ

 ∑ρ _ 1

j �:_ nαρσ ju j . It is easyto checkthatuρ

 g� d

ρ for all ρ.
Thehomogeneouspartsof f (w.r.t. X) area k-linearcombinationof thehomogeneouspartsof thegρ.

Therefore,it sufficesto prove thatall homogeneouspartsof uρ up to degreed canbecomputedfrom the
homogeneouspartsof u_ n ������ uρ _ 1 up to degreed by somek-linearoperationsand1

�
dD evaluations

of h.
Thepolynomialwρ : 
 h � vρ1 ������ vρs � hasdegreeat mostdD. By definition,u� δ �ρ


 w� δ �
ρ for δ � d. We

have for λ � k that

∑
δ � dD

λδw� δ �
ρ


 wρ � λX � 
 h
E
∑
δ � d

λδv� δ �ρ1 ����h� ∑
δ � d

λδv� δ �ρs GZ (38)

Hencewecancomputewρ � λX � from thev� δ �ρσ andthusfrom theu� δ �j for j = ρ, δ � d by k-linearoperations
andjustoneevaluationof h. Wecanthuscomputethehomogeneouspartsof wρ asak-linearcombination
of wρ � λX � for 1

�
dD differentvaluesof λ � k (interpolation). K

In thesequel,wewill usetheabbreviationsXµ : 
 Xµ1
1  � �  Xµn

n and A µ A : 
 ∑µi for µ �z0 n. Moreover, we
setdeg0 : 
 � ∞ for thezeropolynomial.

Definition 7.3 Let apolynomialh � k � X1 ����h� Xs� of degreeD begiven.

(a) Wedefinethegenerich-computation� Gρ � ρ F�_ n onX1 ����h� Xn over k recursively asfollows:G_ n : 

1, G_ n' 1 : 
 X1 ����h� G0 : 
 Xn, andfor all ρ 3 0 weset

Gρ : 
 h
E
∑ρ _ 1

j �:_ naρ1 jG j ������ ∑ρ _ 1
j ��_ naρsjG j G�

bρ � h
E
∑ρ _ 1

j �:_ naρ1 jG j0 ������ ∑ρ _ 1
j ��_ naρsjG j0 GH

Heretheaρσ j andbρ denotedifferentindeterminatesandG j0 is theconstanttermof G j with respect
to theX-variables.We write Gρ


 ∑µGρµXµ, whereGρµ dependsonly onthea andb-variables.

(b) Thenth genericpolynomialcomputedrelativeto h is definedas

Cn � h� : 
 ∑¡
µ
¡ � n

n

∑
ρ �:_ n

cρGρµXµ  (39)

Herethecρ denoteadditionalindeterminates.ThusCn � h� is thesumof theX-homogeneousparts
up to degreen of ∑n

ρ ��_ ncρGρ.

(c) Thenth genericpolynomialdefinedrelativeto h is

Dn � h� : 
 n

∑
v � 0

dv ∑
e� � 0 ! 1" n% v

Cn � h�S� a � b � c � X1 ������ Xv � ev ' 1 ������ en �)� (40)

wherethedv denoteadditionalindeterminates.(NotethattheXv ' 1 ����h� Xn aresubstitutedby 0 or 1.)

The following technicallemmasummarizessomeof thepropertiesof h-genericcomputationsaswell
asof thepolynomialsCn � h� andDn � h� . Recallthath � hu meansthath is a projectionof hu .
Lemma 7.4 Wehavefor ρ 3 0 andµ �
 0:
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(a) Gρ0

 bρ.

(b) Gρµ dependsonat mostsρ � n �
1
� ρ _ 1

2 � � ρ variables.

(c) � h � G1 ������ Gρ �5� sρ � n � ρ � 1� � 2ρ.

(d) degGρµ � 1
�

2Dρ A µ A .
(e) Cn � h� and Dn � h� are polynomialsin at most2sn3 � 5n

�
2 variablesand havedegree at most

2Dn2 � n
�

3.

(f) � h � Cn � h���r�H� 1 �
Dn�f� 2sn2 � 4n� .

(g) If weabbreviatethea � b � c-variablesoccuringin Cn � h� by Z1 ����h� Zw, wehave

, f � k � X1 ������ Xn�vA deg f � n �:� h � f �g� n . ?}, Cn � h�f� z� X ��A z � kw .  (41)

(h) h � Cn � h� if degh � n. MoreoverCn � h�g� Dn � h� .
(i) For all n � nu andh � hu wehaveCn � h�g� Cn� � hu � andDn � h�r� Dn� � hu � .

Proof. Claims(a),(b), and(c) follow by straightforwardcalculations.
We will prove Claim (d) by inductionon ρ. We remarkfirst thatdegGρµ � 0 for ρ � 0 andall µ. Let

now ρ 3 0 befixedandput
Vσ : 
 ∑µVσµXµ : 
 ∑ρ _ 1

j �:_ naρσ jG j  (42)

By theinductionhypothesiswehave for all µ �
 0

degVσµ � 2
�

2D � ρ � 1��A µ A� (43)

Thisestimateis alsotruefor µ 
 0, sincedegG j0 � 1. Whatwehave to do is to provetheestimate

8 µ �
 0 : degHµ � 1
�

2Dρ A µ A (44)

for the polynomialH : 
 ∑µHµXµ : 
 h � V1 ����*� Vs � . Clearly, it is sufficient to verify this for the power
productsh 
 Xe1

1  � �  Xes
s of degreeat mostD. In thiscase,wehave H 
 Ve1

1  � �  Ves
s , andweobtain

Hν

 ∑

s

∏
σ � 1

eσ

∏
ε � 1

Vσµσ � ε � � (45)

wherethe sumrunsover all systemsof mapsµσ: , 1 � 2 ������ eσ . �s0 n, 1 � σ � s satisfying∑σ ∑ε µσ � ε �
 ν. Using( 43)weconcludethatfor ν �
 0

degHν � ∑σ ∑ε
E
2
�

2D � ρ � 1��A µσ � ε ��A G� 2∑σ eσ
�

2D � ρ � 1� ∑σ ∑ε A µσ � ε ��A� 2D
�

2D � ρ � 1��A ν A� 1
�

2Dρ A ν A��
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whichprovesClaim(d).
Claim (e) follows immediatelyfrom the Claims(b) and (d), whereasClaim (f) is a consequenceof

Claim(c) andProp.7.2onpage87.
To show Claim(g) assumef � k � X1 ������ Xn� suchthat � h � f �g� n. Thereis anh-computationsequence� gρ � of lengthn whichcomputesf , say

gρ

 h � ∑ j ¢ ρ αρ1 jg j ������ ∑ j ¢ ρ αρsjg j �)� (46)

and f 
 ∑n
ρ ��_ n γρgρ, with αρσ j � γρ � k. Thusthesubstitutionaρσ j �� αρσ j, bρ �� gρ � X 
 0� sendsGρ to

gρ. If weadditionallysubstitutethecρ by theγρ, thenthepolynomialCn � h� is mappedto f , providedthat
deg f � n.

(h) Cn � h��� Dn � h� is obtainedby substitutingdn �� 1 anddv �� 0 if v = n. To show that h � Cn � h�
considerthesubstitutionϕ whichmapsX1 andc1 to 1, sendsthea1 ! σ ! _ n' 1 to Xσ for 1 � σ � s, mapsb1 to
h � 0 ������ 0� , andsendsall theremaininga-variablesandc-variablesto 0. All othervariablesshall remain
invariantunderϕ. G1 is mappedto h 
 h � X1 ����*� Xs � underϕ. We have degX G1 � n asdegh � n. From
this it easilyfollowsthatCn � h� is mappedto h underϕ.

Beforeproving Claim(i) it is usefulto makethefollowing generalobservation. Let A : 
 k � a1 ������ am �
X1 ����h� Xn� andconsidera substitution(k-algebramorphism)ϕ:A � A which fixes the X-variablesand
suchthat ϕ � ai ��� k +k, a1 ����h� am . . Let f � δ � denotethe homogeneouspart of f � A with respectto the
X-variables.Thenwe have ϕ � f � δ � � 
 ϕ � f � � δ � . If σ:A � A is anothersubstitutionwhich leaves the a-
variablesinvariantandsuchthatσ � Xi �g� k +k, X1 ������ Xn . , thenwehave ϕ � σ � f ��� 
 σ � ϕ � f ��� for all f � A.

(i) We show first that Cn � h��� Cn� � h� for n � nu . Let � Guρ � denotethe generichu -computationon
X1 ����h� Xn� , and � Gρ � be the generich-computationon X1 ������ Xn. The substitutionϕ which mapsaρσ j

to 0 for all � nu � n = j � 0 andwhich leavesall othera-variablesandtheb-variablesinvariantsendsGuρ
to Gρ (up to a renamingof thevariables).Thiscanbeprovenby inductionon ρ 3 0. NotethatGuρ �� Gρ
implies Guρ0 �� Gρ0 by our generalobservation, as ϕ fixes the X-variables. By additionally requiring
cρ �� 0 for either � nu � n = ρ � 0 or ρ 3 n weget

ϕ � ∑n�
ρ �:_ n� cρGuρ � 
 ∑n

ρ �:_ ncρGρ  (47)

Sinceϕ leavestheX-variablesinvariant,it commuteswith takinghomogeneouspartswith respectto the
X-variables.Thusϕ � Cn� � hu£��� 
 Cn � h� .

A slight modificationof thereasoningbeforeyieldsa substitutionϕ which leavestheX-variablesin-
variantandsuchthat

ϕ
E
Cn� � hu �S� Z u � X1 ���� Xn� _ n � X1 ������ Xn � G 
 Cn � h�f� Z � X1 ����h� Xn �1� (48)

whereZ u , Z standfor thecorrespondinga � b � c-variables.This impliesby ourgeneralobservation

ϕ
E
Cn� � hu �S� Z u � X1 ��P� Xn� _ n � X1 ����*� Xu � eu' 1 ����h� en � G
 Cn � h�S� Z � X1 ����*� Xu � eu' 1 ����h� en �

for 0 � u � n andei �e, 0 � 1 . . If we extendϕ by sendingdn� _ n' u to du for 0 � u � n andmappingthe
remainingd’s to zero,wegetϕ � Dn� � hu£��� 
 Dn � h� . HenceDn � h�g� Dn� � hu(� .

Assumenow h � hu andlet � Gρ � and � Guρ � bethecorrespondinggenericcomputationsonX1 ������ Xn. It
is not hardto seethat thereexistsa substitutionwhichonly changesthea-variablesandthatmapsall Guρ
to Gρ. Fromthisoneconcludesasabove thatCn � h�g� Cn � hu£� andDn � h�g� Dn � hu&� . K
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We will interpretfamiliesof polynomials � fm! n � with doubleindicesassequencesof polynomialsby
enumeratingpairs � m� n�g�d0 2 accordingto � m� n�:�� m

� � m �
n�S� m �

n
�

1��	 2.
We cannow statethefirst resultof thissection.

Theorem 7.5 Let h 
 � hn � bea p-familysuch that anyhn containsthemultiplication. Thenthedouble-
indexedfamilies � Cn � hm��� and � Dn � hm��� areVPh-complete,resp.VNPh-completewith regard to p-projection.

Proof. By Lemma7.4onpage88(e)bothfamilies � Cn � hm ��� and � Dn � hm ��� arep-families.Part (f) of that
lemmaimpliesthat � Cn � hm ��� is p-computablerelative to h.

Assume� f j �g� VPh, where f j is apolynomialin u � j � variables.By definition,thereexistsa p-bounded
functionm: 0o��0 suchthat � hm# j $ � f j � is p-boundedin j . Let n � j � denotethemaximumof u � j � , deg f j ,
and � hm# j $ � f j � . It is clearthatn � j � is p-boundedin j . We denotethea � b � c-variablesin Cn� j � � hm� j � � by
Z1 ���� Zw� j � . FromLemma7.4onpage88(g)it followsthat f j


 Cn� j � � hm� j � �S� z� X � for asuitablechoiceof
z � kw� j � . Thus f j is a projectionof Cn� j � � hm� j � � , andwehave provedtheVPh-completenessof � Cn � hm��� .

Let now � q j � bea p-definablefamily relative to h, say

q j � X1 ������ Xv � j � � 
 ∑
e� � 0 ! 1" u# j $&% v # j $ f j � X1 ������ Xv � j � � ev � j �(' 1 ����h� eu� j � ��� (49)

wherethefamily � f j � is p-computablerelative to h. Frombeforeweknow thatfor eachj

f j � X � 
 Cn� j � � hm� j � �f� z� X � (50)

for p-boundedm� j �S� n � j � andsomez � kw� j � . Therefore,weseethatq j canbeobtainedfrom Dn� j � � hm� j � �
by the substitutiondv � j � �� 1, dv �� 0 for d �
 v � j � , andZi �� zi for all i. This shows that � q j � is a p-
projectionof � Dn � hm��� .

It remainsto prove that � Dn � hm ��� is p-definablerelative to h. Let us abbreviate the a � b � c-variables
occuringin Cn � hm� by Z1 ������ Zw anddefine

gm! n : 
 n

∑
v � 0

dvE1  � �  EvCn � hm�f� Z � X1 ����h� Xv � Ev ' 1 ����h� En �)� (51)

whereE1 ������ En arenew indeterminates.As � Cn � hm ��� is p-computablerelative to h, so is � gm! n � . The
followingequality

Dn � hm� 
 ∑
e� � 0 ! 1" n gm! n � Z � X1 ����h� Xn � e1 ������ en � (52)

provesthatindeed� Dn � hm���g� VNPh. K
We call a p-family � hn � monotone, if f hn is a projectionof hn' 1 for all n.

Corollary 7.6 (a) If h is monotoneandh0 containsthemultiplication,then � Cn � hn ��� and � Dn � hn ��� are
VPh-complete,resp.VNPh-completewith respectto p-projection.

(b) For anyp-familyh thereexistVPh-completeandVNPh-completefamilieswith respectto p-projection.
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Proof. (a) This is an immediateconsequenceof Thm. 7.5 on thepagebeforeandthe monotonicityof� Cn � h��� and � Dn � h��� expressedin Lemma7.4onpage88(i).
(b) Let h 
 � hm� beany p-family andU � V � W benew indeterminates.Thepolynomialsh̃m : 
 Uhm

�
� 1 � U � VW contain the multiplication and the p-family h̃ 
 � h̃m� satisfiesVPh̃ 
 VPh. Now apply
Thm.7.5on thepagebefore. K

While therearemany naturalexamplesof VNP-completefamilies(generatingfunctionsof NP-complete
graphproblems,cf. [7]), wedon’t know of any interestingexampleof a VP-completefamily. Thefamily
of determinantsis a possiblecandidate(see[9, Problem21.3]).

The next result is inspiredby Baker, Gill, andSolovay [1]. Its proof is basedon Thm. 7.5 on the
precedingpagecombinedwith somediagonalizationargument.

Theorem 7.7 There existsa p-familyh such thatVPh 
 VNPh.

Proof. First note the following: By Lemma7.4 on page88(e) the degreeas well as the numberof
variablesof Dn � h� areboundedfrom above by p � n� : 
 2n4 � 5n

�
2, provided the numberof variables

andthedegreeof thepolynomialh areboundedby n.
By induction,we aregoing to constructa monotonesequenceof polynomialsh 
 � hn � suchthat the

numberof variablesaswell asthedegreeof hn areboundedfrom above by n for n 9 2. We definemi : 
 i
andhi : 
 X1X2 for i � 2. Assumewe have alreadyconstructedh0 ������ hmt (t 9 2). We setmt ' 1 : 
 p � mt �
anddefineh j : 
 hmt for mt = j = mt ' 1 andput hmt ¤ 1 : 
 Dmt � hmt � . By Lemma7.4 on page88(h) we
have hmt � hmt ¤ 1 which guaranteesthemonotonicity. Moreover, thedegreeandthenumberof variables
of hmt ¤ 1 areboundedby mt ' 1


 p � mt � .
We claim that � Dn � hn ��� is a p-projectionof h. In fact, let n 9 2 be given,saymt � n = mt ' 1. The

monotonicityof Dn � h� expressedin Lemma7.4onpage88(i) impliesthat

Dn � hn �g� Dmt ¤ 1 � hmt ¤ 1 � 
 hmt ¤ 2  (53)

But mt ' 2

 p � p � mt ����� p � p � n��� andthe compositionof p with itself is clearly p-bounded.This shows

theclaim.
On theotherhand,we know from Cor. 7.6on theprecedingpage(a)that � Dn � hn ��� is VNPh-complete.

As � Dn � hn ��� is alsocontainedin VPh, it followsthatVPh 
 VNPh. K
Up to now we have not succeededin establishinga p-family h suchthatVPh �
 VNPh. A promising

approachfor this is asfollows (compareBennettandGill [4]). For eachn chooseindependentlyhn �
k � X1 ������ Xn� of degreemostn at randomaccordingto someprobability distribution. Sincethe classes
VPh andVNPh areinvariantunderfinite variationof h, theevent � 
 , h A VPh �
 VNPh . is a so-called
tail event. Kolmogorov’szero-onelaw (cf. Feller[14, Chap.4]) impliesthereforethatProb���z�r�m, 0 � 1 . .
Weconjecturethatthisprobabilityis oneif thehn arechosenwith independent0 � 1-coefficients.
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