Discrete Mathematics and Theoretical Computer Science AB(DMCS), 2003, 103-116

Enumeration of convex polyominoes using
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ECO is a method for the enumeration of classes of combinatorial objects based on recursive constructions of such
classes. In the first part of this paper we present a construction for the class of convex polyominoes based on the ECO
method. Then we translate this construction into a succession rule. The final goal of the paper is to determine the
generating function of convex polyominoes according to the semi-perimeter, and it is achieved by applying an idea
introduced in [11].
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1 Introduction

A polyomino is a finite union of elementary cells of the lattice Z x Z, whose interior is connected.
The term polyomino is commonly attributable to Golomb [12]. A series of problems is related to these
objects such as, for example, the decidability problems concerning the tiling of the plane, or of a rectangle,
using polyominoes [3, 8] and, on the other hand, the covering problems of a polyomino by rectangles [6].
The general enumeration problem of polyominoes is difficult to solve and still open.

In order to simplify enumeration problems of polyominoes, several subclasses were defined and
studied. In this paper we consider classes of polyominoes that verify particular properties, concerning
the geometrical notion of convexity. A polyomino is said to be column-convex [row-convex] when its
intersection with any vertical [horizontal] line is convex. A polyomino is convex if it is both column and
row convex.

The number f, of convex polyominoes with semi-perimeter n + 4 was determined by Delest and Viennot
in [9] and it is equal to:

(2n+11)4"— 4(2n+ 1) (Zn”) , o)

where the semi-perimeter of a convex polyomino is defined as the sum of the numbers of its rows and
columns. The first terms of the sequence are:

1,2,7,28,120,528, ...
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Fig. 1. The seven convex polyominoes with semi-perimeter 4.

sequence M1778 in [14]. Figure 1 depicts the 7 convex polyominoes with semi-perimeter 4.
In [9] the authors obtained (1) after determining the generating function for the class of convex polyomi-
noes,

_ 2_ A3 _ a4y /T =
F(x) = Zofnxn: 1—6x+11x°—4x 24x V1 4x. @)
& (1—4x)

In the recent years the result in (2) has been re-established using different analytical strategies [4],
[71, [13], or bijective proofs [5].

In this paper we present a new proof of (2) which consists in a sequence of simple steps, and it
is principally based on the ECO method. ECO is a method for the enumeration and the generation of
combinatorial structures introduced by some researchers of the University of Florence (see [2] for an
interesting survey). Basically, it consists in determining a recursive construction for the considered class
based on local expansions performed on the objects themselves: each object is produced exactly once
by an object of immediately lower size. In some fortunate case the construction determined by the ECO
method can be translated into a formal system called succession rule.

Our proof makes use of three steps:

1. We determine an ECO construction & for the set of convex polyominoes.

2. We easily pass from the ECO construction to the associated succession rule Q. The generating
function of Q is equal to the generating function f(x) for the class of convex polyominoes.

3. Instead of using standard analytic techniques, we apply an idea by Fédou and Garcia proposed in
[11] to determine the generating function of some algebraic succession rules. In practice, due to the
ECO construction 3, each convex polyomino with semi-perimeter n 4 2 can be easily represented
as a word of length n of a noncommutative formal power series Sq over an infinite alphabet. We
determine a recursive decomposition of Sg using a set of auxiliary formal power series, and then
obtain an algebraic system of equations by taking the commutative image Sq. Finally, the solution
of this system produces the desired generating function f(x).

We wish to point out that this approach may be used for solving functional equations arising from
the application of ECO method to combinatorial structures, and for which the standard methods fail.

2 An ECO operator for the class of convex polyominoes

ECO (Enumerating Combinatorial Objects) [2] is a method for the enumeration and the recursive
construction of a class of combinatorial objects, O, by means of an operator & which performs “lo-
cal expansions” on the objects of O. More precisely, let p be a parameter on O, such that |On| =
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|{O € 0: p(0) = n}| is finite. An operator 9 on the class O is a function from @, to 2%+1, where 2%+1
is the power set of Opy1.

Proposition 1 Let 8 be an operator on O. If § satisfies the following conditions:

1. for each O’ € On.1, there exists O € O, such that O’ € 3(0),
2. for each 0,0’ € O, such that O # O/, then 3(0)NB(0’) =0,

then the family of sets 7,1 = {9(0) : O € Oy} is a partition of On1.

This method was successfully applied to the enumeration of various classes of walks, permutations,
and polyominoes. We refer to [2] for further details, proofs, and definitions. The recursive construction
determined by & can be suitably described through a generating tree [2], i.e. a rooted tree whose vertices
are objects of O. The objects having the same value of the parameter p lie at the same level, and the sons
of an object are the objects it produces through 9.

In this section we define an ECO operator describing a recursive construction of the set of convex
polyominoes. We first partition the set of convex polyominoes € into four classes, denoted by &, Ga, G,
and Cy:

(b) (a)

Fig. 2: Convex polyominoes in Gy, (b), Ga, (a).

i) (;, is the set of convex polyominoes having at least two columns and such that (Fig. 2, (b)):

1. The uppermost cell of the rightmost column has the maximal ordinate among all the cells of
the polyomino, and it is the same ordinate as the uppermost cell of the column on its left.

2. The lowest cell of the rightmost column has the minimal ordinate among all the cells of the
polyomino.

ii) Ga is the set of convex polyominoes not in ¢, and such that (see Fig. 2, (a)):

1. The uppermost cell of the rightmost column has the maximal ordinate among all the cells of
the polyomino.

2. The lowest cell of the rightmost column has the minimal ordinate among all the cells of the
polyomino.
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Fig. 3: Convex polyominoes in ¢, (r), and (g, (9).
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Fig. 4: The ECO operator for a polyomino in the class .

Let us remark that, according to such definition, all convex polyominoes made only of one column
lie in the class Ca.

iii) G is the set of convex polyominoes where only one among the lowest and the highest cells have
minimal (resp. maximal) ordinate among all the cells of the polyomino (see Fig. 3, (r)).

iv) (y is the set of remaining convex polyominoes (see Fig. 3, (9)).

The ECO operator, namely 9, performs local expansions on the rightmost column of any polyomino
of semi-perimeter n+ 2, producing a set of polyominoes of semi-perimeter n+ 3. More precisely, the
operator 9 performs the following set of expansions on any convex polyomino P, with semi-perimeter
n+ 2 and k cells in the rightmost column:

-foranyi=1,...,k the operator & glues a column of length i to the rightmost column of P; this can be
done in k — i+ 1 possible ways. Therefore this operation produces 1+ 2+ ...+ k polyominoes with

semi-perimeter n+ 3.
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Fig. 5: The ECO operator for a polyomino in the class Ca.
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Fig. 6: The ECO operator for a polyomino in the class ¢.
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Moreover, the operator performs some other transformations on convex polyominoes, according to the

belonging class:

- if P € (b, then the operator 9 produces two more polyominoes, one by gluing a cell onto the top of the
rightmost column of P, and another by gluing a cell on the bottom of the rightmost column of P

(Fig. 4).

- if P € G, then the operator 9 produces one more polyomino by gluing a cell onto the top of the

rightmost column of P (Fig. 5).
-if P € G, then:

i) if the uppermost cell of the rightmost column of P has the maximal ordinate, the operator 9
glues a cell onto the top of that column;

ii) else, the operator § glues a cell on the bottom of the rightmost column of P (Fig. 6).
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The construction for polyominoes in Cy requires no addictive expansions, and it is graphically explained
in Fig. 7. The reader can easily check that the operator 9 satisfies conditions 1. and 2. of Proposition 1.

(@] @

@4 @4 @®

Fig. 7: The ECO operator for a polyomino in the class Cg.

2.1 The succession rule associated with 9

The next step consists in translating the previous construction into a set of equations whose solution
is the generating function for convex polyominoes. To achieve this purpose, we must introduce the second
ingredient of our work, the concept of succession rule.

Basically, a polyominoin G, i € {a,b,g,r} with k cells in the rightmost column is labelled (k);. Let
us take as an example, the polyomino on the left side of Fig. 6, with label (3),; according to Fig.6, the
performance of the ECO operator on the polyomino can be sketched by the production

B)r ~ (L)g (g (L)r (2)g (2)r B)r (4)r-

In a similar fashion, the performance of the ECO operator on a polyomino can be sketched by the
following set of productions:

k—j+1

(k)g ~ I'IJ 1(Dg
()~ M35 M3
(Ka~ M2(1)s ' M1)? (Kb (k+1)a

©)

(Ko~ M2(1)s ' M) (Kb (k+1)a (k+1)p,

where k can assume all positive integer values, and the power notation is used to express repetitions,
that is (i)! stands for (i)(i)... (i), where (i) is repeated j times. The system constituted by:

1. the label (1)a (the axiom) of the polyomino with semi-perimeter 2;
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2. the sets of productions in (3),

forms a succession rule. In the sequel we will refer to this succession rule as Q. Succession rules are
commonly known in literature [2, 10], and strictly related to the ECO method.
As an example, for k = 1,2,3 we have the following productions of Q:

(L)g~ (1)g (Lr ~ (Dr (2)r

(2)g~ (L)g (L)g (2)g (2)r ~> (Lg (Vr (2)r (3)r

(B)g~ (L)g (L)g (L)g (2)g (2)g (3)g 3)r ~ (1)g (Vg (V)r (2)g (2)r B)r (4)r
(La~ (Lp (2)a (Db~ (Db (2)a (2)p

(2)a~ (r (Vr (2)p (3)a (2)o~ (L)r (L)r (2)p (3)a (3)p

Ba~ (g (Lr (Wr 2)r (2)r B)p (4a o~ (L)g (r (Lr (2)r (2)r (3)p (4)a (4)p-

Every succession rule can be graphically represented by means of a generating tree, i.e. a rooted
labelled tree whose vertices are labelled with the labels of the rule. In practice:

1) the root is labelled with the axiom;

2) each node with label (k); produces a set of sons whose labels are determined by the production of (k);
in the succession rule.

Figure 8 (b) depicts the first levels of the generating tree of the rule Q. A non-decreasing sequence
{un}n>0 Of positive integers is defined by any succession rule I', where u, is the number of nodes at level
n in the generating tree defined by I'. By convention, the root is at level 0, so iy = 1. In the general setting
of succession rules we also consider the generating function ur(x) of the sequence {un}n>o0.
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Fig. 8: (a) The first levels of the generating tree of the ECO operator §; (b) the first levels of the generating tree of
Q.
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3 Determining the generating function of Q

In this section, we propose a new approach that allows us to determine the generating function of Q,
i.e. the generating function of convex polyominoes according to the semi-perimeter, and does not use the
standard analytical method (the so called kernel method [1]).
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The basic idea, introduced by Fédou and Garcia in [11], is that of working on succession rules by
means of noncommutative formal power series. Each convex polyomino is univocally identified by a node
N of the generating tree of the rule Q, and this node can be encoded by a word in the infinite alphabet
2 = {(i)a, ()b, (h)g,(Nr :i,j,h,1 € N*}. Such a word is naturally defined by the path of labels of the
nodes starting from the root and ending at N. Naturally, due to the form of the productions of the rule
Q, some convex polyominoes have the same word representation. For example the word (1)a(2)a(1),
represents two polyominoes of size 4, as the reader can easily verify in Fig. 8.

Let L be the set of words, over Z, beginning by (1)a and satisfying the productions of Q. Each word
w of Lo corresponds to at least one path in the generating tree of Q. We denote by S the noncommutative
formal power series:

Sq = m(w)w,

where m(w) is the number of paths corresponding to w in the generating tree of Q. By construction, the
succession rule Q and the noncommutative formal power series Sq have the same generating function,

zzofnx”, where f,= Z m(w).
n> welg [wj=n

For example, we have
Sa = (L)a+(Da(l)p+(Da(@)a+ (Da(l)p(L)p+ (Da(l)b(2)a+ (1)a(1)b(2)p+
2-(Da(2)a(1)r +(1)a(2)a(@)p+ (1)a(2)a(3)a+- -

fo(X) = 14 2x + 72 + 28x3 4- 122x* +558x° +

We work on the series Sq using the standard operations on noncommutative formal power series; in
particular, for any positive integer n, and (i); € Z:

nSq = Z (nm(w))w, (1)jSq = Z m(w) (i) jw.

Referring to [11], we introduce the operation @: for any word u = (i1)j, (i2)j, - .- (ik)j, of La, u® will
denote the word (i +1)j, (i2+1)j, ... (ik+1)j,. For example ((1)a(2)a(1)r)” ( )a(3) (2)r. Moreover

Lg = w? and S = (m(w))w®.
o Z e WEZQ

It is a neat consequence that S and Sq have the same generating function.
Generally speaking, a noncommutative formal power series Sr can be associated with any succession
rule I' in a completely analogous way.

Catalan succession rule. To fully understand the heart of the matter, we start presenting an example
already given in [11]. Let us consider the well-known succession rule defining Catalan numbers [2]:

: (1)
a { (k) ~ (1)(2)...(k+1), 4)
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Let C = Sr be the noncommutative formal power series associated with the words of I". In practice:
C=0+1O+D@)+OMOMD+MD2)+D2)M)+(1)(2)(2)+(1)(2)(3) +...
Easily, we prove that:
C=()+(1)C+(1)CP+(1)C®C. (5)

In fact, let w be a term of C. If |w| = 1, then w = (1)v, with |v| > 1. So we have these possibilities:

1) v begins with (1). Then w is a term of the sum (1)C.

2) v=(2)z, with z= (ug)...(ux), and u; > 1, for i € {1,...,k}. In this case (2)z is a term of C®, and
then w is a term of (1)C®.

3)v=(2)(u1)...(ux)wo, where u; > 1, fori € {1,...,k}, and wy begins with (1). Then, w is a term of
(1)cecC.

From (5) we immediately derive a functional equation satisfied by the generating function C(x) of C:

C(x) =x+xC(x) +xC(x) +xC?(x). (6)

The basic idea to deal with the succession rule Q for convex polyominoes is substantially the same,
but it requires some more precautions.

A succession rule for central binomial coefficients. In order to ensure a precise comprehension of all
the steps of our methodology, hereafter we present a detailed description of the calculus of the generating
function for a succession rule more complex than (4).

Let us consider the succession rule Q" with axiom (1),, and whose productions are the same as Q,
i.e. those defined in (3). In practice:

(L)r .
Q' (K)g~ M (i)g

g
k=17 k=] —k+1/;
(K)r ~ Mj=1(i)g : I_ljJ:rj_(J)l"
In this paragraph our aim is to give a proof that the succession rule Q' defines central binomial
coefficients, { (Znn)} o We advise the reader that to determine the generating function of Q’, rather than
n>

Y]

being a mere exercise, will remarkably simplify the complete calculus of fq(x).
As usual, let us denote Lo the set of the words produced by Q', and R = Sg = J e, m(W)w.

Theorem 3.1 The noncommutative formal power series R can be decomposed into the following sum:

(L)r + (1)rR+ (1)(R¥ + (1);C*R+ (1);P¥G + (1);Q“G, (8)
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where
C= (L)r+(1)C+(1)CP4(1)C¥C

G= (1g+(1)G

(L) + (1) P+ (1),C®P + (1), P® + (1),C® 9)

P=

Q= (1)Q+(1)CPQ+2(1)P¥G+2(1),Q¥G +

(1)rQ¥ + (Dr(R-C)®.
Proof. In order to let the reader have a better comprehension of the role of each term of the sum in (8),
we depict in Fig. 9 the first levels of the generating tree of Q.

(P

),

@y @ O

VL (g g (D Qg @ O @),

Fig. 9: The first levels of the generating tree of Q'.
Let w be a term of Lo/. We have the following cases:

-lw| =1, thenw = (1),.
- |w| > 1 then w = (1),v, and we distinguish the following cases:
1) v begins with (1),. The set of words in Lo having the form w = (1),v is then equal to (1);Lg

Consequently
; m(w)w = (1),R.
I)rv

For example, the word (1), (1)r(1)r(2)r(1)r (1) (2)r(3)r(1)r is a term of (1)(R.

2) v begins with (2),. Four cases are possible:

a)veLgy,and
> mww= (1) Yy m(v)v=(1)R".

w=(1)rv, veL g, veLy,
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For example, the word (1);(2),(3)r (4)r(5)r(3)g(3)g(2)g is a term of (1),R?.
b)v=(2)r(u2)r...(uk)r(1)rwo, withu; > 1,andi e {1,...k}.

The reader can easily verify that the language of such words having the form (2) (uy)r ...

... (u)r, Ui > 1, coincides with L{”, where Lr is the language of Catalan words. Conse-

quently, summing over the set of such words w leads to:

> m(w)w = (1)r Z m(v)v = (1);C%R.
w veLE Ly

The word (1)r(2)r(3)r(2)r (1)r(2)r(3)r(2)g(2)g(1)g is a term of (1),C*R.

C)V=(2)r(u2)r...(ux)rg1, where u; > 1, fori € {2,...,k},and g1 € Lg = {(1)g, (1)g(1)g,
(1)g(1)g(1)g, (1)g(1)g(1)g(1)g,---}. Using the considerations in step b), the sum over all
words w of this type leads to:

z m(w)w = (1), Z m(v)v. (10)
w velf L

In this case, for any word v, the value m(v) depends on uk: more precisely, according to
the productions of Q’, if ux = j,

m(v) = (j=1)-m((2)r(u2)r-..(J)r) -M(ga)- (11)
Let us denote by L ;) the language of the words of Lr- ending with a label (i); € Z of any
color. Using equations (10),(11) the sum over the words w of such form leads to:

= (1), j—1)- .
o= g | (-2 5 mov] 5 mey

v Lrii-y vete
Let
Cij-1 = z m(v)v and G = Z m(v)v,
VGLI'(jfl) velLg

then (10) becomes

where P = 3 -5(j —1)C(j_1). The word (1)r(2)r(3)r(4)r(2)r(3)r(1)g(1)g(1)g is a term
of (1), P*G.

d) v=(2)r(u2)j, .. (Uk);j 91, with u; > 1, for i € {2,...,k}, jx =9, and g1 € Lg. Consid-
erations analogous to those in step ¢) suggest that the sum over all words w of this type
leads to:

> m(w)w = (1),Q"G,

where _
Q= ;J Rij-pgandRijpng= 3 mv)v,

> VGLQ/(J-,l)g
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Lor(j-1), being the set of words belonging to Lo and ending with (j —1)g. The word
(1)r(2)r(3)r(4)r(2)r(3)r(2)g(2)g(1)g(1)g is an example of a term of (1), Q¥G.

It is easy to verify that the decomposition (9) takes into account all the words that satisfy the succession
rule Q'. To conclude the proof we must check that the noncommutative formal power series C,G, P, and
Q satisfy the system of equations (9). The statement is obvious for C and G. Below, we will prove that P
satisfies:

P=(1)r + (1)rP+ (1);C®P+(1),P® +(1),C". (12)

By definition, P =3 j~»(j — 1)C(j_y). From the equation for C in (9) we deduce that:

Cay= (U)r+(1)rCpy+(1)rC¥Cpy

Ciy= (WrCi+D)rCi 4 +(1)rC¥Cqy  fori>1. 4
Consequently
P =C+3j=3(i—1)C(j_y
=(L)r+(1)r Caay+ (D) C¥Cyy + (1)r 3 j>3(i —1) Cj-1)
+(ryj=3(i—1) C(ﬂ?,z) +(Dryj=3(i—1) C?Cj_y).
By performing simple algebraic manipulations we obtain (12). A similar proof holds for Q. O
The system (9) leads to a system of functional equations,
R(X) = x4+ XxR(X) +XR(X) +x C(X) R(X) +x P(x) G(X) +x Q(x) G(x)
C(X) = X+XC(x) +x C(x) +x C?(x)
G(x) =x+xG(x) (14)

P(x) =X+ XP(x) +xC(x) P(x) +x P(x) +XxC(x)

Q(x) =xQ(X) +xC(x) Q(x) +2x P(x) G(x) +2x Q(x) G(x) +xQ(x) + X(R(x) —C(x)).

One of the solutions of the system (14) is the generating function of Q’, R(x) = ﬁ.

The generating function of Q. Let A be the noncommutative formal power series associated with the
succession rule Q, i.e. A= Sq = ¥, M(W)W. Using the same strategies as in the previous case we
manage to determine a decomposition for the series A, and then translate it into a system of equations.
For brevity sake, we prefer not to go deep into details, and only present the two main equations involving
A and the final solution.
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Let Q" be the succession rule having the same productions as Q and axiom (1)p, and Lg the lan-
guage associated with Q. Moreover, let B = Swel gy m(w)w. An approach similar to that used for Q’ leads
to the system of equations:

A= (Da+ (DaB+ (1)aA? + 2()aAjpR + (L)aAP R+
(Da Yjz2 (1= A, G+ (Da Yjz2(i—1) Aj_y G+

(Da Yj=21] Afﬁ-,l)g G
(15)
B= &A) + (1)pB? +2(1)p Bop R+ (LB R+

(Db 3j22(i = 1B}, G+ LY j=2(]— 1B} 4 G+

(b3 j52(1)Bf;_y G

where R, G are already known, and &(A) is the formal power series obtained from A by replacing, in
each term, the first occurrence of (1), with (1)p. Moreover:

i) for any label (i); € Z, A, (resp. B(j),) denotes the formal power series of words in A (resp. B) ending
with the label (i);

i) for any q € {a,b,r}, Aq (resp. Bg) denotes the formal power series of words in A (resp. B) ending a
label of type q, i.e. of the form (x)q.

The solution of the entire system produces the desired function:

X — 6X2 + 11x3 — 4x* — 4x3\/T — 4x
A(X) = xf(x) = fox" = . 1
(X) X (X) Xn;) nX (174)()2 ( 6)

Final remarks. The problem of enumeration of convex polyominoes according to the semi-perimeter

is commonly considered a difficult problem. Our approach solves this problem in a sequence of simple
steps that finally produce a system of equations satisfied by the desired generating function. This ap-
proach can be naturally applied to the enumeration of some other structures (for instance column-convex

polyominoes) for which an ECO construction is already known, or can be determined.
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